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Abstract 

In daily life, uncertainty plays an important role.  Many branches of Mathematics deal 

with uncertainty. The Belief Function Theory is one of the important branches of 

Mathematics dealing with uncertainty.  This theory is pioneered by A.P. Dempster in 

1966. He introduced concepts of lower and upper probabilities induced by multi-

variate mapping. Later on, lower and upper probabilities are known as the belief 

function and plausibility function respectively. Hence, for any set, the belief function 

and plausibility function are the lower and upper bounds of the probability function 

of this set. There are two main branches of belief function theory viz. discrete belief 

theory and continuous belief theory. There are several applications of continuous 

belief theory in daily life. But to understand continuous belief function theory, we 

must study discrete belief function theory as a process of learning from a finite set to 

a countably infinite set and then to an uncountably infinite set. Most Mathematicians 

and Statisticians have contributed to the development of belief function theory viz. 

Glenn Shafer, Philippe Smets, F. Cuzzolin, C. E. Shannon, Dezart, Smarandache, T.  

Deneoux, S. Ferson, H. E. Kyburg, J. Sudano, J. M. Vannobel, R. R. Yager, etc. 

Glenn Shafer has proposed a basic belief assignment induced by the probability mass 

function of a discrete probability distribution. In this case, the basic belief assignment 

of the singleton set is equal to the probability of the singleton set and the basic belief 

assignment of the non-singleton set is zero. In this basic belief assignment, the belief 

function and plausibility function are equal. We have proposed a new basic belief 

assignment induced by the probability mass function of a discrete probability 

distribution. For this basic belief assignment, the belief function and plausibility 

function are the lower and upper bounds of the probability function. Using these 

functions, theorems in Shafer„s book [28], are modified. Some such modified 

theorems are studied. Especially, some theorems mentioning the relationship 

between the belief function, probability function, and plausibility function are 

discussed. 

It is customary that instead of having a single value of the statistical quantity, it is 

always better to have an interval containing this single value of statistical quantity. 

We have Dempster„s result: Belief function and plausibility function are lower and 

upper bounds of the probability function respectively.  
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We define an indexing function for a power set of the frame of discernment. Using 

Dempster„s result, our defined basic belief assignment, and interval arithmetic, we 

have obtained lower and upper bounds of statistical quantities viz. distribution 

function, raw and central moments, coefficients of skewness, and kurtosis. Also, we 

have obtained lower and upper bounds of statistical quantities for consonant focal 

elements by using the indexing function for consonant focal elements in an 

embedding. 

 

Also, we have obtained formulae to calculate raw moments based on set functions 

viz. probability function, belief function, and plausibility function. From these 

formulae, Dempster„s result, and interval arithmetic, we have calculated the lower 

and upper bounds of statistical quantities, if we know the probability mass function 

of a discrete probability distribution. This approach is illustrated by an example of 

binomial distribution. 

Using Dempster„s rule of combination, Bernaulli has proposed his own combination 

rules for the combination of simple support functions. Using our first new basic belief 

assignment, we have proposed some simple support functions. By using Bernaulli„s 

rule, we have obtained modified combination rules for our defined simple support 

functions with heterogeneous pieces of evidence, and conflicting pieces of evidence 

with cases in two dimensions, three dimensions, and k- dimensions. 

The same approach is applied to obtain the new five basic belief assignments for 

continuous spaces. Using Dempster„s result, these basic belief assignments, and 

interval arithmetic, we have proposed an approach to obtain lower and upper 

bounds of statistical quantities based on set functions viz. belief function, prob- ability 

function, and plausibility function. We illustrate this approach with an example of 

continuous uniform distribution. 

 

The other main task is the indexing of subsets in the power set of frame of discern- 

ment. The index number of a subset in the power set of the frame of discernment 

should increase as the size and alphabetical letters are introduced. The indexing for 

consonant focal elements is straightforward forward but indexing of subsets of 

continuous frame of discernment is difficult. 
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To write this book, there are combinations of different branches of mathematics viz. 

set function theory, discrete and continuous distribution theory, measure theory, 

interval arithmetic, and discrete and continuous belief function theory. The binomial 

distribution and continuous uniform distribution are considered particular cases. 

Depending upon the situation, we can replace these probability distributions with 

any other suitable discrete or continuous probability distribution. The main 

challenging part is to choose appropriate discrete or continuous probability 

distribution in a particular situation. 

 

It is a great pleasure to publish this book as it is most applicable and appealing to 

daily life, problems of human behavior, and problems of society. I hope that this book 

is helpful to young researchers to introduce and implement their ideas regarding 

belief function, probability function, and plausibility function. Also, it helps solve 

problems in society and problems of accepting a value instead of a particular 

expected value depending on the upper and lower bounds of the interval containing 

this particular expected value. 

 

 

27th April 2023                                                        Dr. Dnyandeo Namdeo Kandekar 
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Chapter 1

Introduction

1.1 Introduction

The notion of fuzzy sets is pioneered by Lofti Zadeh (1965), which emphasizes

the gap existing between mental representation of reality and usual mathemat-

ical representation which is based on binary logic, precise numbers, differential

equations etc. Mental representation exists through natural language such as high

temperature, young man, big size etc. The power of expressibility of real numbers

is far beyond the limited level of precision found in mental representation.

Fuzziness occurs due to vagueness, imprecision and uncertainty. Any notion is

said to be vague when its meaning is not fixed by a sharp boundaries. There is

gradual degradation between the situations to which vague notion is fully applied

and situation to which it does not apply at all. Imprecision pertain to so-called

measurable concepts and particularly metric properties. The imprecision stems

from the fact that any measurement yields results of limited accuracy. e.g. p ∨ q

does not imply that whether p is true or q is true. Uncertainty refers to the

agent‘s ability to claim whether a proposition holds or not. Partial belief is basi-

cally due to incomplete or conflicting information. In probability theory, partial

belief ranges over the unit interval. In propositional logic, uncertainty is three

valued. e.g. sure about proposition, sure about it‘s negation and not sure about

1



Chapter 1. Introduction 2

both. The type of uncertainty modeled by probability is different from the type

of uncertainty modeled by propositional logic. Probability theory usually models

uncertainty resulting from conflicting, precisely observed in the pieces of informa-

tion. Probability theory models objective uncertainty whereas fuzzy set theory

models subjective uncertainty. Probability theory is a special case of fuzzy set

theory. It is not clear that uncertainty should be represented in the same way for

inference purposes and for decision making purposes.

Possibility theory, coined by Lofti Zadeh (1978), is at cross roads between fuzzy

sets and probability theory. The possibility theory is an approach to model flexible

restrictions constructed from vague pieces of information described by means of

fuzzy sets. Also possibility theory is quantitative analysis of uncertainty in artifi-

cial intelligence based on fuzzy logic and fuzzy integral. Possibility theory equips

fuzzy set theory for sound comparison with probability theory viz. set functions,

conditioning, independence.

Given a universal setX and a non-empty familyA of subsets ofX, a fuzzy measure

on (X,A) is a function µ : A → [0, 1] satisfying following conditions

1 µ(∅) = 0 and µ(X) = 1.

2 For all A,B ∈ A, if A ⊆ B then µ(A) ≤ µ(B).

3 For any increasing sequence A1 ⊆ A2 ⊆ A3 ⊆ · · · ⊆ Ai ⊆ · · · in A if

∪∞
i=1Ai ∈ A, then

limn→∞µ(Ai) = µ(∪∞
i=1Ai).

4 For any decreasing sequence A1 ⊇ A2 ⊇ A3 ⊇ · · · ⊇ Ai ⊇ · · · in A if

∩∞
i=1Ai ∈ A, then

limn→∞µ(Ai) = µ(∩∞
i=1Ai).

A fuzzy measure is called necessity measure Nec if and only if Nec(∩i∈IAi) =

infi∈INec(Ai), for any family {Ai|i ∈ I} in A such that ∩i∈IAi ∈ A, where I is an
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arbitrary indexing set. A fuzzy measure is called possibility measure Pos if and

only if Pos(∪i∈IAi) = supi∈IPos(Ai), for any family {Ai|i ∈ I} in A such that

∪i∈IAi ∈ A, where I is an arbitrary indexing set.

If X is finite then A = {Ai ⊆ X|i ∈ I}, where I is an indexing set of power

set of X. The condition for necessity measure Nec becomes Nec(∩i∈IAi) =

min.{Nec(Ai)|i ∈ I}. The condition for possibility measure Pos becomes Pos(∪i∈IAi) =

max.{Pos(Ai)|i ∈ I}.

Note that Nec(A) + Nec(Ā) ≤ 1, Pos(A) + Pos(Ā) ≥ 1, Nec(A) + Pos(Ā) =

1, min.{Nec(A), Nec(Ā)} = 0, max.{Pos(A), Pos(Ā)} = 1, Nec(A) > 0 ⇒

Pos(A) = 1 and Pos(A) < 1 ⇒ Nec(A) = 0.

The concept ”Chance” is mathematically expressed by Kolmogorov whereas con-

cept ” evidence” is mathematically expressed by Shafer (1976). A chance function

q : X → [0, 1] is a set function satisfying 0 ≤ q(x) ≤ 1 and
∑

x∈X q(x) = 1, where

X is set of all outcomes x. The chance q(x) is equal to the proportion of times

that x occurs.

1.2 Probability Distribution Theory and Belief

Function Theory

The Probability Distribution Theory studies various laws of probability dis-

tribution depending upon probability describing the situations. The books written

by Kendall and Stuart [22], Johnson, Kotz and Balakrishnan (two volumes ) [14]

give detailed information regarding discrete and continuous distributions. Each

and every incident occurring in nature follows some probability distribution. Some

of the distributions are known by names of researchers, while some by prominent

property or characteristic of defining function. The choice of suitable and appro-

priate distribution(s) is an important part in application of distribution theory.
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We have some indicators for choice of probability distribution depending on char-

acteristics of concerned probability distribution i.e. waiting time distributions and

normal distributions etc.

Regardless of these indicators, whether it is possible to find a measure which mea-

sures our belief related to given probability distribution. In belief function theory,

the axioms of basic belief assignment are too much similar to probability function.

But by observing it carefully, we see that there are some differences between prob-

ability function and basic belief assignment i.e. firstly, probability of whole sample

space is one whereas basic belief assignment of whole sample space is less than or

equal to one. Belief function of whole frame of discernment ( whole sample space )

Θ is one. Belief of a set is sum of basic belief assignments of all its subsets, whereas

probability of set is sum of probabilities of its all exhaustive subsets. The relation

between belief functions and probability functions is Bel(A) ≤ P (A), ∀A ⊆ Θ

[28].

Other functions like possibility functions ( at least one membership grade equals

to one), plausibility functions and necessity functions also play role of measures

and relation between these measures are given in following figure.

The ideas of belief functions, commonality and plausibility functions is initially

described in detail by A.P. Dempster in his papers [5, 7]. The properties of belief,

commonality and plausibility functions are discussed in detail in the book “ The

Mathematical Theory of Evidence ” by Glenn Shafer [28]. Belief functions and

necessity functions are super-additive and plausibility and possibility functions are

sub-additive in nature. A branch of evidence theory which deals with consonant

(nested) focal elements only is necessity and possibility theory. Hence for con-

sonant focal elements, belief functions and plausibility functions are reduced to

necessity functions and possibility functions respectively.

As our problem is related to belief functions and its related functions, we will

concentrate mainly on belief functions. Many researchers have proposed trans-

formations from belief functions to probability functions hence applied results of
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Figure 1.1: Relations Between measures

probability theory. Only few researchers proposed transformation from probability

theory to belief function theory and applied results of belief function theory. In

relation to our problem, firstly we concentrated on transformations which converts

probability functions to belief functions and vice-versa.

Smets [31, 32] proposed classical pignistic probability which transfers positive mass

of belief of each non- specific element into the singletons involved in that element

split by the the cardinality of the proposition when working with normalized basic

belief assignments. The classical pignistic probability is given by

Bet p(∅) = 0, and ∀X ∈ 2Θ,

Bet p(X) =
∑

Y ∈2Θ,Y ̸=∅

|X ∩ Y |
|Y |

m(Y )

1−m(∅)
(1.1)

where 2Θ is the power set of the finite discrete frame of discernment Θ. The

classical pignistic probability is generalized in DSmT framework for normalized

bba and is proposed by Jean Dezart and Florentin Smarandache [9] and is given
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by

Bet p(∅) = 0, and ∀X ∈ GΘ by,

Bet p(X) =
∑
Y ∈GΘ

CM(X ∩ Y )

CM(Y )

(1.2)

where GΘ corresponds to the hyper-power set including all the integrity constraints

of the model and CM(Y ) denotes DSm cardinality of set Y .

In 2007, a transformation has been proposed by Fabio Cuzzolin [4] and is given

by,

∀ θi ∈ Θ, CuzzP (θi) = m(θi) +
∆(θi)∑n
j=1∆(θj)

TNSM (1.3)

where ∆(θi) = Pl(θi)−m(θi) and TNSM =
∑

A∈2Θ,|A|>1m(A).

There are some important transformations such as :

1 John Sudano [34] has developed some transformations for approximating any

quantitative belief mass m(·) by a subjective probability measures based on

functions proportional to plausibility, to the normalized plausibility and to

all plausibilities.

2 A transformation known as probabilistic information content based on Shan-

non entropy of discrete probability measure, as a metric depicting the strength

of a critical decision by a specific probability distribution.

In the world of uncertainty, instead of having single result value, we should always

prefer to an interval containing this result value. The same approach is applied

in medical field as several counts of medical parameters are given as intervals and

they check that observed count of concerned medical parameter lies in the re-

spective interval. If value of medical parameter or characteristic lies in respective

interval then we accept that medical parameter or characteristic is present at de-

sired level otherwise we reject it. In statistics, we accept or reject the hypothesis

on the basis of degrees of freedom or tolerance. As the degrees of freedom or
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tolerance are changed, respective interval also changes proportionally. The ques-

tion is that whether we can obtain interval for corresponding statistical

quantity with highest degrees of freedom or tolerance. Many researchers

have obtained lower and upper bounds for several parameters as well as statistical

quantities viz. Dempster A. P. [5–7], Thierry Deneoux and Aregue Astride [1],

Ferson S., Kreinovitch V., Ginzburg L., Myers D. S., Sentz K. [12], Kyburg H.

E. [24], Jean Dezart and Florentin Smarandache [9]. This is one of the approach

to obtain lower and upper bounds of statistical quantities based on our proposed

basic belief assignment.

We give brief summary of the succeeding chapters, as follows:

In chapter 2, we summarize the preliminaries of discrete and continuous belief func-

tions, simple and separable support functions with combination rules, statistical

quantities viz. distribution function, mean, variance, raw and central moments

and coefficients of skewness and kurtosis and rules of interval arithmetics.

Glenn Shafer [28], proposed a transformation from probability functions to belief

functions with basic belief assignment m : 2Θ → [0, 1] defined by

m({θ}) = p({θ}), ∀ θ ∈ Θ.

and m(A) = 0, for all non-singleton subsets of Θ.
(1.4)

This proposed transformation is claimed to be unique. Also, Bel(A) = p(A) =

Pl(A), A ⊆ Θ. In chapter 3, we propose a transformation in discrete frame of

discernment which transforms probability function to belief function with basic

belief assignment

m(A) =
p(A)

2n−1
, ∀A ⊆ Θ. (1.5)

From our proposed basic belief assignment, we obtain belief function Bel with

Bel(A) ≤ p(A) ≤ Pl(A), ∀A ⊆ Θ, (1.6)

Calculations justifying our new transformation, are given in this chapter 3. We

study some theorems about belief function, commonality function and plausibility
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functions.

In chapter 4, with the help of our newly defined transformation (1.5), result (1.6)

and interval arithmetic [26], we obtain lower and upper bounds of statistical quan-

tities viz. distribution function, mean, variance, raw and central moments and

coefficients of skewness and kurtosis.

In chapter 5, with help of our newly defined transformation (1.5), result (1.6) and

interval arithmetic [26], we obtain lower and upper bounds of statistical quantities

as in chapter 4, for consonant focal elements.

In chapter 6, we propose three simple support functions based on cardinality of

set and probability of set. With these simple support functions, Bernaulli‘s rule

of combination, combination rules for heterogeneous and conflicting evidences are

modified. Also we generalize these combination rules to three dimensions and

hence k -dimensions.

In chapter 7, we propose five basic belief assignments on continuous frame of dis-

cernment. From these basic belief assignments, we obtain belief functions, com-

monality function and plausibility functions. With results from interval arithmetic

[26] and (1.6), we propose an approach to obtain lower and upper limits of statisti-

cal quantities viz. distribution function, mean, variance, raw and central moments

and coefficients of skewness and kurtosis.

Though the transformations are very simple but it may be helpful in obtaining

solutions of problems consisting of uncertainty.

Finally we provide list of references.



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we provide preliminary concepts regarding discrete and continuous

belief function theory, interval analysis. We also give formulae about series and

their partial sums and statistical concepts. The terminology used is mostly from

Shafer‘s book [28].

2.2 Discrete Belief Function Theory

Dictionary meaning of Frame of Discernment is frame of good judgment in-

sight. The word discern means recognize or find out or hear with difficulty. If

frame of discernment Θ is

Θ = {θ1, θ2, . . . , θn} (2.1)

then every element of Θ is a proposition. The propositions of interest are in one

to one correspondence with the subsets of Θ. The set of all propositions of our

interest corresponds to the set of all subsets of Θ, denoted by 2Θ.

If Θ is frame of discernment, then a function m : 2Θ → [0, 1] is called basic

belief assignment or basic probability assignment whenever m(∅) = 0 and

9
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∑
A⊆Θm(A) = 1. The quantity m(A) is called A’s basic probability number

and it is a measure of the belief committed exactly to A. The total belief

committed to A is sum of m(B), for all proper and improper subsets B of A.

A function Bel : 2Θ → [0, 1] is called belief function or belief measure over Θ

and is given by Bel(A) =
∑

B⊆A m(B).

If Θ is a frame of discernment, then a function Bel : 2Θ → [0, 1] is belief function

if and only if it satisfies following conditions

1. Bel(∅) = 0.

2. Bel(Θ) = 1.

3. For every positive integer n and every collection A1, A2, . . . , An of subsets of

Θ

Bel(A1 ∪ A2 ∪ . . . ∪ An) ≥
∑

I⊂{1,2,··· ,n}

(−1)|I|+1Bel(
⋂
i∈I

Ai). (2.2)

A subset A of a frame Θ is called a focal element of a belief function Bel over

Θ if m(A) > 0. The union of all the focal elements of a belief function is called its

core . The quantity Q(A) =
∑

B⊆Θ,A⊂B m(B) is called commonality number

for A which measures the total probability mass that can move freely to every

point of A. A function Q : 2Θ → [0, 1] is called commonality function for Bel.

Suppose C is the core and Q is the commonality function of a belief function over

Θ. An element θ ∈ Θ is in C if and only if Q({θ}) > 0 .

Degree of doubt :

Dou(A) = Bel(Ā) and Pl(A) = 1−Dou(A) = 1−Bel(Ā) =
∑

A∩B ̸=∅

m(B) (2.3)

which expresses the extent to which one finds A credible or plausible [28].

A set function µ : 2Θ → [0,∞] is a measure if it satisfies following three condi-

tions:

1. µ(A) ∈ [0,∞], for all A ⊆ Θ.
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2. µ(∅) = 0.

3. Additive Property : For collection A1, A2, . . . , An, . . .,

µ(∪∞
i=1Ai) =

∑
I⊂{1,2,...,n,...}

I ̸=∅

(−1)|A|+1µ(∩∞
i=1Ai). (2.4)

The measure is finite or infinite as µ(Θ) < ∞ or µ(Θ) = ∞. It is probability

measure if µ(Θ) = 1 [2]. In the context of probability measure, belief function

and plausibility function are initially named as lower probability function and

upper probability function respectively [5, 7]. Therefore, the relationship between

belief function, probability function and plausibility function is given by

Bel(A) ≤ p(A) ≤ Pl(A), ∀A ⊂ Θ (2.5)

In Shafer‘s book [28], we have Bayesian belief function as: If Θ is frame of dis-

cernment then a function Bel : 2Θ → [0, 1] is called Bayesian belief function

if

1 Bel(∅) = 0,

2 Bel(Θ) = 1,

3 Bel(A ∪B) = Bel(A) +Bel(B) whenever A,B ⊆ Θ and A ∩B = ∅.

Suppose Bel : 2Θ → [0, 1] is belief function. Then following statements are equiv-

alent:

1 Bel is Bayesian.

2 All of Bel‘s focal elements are singletons.

3 Bel awards a zero commonality number to any subset containing more than

one element.

4 Bel(A) = 1−Bel(Ā) for all A ⊆ Θ.
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Some other basic belief assignments are Classical Pignistic Probability [31, 32],

Sudano’s Probabilities [33–35], Cuzzolin’s Intersection Probability [4], Shannon

Entropy [30], the Probability Information Content [34].

2.2.1 Dempster‘s Combination Rule

Suppose Bel1 and Bel2 are belief functions over the same frame of discernment Θ,

with basic probability assignments m1 and m2 and focal elements A1, A2, . . . , Ak

and B1, B2, . . . , Br respectively. If
∑

i,j
Ai∩Bj=∅

m1(Ai)m2(Bj) < 1, then the function

m : 2Θ → [0, 1] defined by m(∅) = 0 and

m(A) =

∑
i,j

Ai∩Bj=A
m1(Ai)m2(Bj)

1−
∑

i,j
Ai∩Bj=∅

m1(Ai)m2(Bj)
(2.6)

for all non-empty A ⊆ Θ, is a basic belief assignment. The core of the belief

function given by m, is equal to the intersection of the cores of Bel1 and Bel2 [28].

2.2.2 Simple and Separable Support Functions

2.2.2.1 Simple and Separable Support Functions

We have embedding of belief functions as:
simple

support

function

 ⊂


separable

support

function

 ⊂

 support

function

 ⊂

 belief

function

 (2.7)

An evidence supports many propositions discerned by frame of discernment Θ but

in different degrees. Suppose an evidence points precisely and ambiguously to a

single non-empty subset A of Θ. The effect of evidence is to provide certain degree

of support s for A with 0 ≤ s ≤ 1.
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Figure 2.1: Bernoulli rule of Combination.

Let s be a degree of support for A with 0 ≤ s ≤ 1. The simple support function

S : 2Θ → [0, 1] is defined as

S(B) =


0 if B does not contain A

s if B contains A but B ̸= Θ.

1 if B = Θ

(2.8)

Here S(B) is degree of support for B ⊆ Θ. The function S is a simple sup-

port function focused on A. We convert S into belief function by assigning basic

Probability numbers

m(C) =


S(A) if C = A

1− S(A) if C = Θ

0 otherwise.

(2.9)

2.2.2.2 Bernoulli‘s Rule of Combination

Suppose one body of evidence have precisely supporting effect for set A ⊂ Θ with

degree s1 and the another completely separate body of evidence have precisely

supporting effect A to degree s2. Then degree of supporting A by these two
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Figure 2.2: Heterogeneous Evidences.

bodies of evidences together is 1− (1− s1)(1− s2) with m(Θ) = (1− s1)(1− s2).

Bernaulli‘s combination rule is special case of Dempster‘s combination rule.

The degree of support for various propositions discerned by a frame Θ must be

determined by the weights of the items of evidence attesting to those various

propositions. If evidence points precisely and ambiguously to a single subset A ⊆

Θ then the degree of support for A must be completely determined by weight of

that evidence. The degree of support for A must be function of weight of evidence

pointing to A. The relation between the weight of evidence (w) which supports A

and the degree of support s for A in the corresponding simple support function, is

s = 1− ecw, (2.10)

where c is negative constant (usually taken as c = −1). Here 0 ≤ s ≤ 1 and

0 ≤ w ≤ ∞.

2.2.2.3 Heterogeneous Evidences

Suppose A∩B ̸= ∅. Let S1 be a simple support function focused on A with S1(A) =

s1. Let S2 be another simple support function focused on B with S2(B) = s2. The

orthogonal sum S = S1 ⊕ S2 focused on A ∪ B, have basic probability numbers
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Figure 2.3: Conflicting Evidences.

m(A∩B) = s1s2,m(A) = s1(1−s2),m(B) = s2(1−s1) andm(Θ) = (1−s1)(1−s2).

Therefore

S(C) =



0 if C does not contain A ∩B

s1s2 if C contains A ∩B but neither A nor B

s1 if C contains A but not B

s2 if C contains B but not A

1− (1− s1)(1− s2) if C contains both A and B and C ̸= Θ

1 if C = Θ

(2.11)

for all C ⊂ Θ. Note that 1− (1− s1)(1− s2) = s1 + s2 − s1s2.

2.2.2.4 Conflicting Evidences

If A ∩ B ̸= ∅ then the combination of evidences pointing to A and evidences

pointing to B is simple as compared to A ∩ B = ∅ i.e. the bodies of evidence are

heterogeneous as well as conflicting and effect of one body of evidence decreases the

effect of other body of evidence. While applying Dempster‘s rule of combination,

we eliminate lower-left rectangle ( see the figure of conflicting evidences ) and

increase the measures of remaining rectangles by multiplying factor
1

1− s1s2
. Let

S1 be a simple support function focused on A with S1(A) = s1. Let S2 be a
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simple support function focused on B with S2(B) = s2. The orthogonal sum

S = S1 ⊕ S2 focused on A ∪B have basic probability numbers:

m(C) =



0 if C = ∅
s1(1− s2)

1− s1s2
if C = A

s2(1− s1)

1− s1s2
if C = B

(1− s1)(1− s2)

1− s1s2
if C = Θ.

(2.12)

The orthogonal sum S of simple support functions S1 and S2 focused on A ∪ B,

is given by

S(C) =



0 if C contains neither A nor B

s1(1−s2)
1−s1s2

if C contains A but not B

s2(1−s1)
1−s1s2

if C contains B but not A

s1(1−s2)+s2(1−s1)
1−s1s2

if C contains A and B but C ̸= Θ

1 if C = Θ

(2.13)

for all C ⊂ Θ.

Note that above orthogonal sum does not exist if and only if s1 = s2 = 1. By intro-

ducing second body of evidence, degree of support for A is reduced to s1
1− s2
1− s1s2

.

The weights of evidence pointing to A and B are w(A) and w(B) respectively. We

have relations

s1 = 1− e−w(A) and s2 = 1− e−w(B)

. Solving above equations for w(A) and w(B), we get

w(A) = ln(
1− S(B)

1− S(A)− S(B))
) (2.14)

and

w(B) = ln(
1− S(A)

1− S(A)− S(B)
). (2.15)



Chapter 2. Preliminaries 17

2.2.2.5 Separable Support Functions

A belief function is called separable support function if it is a simple support

function or equal to the orthogonal sum of two or more simple support functions.

S = S1 ⊕ S2⊕, · · · ,⊕Sn.

where n ≥ 1 and each Si is a simple support function. This representation is

unique since Dempster‘s rule of combination is commutative and associative.

In [16], simple support functions Si, i = 1, 2, are based on probability of discrete

probability distributions for Bernaulli‘s rule of combination for two evidences.

In [15], generalization for Bernaulli‘s combination rule, weights of evidences and

heterogeneous evidences with simple support functions based on probabilities of

discrete probability distributions are studied.

A belief function is said to be consonant if its focal elements are nested i.e. if its

focal elements can be arranged in order such that each is contained in the following

one.

Theorem 2.1. [28] Suppose Θ is a finite set. Then a function S : 2Θ → [0, 1] is

a consonant support function if and only if S obeys these three rules:

1 S(∅) = 0.

2 S(Θ) = 1.

3 S(A ∩B) = min(S(A), S(B)) for all A,B ⊆ Θ.

2.3 Continuous Belief Function Theory

While discussion, we use following notations : Ω = [a, b] = Continuous frame of

Discernment,

f(x) = Probability Density Function of continuous probability distribution,
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f [p, q] =
∫ q

x=p
f(x)dx = Probability of interval [p, q],

F (x) = Distribution Function at x = f [a, x] =
∫ x

x=a
f(x)dx,

µ
′
r =

∫ b

x=a
xrf(x)dx = rth raw moment

and µr =
∫ b

x=a
(x− µ

′
1)

r
f(x)dx = rth central moment.

Note that Ω = [a, b] can be replaced by any interval of real line (−∞,∞) or of

(−∞,∞)∪{−∞,∞}. For continuous frame of discernment, we replace summation

by integration as number of subsets are uncountably infinite. Also integration over

point interval is zero.

In Smets article [32], Smets proposed theory about continuous frame of discern-

ment as:

Let Ω = [a, b] be continuous frame of discernment. Let A = {Ai}ni=1 be a finite

collection of subintervals of Ω = [a, b]. Let m : A → [0, 1] be a basic belief assign-

ment with
∑n

i=1m(Ai) = 1. Focal elements Ai of m have m(Ai) > 0. For every

(x, y) ∈ T = {(x, y)|x ≤ y, x, y ∈ [a, b]} ⊂ R2, the probability density function

fT : [a, b] → R+ defined by

fT (x, y) =
n∑

i=1

m(Ai)δ(x− xi)δ(y − yi), xi, yi ∈ Ai (2.16)

where δ is Dirac‘s delta function: δ(x − xi) is a function which is 0 everywhere

except at its centre x0 where it is infinite with
∫∞
x=−∞ f(x)δ(x − x0)dx = f(x0).

Also
∫ b

x=a
δ(x − b)dx = 1 whereas

∫ b−ϵ

x=a
δ(x − b)dx = 0, ∀ ϵ > 0. It gives link

between belief functions on R and probability distribution functions on R2.

In [3, 27, 31, 32], continuous frame of discernment Ω is (−∞,∞). Some quantity

may be assigned to ∅ by assigning INT =
∫∞
x=−∞

∫∞
y=x

m([x, y])dydx ≤ 1. Hence

m(∅) = 1− INT . For normalized basic belief density (i.e m(∅) = 0& INT = 1),

Smets [32] have considered fT = m([a, b]), for a ≤ b and fT = 0 for a > b. Some
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related functions to basic belief assignment m, are as follows :

Bel([a, b]) =

∫ b

x=a

∫ b

y=x

m([x, y])dxdy, Bel(∅) = 0 (2.17)

Pl([a, b]) =

∫ b

x=−∞

∫ ∞

y=max.{a,x}
m([x, y])dxdy, P l(∅) = 0 (2.18)

q([a, b]) =

∫ a

x=−∞

∫ ∞

y=b

m([x, y])dxdy, q(∅) = 1 (2.19)

and b([a, b]) = Bel([a, b]) +m(∅), b(∅) = m(∅). (2.20)

The relation from [5, 7], is also applicable here as :

For each subset A ⊆ Ω, Bel(A) ≤ p(A) ≤ Pl(A).

Many of the authors, had done research on consonant continuous basic belief

assignment and discovered important results [3, 10, 11, 27, 31, 36]. Dore and

Martin [10, 11] modeled belief functions induced by probabilities with indexing

from set of all focal elements to T ⊂ R2 hence modeled belief functions on Borel

sigma algebra B(Rn). Here belief functions and plausibility functions of A are

obtained by integrating over set of image sets contained in A and over set of

image set having non-empty intersection with A respectively with respect to credal

measure µΩ of subset of index set.

In [6, 7], a special case of upper and lower probabilities has been introduced by

Dempster. Here existence of mapping is assumed, which is one to many mapping

m from finite space X to frame of discernment Θ. The lower probability of A

subset of X is equal to the probability of the largest subset of Θ such that its

image under m is included in A. The upper probability of A in space X such that

the image under m of all elements having a non-empty intersection with A. In [29],

belief functions on a system of sets of an infinite or finite universe are represented

by a probability measure or probability charge.

Other pairs of lower and upper bounds of probability functions are confidence

bands [24], distribution band [23], probability box [12], imprecise belief structures
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[8] and imprecise belief structures in which the masses of focal elements lie in

some known interval, allowing us to model realistically situation in which the

basic probability assignments can not be precisely identified [37].

2.4 Interval Arithmetics

Interval arithmetic operations are useful to do calculations with intervals. We have

interval arithmetic [26] as:

Let X = [X,X] and Y = [Y , Y ] be any intervals, in set of real numbers. Here

X = inf{x : x ∈ X} and X = sup{x : x ∈ X}. Therefore X and X are lower and

upper bounds of X respectively. The computations with intervals are as:

1 X + Y = [X + Y ,X + Y ].

2 X − Y = [X − Y ,X − Y ].

3 X · Y = [Min.S,Max.S], where S = {XY ,XY ,XY ,XY }.

4

X/Y =



[X,X][1/Y , 1/Y ] if 0 ̸∈ [Y , Y ]

[−∞,∞] if 0 ∈ [X,X] and 0 ∈ [Y , Y ]

[X/Y ,∞] if X ≤ 0 and Y = 0

[−∞, X/Y ] ∪ [X/Y ,∞] if X ≤ 0 and Y < 0 < Y

[−∞, X/Y ] if X ≤ 0 and Y = 0

[−∞,∞] if X < 0 < X and Y < 0 < Y

[−∞, X/Y ] if X ≥ 0 and Y = 0

[−∞, X/Y ] ∪ [X/Y ,∞] if X ≥ 0 and Y < 0 < Y

[X/Y ,∞] if X ≥ 0 and Y = 0

∅ if 0 ̸∈ [X < 0 < X] and Y = 0

5 f(X) = {f(x)|x ∈ X}.
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2.5 Some Statistical Quantities

In statistics, some concepts viz. distribution function, expectation, variance, stan-

dard deviation, skewness and kurtosis play important roles in determination of na-

ture of probability distributions. We have result about belief function, probability

function and plausibility function (2.5) as : Bel(A) ≤ p(A) ≤ Pl(A), ∀A ⊆ Θ

[5, 7]. Now we introduce variable V whose values corresponds to subsets of Θ.

Applying these concepts for basic belief assignments induced by probability mass

function, values of above statistical quantities are obtained similar to concepts in

statistics. Finally we draw conclusions in terms of subsets of Θ instead of values

of variable V . Here we find that the quantities obtained with help of basic belief

assignment m(V ) are proportional to quantities obtained with help of probability

mass function p(V ) for probability distributions.

In discrete probability distributions, to calculate distribution function F (x), raw

moments µ
′
r, central moments µr and coefficients of skewness and kurtosis based

on central moments, we refer Billingsley [2] and Bansi Lal and Sanjay Arora book

[25]. We have some statistical quantities with formulae as :

1 Distribution Function= P (x) = p[X ≤ x] =
∑x

X=0 p(X).

2 Mean=Expectation of X = E(X) =
∑n

X=0 Xp(X).

3 rth raw moment = µ
′
r = E(Xr) =

∑n
X=0X

rp(X).

4 rth central moment = µr = E((X − E(X))r) =
∑n

X=0 (X − E(X))rp(X).

5 Variance = V ar(X) = E(X2)− (E(X))2.

6 Standard Deviation = σV =
√
V ar(X).

7 Coefficient of Skewness = γ1 =

√
µ2
3

µ3
2

.

8 Coefficient of Kurtosis = γ2 =
µ4

µ2
2

− 3.
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Note that, for continuous frame of discernment, we replace summation
∑

by

integration
∫
.

Necessary series results are referred from Hall‘s book [13].



Chapter 3

Basic Belief Assignment Induced

by Probability Mass Function

3.1 Introduction

In this chapter, we propose new basic belief assignment which is based on prob-

ability mass function of discrete probability distribution. With help of this basic

belief assignment, we derive formulae for belief function, commonality function

and plausibility functions. Some theorems in Shafer‘s book [28] are modified ac-

cording to these functions. Such results are studied with necessary explanation.

Using our new basic belief assignments, some new results about belief, commonal-

ity and plausibility functions are studied. Some results viz. about new basic belief

assignment, related functions to new basic belief assignment and modifications of

results from Shafer‘s book [28], are published in [20].

23
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3.2 A New Basic Belief Assignment induced by

Probability Mass Function

In this section, we obtain new basic belief assignment induced by probability mass

function of discrete probability distribution.

3.2.1 Prerequisites in obtaining a new transformation

Let (Θ, p) be a probability distribution. If |Θ| > 1 then we observe that sum of

probabilities of all subsets of Θ, is more than 1. Here we find a generalized for-

mula about repeatation of singleton set of Θ in all subsets of Θ. We have following

result as:

Theorem 3.1. [20] If |Θ| = n then every element in frame of discernment Θ is

repeated exactly 2n−1 number of times in listing of all subsets of Θ and sum of

probabilities of all subsets of Θ is 2n−1.

Proof. We prove this in two parts.

Part I:

Here we show that every element in frame of discernment Θ is repeated exactly

2n−1 number of times in listing of all subsets of Θ. we prove this by principle

of mathematical induction on n, the number of exhaustive elements of frame of

discernment Θ.

Step 1 : claim: Result is true for n = 1.

Let |Θ| = 1. ∴ Consider Θ = {a},

⇒ P(Θ) = {∅, {a}}.

i.e. {a} is repeated exactly 1 = 21−1 times, so result is true for n=1.

Step 2 : Assume that result is true for n = k .

i.e. every element in frame of discernment Θ is repeated exactly 2k−1 number of

times in listing of all subsets of Θ.
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claim: result true for n = k + 1 .

Let Θ = {θ1, θ2, . . . , θk}

Now we obtain frame of discernment Θ‘ from Θ by adjoining element θk+1. There-

fore

Θ‘ = {θ1, θ2, . . . , θk, θk+1}

and |Θ‘| = k + 1

Partitioning power set of Θ‘ into X and Y such that

X = { subsets of Θ‘ not containing θk+1 } = P(Θ)

and

Y = { subsets of Θ‘ containing θk+1 }

= { Element of X ∪ θk+1}

Here number of subsets in X = Number of subsets in Y = 2k .

By inspecting set Y , we notice that element θk+1 lies in every subset in Y . Hence

element θk+1 is repeated exactly 2k times in listing of all subsets of Θ.

Here every element of frame of discernment Θ‘ except element θk+1, is repeated

same number of times in listing of subsets in X and Y . By step 2 of principle

of mathematical induction, every element of frame of discernment Θ is repeated

exactly 2k−1 times. In all every element of frame of discernment Θ‘ except θk−1 is

repeated exactly 2k−1 + 2k−1 = 2k times.

Thus every element of frame of discernment Θ‘ is repeated exactly 2(k+1)−1 = 2k

times in listing of all subsets of Θ. i.e. result is true for all frame of discernments
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having n = k + 1 exhaustive elements.

By principle of mathematical induction, every element of frame of discernment Θ

having n exhaustive elements is repeated exactly 2n−1 times in listing of all subsets

of Θ.

Part II:

Here we prove that sum of probabilities of all subsets of frame of discernment Θ

is 2n−1.

Since the elements θi of frame of discernment Θ are exhaustive i.e. ∀ θi, θj ∈

Θ θi ∩ θj = ∅,

p(θi ∩ θj) = 0, ∀ θi, θj ∈ Θ

Hence

p(θi ∪ θj) = p(θi) + p(θj), ∀ θi, θj ∈ Θ

In general,

p(θi ∪ θj ∪ · · · ∪ θk) = p(θi) + p(θj) + · · ·+ p(θk), ∀ θi, θj . . . , θk ∈ Θ

i.e.

p(∪iθi) =
∑
i

p(θi),∀ θi ∈ Θ

i.e.

for A ⊆ Θ, p(A) = p(∪θi∈Aθi) =
∑
θi∈A

p(θi).

i.e. Probability of any subset A of Θ is summation of probabilities of exhaustive

elements θi of frame of discernment contained in A. Thus, while adding probabil-

ities all subsets of frame of discernment Θ, probability of exhaustive element goes

on adding equal to number of times concerned exhaustive element is repeated.
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By Part I, every exhaustive element θi ∈ Θ is repeated 2n−1 times in listing of all

subsets of Θ. Therefore sum of probabilities due to single exhaustive element θi is

2n−1p(θi).

By applying same criteria for all exhaustive elements of frame of discernment Θ,

we get

∑
A⊆Θ

p(A) =
∑
A⊆Θ

∑
θi∈A

p(θi),

=
∑
θi∈Θ

2n−1p(θi)

= 2n−1
∑
θi∈Θ

p(θi)

= 2n−1.

(3.1)

∴ Sum of probabilities of all subsets of frame of discernment Θ is 2n−1.

Remark :- A function m : 2Θ → [0, 1] such that m(∅) = 0 and
∑

A⊆Θm(A) = 1,

is called basic belief assignment (bba). We observe that if |Θ| = n then any

{θi} ∈ Θ is repeated 2n−1 times in listing of all subsets of Θ i.e. {θ1} appears 2n−1

times in listing of all subsets of Θ. Therefore the probability corresponding to

{θi} ∈ Θ is added 2n−1 times. Hence, if |Θ| = n then
∑

A∈Θ p(A) = 2n−1. Hence

in order to get
∑

A∈Θm(A) = 1, we have to divide each probability entry by a

quantity 2n−1.

∴ m({θi}) =
p({θi})
2n−1

, ∀ θi ∈ Θ. (3.2)

Further, for any A ⊆ Θ, define

m(A) =
∑
θi∈A

m(θi)
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which simplifies as

m(A) =
∑
θi∈A

m(θi)

=
∑
θi∈A

p(θi)

2n−1

=
1

2n−1

∑
θi∈A

p(θi)

=
p(A)

2n−1
.

(3.3)

Then
∑
A⊆Θ

m(A) =
∑
A⊆Θ

p(A)

2n−1

=
1

2n−1

∑
A⊆Θ

p(A)

=
1

2n−1
2n−1

= 1.

Also, m(∅) = 0. Hence, m is a basic belief assignment induced by probability mass

function p.

Result: In [28], if A is a finite set then

∑
B⊂A

(−1)|B| =

1 if A = ∅

0 otherwise.

(3.4)

Here, we give some deductions of some theorems in Shafer‘s book [28] by using

(3.3).

Theorem 3.2. [20] The belief function Bel : 2Θ → [0, 1] defined by, Bel(A) =∑
B⊆A m(B) =

∑
B⊂A

p(B)

2n−1
satisfies,

a Bel(∅) = 0.

b Bel(Θ) = 1.
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c Super-additive Property :- For collection A1, A2, . . . , An,

Bel(∪n
i=1Ai) ≥

∑
I⊂{1,2,...,n}

I ̸=∅

(−1)|A|+1Bel(∩n
i=1Ai).

Proof. (a) Since Bel(A) =
∑

B⊂A

p(B)

2n−1
, we have

Bel(∅) =
∑

B⊂A=∅

m(B)

=
p(∅)
2n−1

= 0.

(3.5)

(b)Bel(Θ) =
∑
B⊂Θ

m(B)

=
∑
B⊂Θ

p(B)

2n−1

=
1

2n−1

∑
B⊂Θ

p(B)

=
1

2n−1
2n−1

= 1.

(3.6)



Chapter 3. Basic Belief Assignment Induced By Probability Mass Function 30

(c) For a collection A1, A2, . . . , An of subsets of Θ and for each B ⊂ Θ, let I(B) =

{i|1 ≤ i ≤ n,B ⊂ Ai}.

Consider
∑

I⊂{1,2,...,n}
I ̸=∅

(−1)|I|+1Bel(∩n
i=1Ai)

=
∑

I⊂{1,2,...,n}
I ̸=∅

(−1)|I|+1
∑

B⊂∩Ai
i∈Ai

m(B)

=
∑
B⊂Θ

I(B) ̸=∅

m(B)
∑

I⊂I(B)
I ̸=∅

(−1)|I|+1

=
∑
B⊂Θ

I(B)̸=∅

m(B)(−1)
∑

I⊂I(B)
I ̸=∅

(−1)|I|

=
∑
B⊂Θ

I(B)̸=∅

m(B)(−1){
∑

I⊂I(B)

(−1)|I| − (−1)|∅|}

=
∑
B⊂Θ

I(B)̸=∅

m(B)(1−
∑

I⊂I(B)

(−1)|I|)

=
∑
B⊂Θ

I(B)̸=∅

m(B) .......... By result above

=
∑
B⊂Θ

B⊂Ai, for some i

m(B)

=
∑
B⊂Θ

B⊂Ai, for some i

p(B)

2n−1

≤
∑

B⊂∪Ai

p(B)

2n−1

=
∑

B⊂∪Ai

m(B)

= Bel(∪Ai).

(3.7)

Which proves super-additive property for new belief function.

Remark: Any function on 2Θ satisfying conditions (a), (b) and (c) is called

belief function on Θ. Since p(A) ≤ p(B) if A ⊆ B. Hence for A ⊆ B, m(A) =
p(A)

2n−1
≤ p(B)

2n−1
= m(B). Therefore the basic belief assignment function m defined

by (3.3), is a non-decreasing function. Now, belief function Bel is defined by
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Bel(A) =
∑

B⊆Am(B). Hence for A ⊆ C,

Bel(A) =
∑
B⊆A

m(B)

=
∑

B⊆A⊆C

m(B)

≤
∑
B⊆C

m(B)

= Bel(C).

Therefore, belief function Bel, is a non-decreasing function.

By definition of commonality function,

Q(A) =
∑
B⊇A

m(B) =
∑
B⊇A

p(B)

2n−1

we have

1. Since p(Θ) = 1.

∴ Q(Θ) =
1

2n−1

∑
B⊇Θ p(B) = m(Θ).

2. Since p(∅) = 0.

∴ Q(∅) = 1

2n−1

∑
B⊇∅ p(B) =

1

2n−1

∑
B⊆Θ p(B) =

1

2n−1
2n−1 = 1 .

3. If A ̸= Θ, A ̸= ∅ i. e. ∅ ⊂ A ⊂ Θ, then

Q(A) =
1

2n−1

∑
B⊇A

∑
{b}∈B

p({b}).

In all, m(Θ) =
1

2n−1
≤ Q(A) ≤ 1,∀A ⊆ Θ. [20]
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Plausibility Function : [20]

By (3.3), we have, for any A ⊆ Θ, define

Pl(A) =
∑

B∩A ̸=∅

m(B)

=
1

2n−1

∑
B∩A ̸=∅

∑
{b}∈B

p({b}).
(3.8)

Note that:

1. Since p(Θ) = 1.

∴ Pl(Θ) =
1

2n−1

∑
B∩Θ ̸=∅ p(B) =

1

2n−1

∑
B⊆Θ p(B) =

1

2n−1
2n−1 = 1

2. Since p(∅) = 0.

∴ Pl(∅) = 1−Bel(Ā) = 1−Bel(∅̄) = 1−Bel(Θ) = 1− 1 = 0.

3. If A ̸= Θ, A ̸= ∅ i. e. ∅ ⊂ A ⊂ Θ and plausibility function is non-decreasing

function then

Pl(∅) < Pl(A) < Pl(Θ).

⇒ 0 < Pl(A) < 1.

Theorem 3.3. [20] For all A ⊂ Θ,

Bel(A) =
p(A)

2n−k
and Pl(A) = p(A) +

(2k − 1)

2k
p(Ā). (3.9)

where n = |Θ| and k = |A|.

Proof. Let n = |Θ| and k = |A|, for some A ⊂ Θ. Let A = {A1, A2, . . . , Ak},

where Aj, j = 1, 2, . . . , k, are singleton sets. Let p(Aj) = sj, j = 1, 2, . . . , k

and p(A) =
∑k

j=1 p(Aj) =
∑k

j=1 sj. Therefore by (3.3), m(Aj) =
sj

2n−1
and
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m(A) =

∑k
i=1 p(Aj)

2n−1
. Consider

Bel(A) =
∑
B⊆A

m(B)

=
1

2n−1
{
∑
B⊆A

p(B)}

=
1

2n−1
{s1 + s2 + · · ·+ sk + s1 + s2 + s1 + s3 + · · ·+ s1 + sk

+ s2 + s3 + s2 + s4 + · · ·+ s2 + sk + · · ·+ sk−1 + sk

+ · · ·+ s1 + s2 + · · ·+ sk}

=
1

2n−1
{2k−1(s1 + s2 + · · ·+ sk)}

=
1

2n−k

∑
Aj∈A

p(Aj)

=
1

2n−k
p(A)

=
p(A)

2n−k
.

We have Pl(A) = 1−Bel(Ā)

= 1− p(Ā)

2n−(n−k)

= 1− p(Ā)

2k

=
2k − p(Ā)

2k

=
2k(p(A) + p(Ā))− p(Ā)

2k

=
2kp(A) + (2k − 1)p(Ā)

2k

= p(A) +
(2k − 1)

2k
p(Ā).

Note :- By above theorem, we have

Bel(A) ≤ p(A) ≤ Pl(A), ∀A ⊆ Θ. (3.10)

.



Chapter 3. Basic Belief Assignment Induced By Probability Mass Function 34

3.3 Some Results about Calculating Belief func-

tions, Commonality functions and Plausibil-

ity functions

Theorem 3.4. [20] If |Θ| = n 0 ≤ r ≤ n then the no. of subsets of Θ containing

given r elements of Θ are 2n−r. i.e. If |Θ| = n and A ⊆ Θ with |A| = r then

number of subsets containing A in Θ are 2n−r

Proof. We have result : Any singleton set in Θ with |Θ| = n is repeated 2n−1 times

in listing of all subsets of Θ.

This result is also true if we replace singleton sets by disjoint subsets of Θ.

Let Θ = {a1, a2, . . . , an}, A = {a1, a2, . . . , ar} and

Θ
′
= {A = {a1, a2, . . . , ar}, ar+1, ar+2, . . . , an}. Hence |Θ′ | = n− r + 1.

The set A = {a1, a2, . . . , ar} in Θ
′
with |Θ′| = n− r + 1, is repeated 2(n−r+1)−1 =

2n−r in listing of all subsets of Θ
′
. Hence A is also repeated 2n−r times in listing

of all subsets Θ.

Theorem 3.5. If |Θ| = n and for given A ⊆ Θ with |A| = r, then number of

subsets B of Θ such that A ∩B ̸= ∅ are 2n−r(2r − 1).

Proof. We have |A| = r and |Ā| = n− r.

Subset B with A ∩B ̸= ∅ can be formed in following different ways as



Chapter 3. Basic Belief Assignment Induced By Probability Mass Function 35

(
r

1

)
[

(
n− r

0

)
+

(
n− r

1

)
+ · · ·+

(
n− r

n− r

)
]

+

(
r

2

)
[

(
n− r

0

)
+

(
n− r

1

)
+ · · ·+

(
n− r

n− r

)
]

+

(
r

3

)
[

(
n− r

0

)
+

(
n− r

1

)
+ · · ·+

(
n− r

n− r

)
]

...

+

(
r

r

)
[

(
n− r

0

)
+

(
n− r

1

)
+ · · ·+

(
n− r

n− r

)
]

= [

(
r

1

)
+

(
r

2

)
+ · · ·+

(
r

r

)
][

(
n− r

0

)
+

(
n− r

1

)
+ · · ·+

(
n− r

n− r

)
]

= [2r − 1][2n−r] since

(
n

0

)
+

(
n

1

)
+ · · ·+

(
n

n

)
= 2n.

Therefore, if |Θ| = n and for given A ⊆ Θ with |A| = r, then number of subsets

B of Θ such that A ∩B ̸= ∅ are 2n−r(2r − 1).

Theorem 3.6. [20] For any A ⊂ Θ with |Θ| = n, |A| = r then

Q(A) = 21−r ∗
∑
{a}∈A

p({a}) + 1

2r
∗

∑
{a}̸∈A

p({a}). (3.11)

Proof. We have result: If |Θ| = n and A ⊆ Θ with |A| = r then number of

subsets containing A ⊆ Θ are 2n−r. Hence subset A is repeated 2n−r times in

calculation of commonality of A. Therefore any element in A is repeated 2n−r

times in calculation of commonality of A.

The element {a} ̸∈ A also have contribution in calculation of commonality of A.

Such element {a} ̸∈ A is repeated 2(n−r)−1 times in listing of super sets of {a} in
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Ā, for calculation of commonality of A. By definition of commonality,

Q(A) =
∑
B⊇A

m(B)

=
∑
B⊇A

p(A)

2n−1

=
1

2n−1
[2n−r

∑
{a}∈A⊇B

p({a}) + 2(n−r)−1
∑

{a}̸∈A,
{a}∈B

p({a})]

=
1

2n−1
[2n−r

∑
{a}∈A

p({a}) + 2(n−r)−1
∑

{a}̸∈A,
{a}∈B

p({a})]

= 21−r
∑
{a}∈A

p({a}) + 2−r
∑

{a}̸∈A,
{a}∈B

p({a})

= 21−r
∑
{a}∈A

p({a}) + 1

2r

∑
{a}̸∈A,
{a}∈B

p({a})

By using theorems 3.4 and 3.5, we have alternating proof of part of theorem 3.3

as:

Theorem 3.7. [20] For any subset A of Θ with |Θ| = n and |A| = r,

Pl(A) =
∑
{a}∈A

p({a}) +
∑
{a}̸∈A

(1− 1

2r
)p({a}).i.e. Pl(A) = p(A) + (

2r − 1

2r
)p(Ā).

(3.12)

Proof. In general, observing carefully, we notice that number of repetitions of

element of Θ for plausibility is as follows:

Let |A| = r and |Θ| = n if {a} ∈ A then {a} appears 2n−1 times and if {a} ̸∈ A

then {a} appears 2n−2 + 2n−3 + 2n−4 + · · ·+ 2n−(r+1) times hence 2n−(r+1)(2r − 1)
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times. Therefore formula for plausibility function becomes

Pl(A) =
∑

A∩B ̸=∅

m(B)

= 2n−1
∑
{a}∈A

p({a})
2n−1

+ 2n−(r+1)(2r − 1)
∑
{a}̸∈A

p({a})
2n−1

=
∑
{a}∈A

p({a}) + 2n−(r+1)−n+1(2r − 1)
∑
{a}̸∈A

p({a})

=
∑
{a}∈A

p({a}) + 2−r(2r − 1)
∑
{a}̸∈A

p({a})

=
∑
{a}∈A

p({a}) + (1− 1

2r
)
∑
{a}̸∈A

p({a}).

= p(A) +
2r − 1

2r
p(Ā).

(3.13)

3.4 Conclusion

In this chapter, we have defined new basic belief assignment induced by probabil-

ity mass function of discrete probability distribution. Some theorems about basic

belief assignment in Shafer book [28], are studied for our defined basic belief as-

signment induced by probability mass function. Also we have obtained formulae

to calculate belief, commonality and plausibility functions in this regard.



Chapter 4

Lower and Upper Limits of

Statistical Quantities

4.1 Introduction

We calculate statistical quantities viz. distribution function, mean, variance, raw

and central moments and coefficients of skewness and kurtosis of any given proba-

bility distribution. In Shafer‘s Bayesian basic belief assignment induced by proba-

bility mass function of probability distribution [28], probability of set, belief of set

and plausibility of set are equal. But our defined basic belief assignment induced

by probability mass function, satisfies (2.5), Bel(A) ≤ p(A) ≤ Pl(A), ∀A ⊆ Θ.

We have discussed lower and upper bounds of arithmetic mean of discrete prob-

ability distributions [18]. In this chapter, we obtain lower and upper bounds of

statistical quantities.

4.2 Indexing of Subsets of Θ

In order to apply statistical concepts to our defined basic belief assignment, we

apply indexing of subsets of Θ [18] as follows:

38
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Let Θ = {x1, x2, . . . , xn} hence |Θ| = n. Number of subsets of Θ are 2n. We have

indicator function as :

For any subset A of Θ, IA(xi) =

 0 if xi ̸∈ A

1 if xi ∈ A.

(4.1)

Let V be a indexing function from 2Θ to {0, 1, 2, . . . , 2n − 1} and is defined by

V (A) =
∑n

i=1 IA(xi)2
i−1. The quantity V (A) is called indexing number of subset

A of Θ. If A = {xj, xk, xl, xm, xp, xq} then indexing number of A in Θ is

v =
n∑

i=1

IA(xi)2
i−1 = 2j−1 + 2k−1 + 2l−1 + 2m−1 + 2p−1 + 2q−1

Notes :-

1 0 ≤ v ≤ 2n − 1.

2 v = 0 corresponds to ∅.

3 v = 2n − 1 corresponds to Θ.

4 Any value in between 0 and 2n − 1 corresponds to proper subset of Θ.

5 Indexing of subsets of Θ is helpful in obtaining statistical quantities as it

does not affect results of statistics and mathematics.

( See Appendix A).

Remark: In further discussion, the index V represent subset AV of Θ. Therefore,

p(V ) = p(AV ), Bel(V ) = Bel(AV ) and Pl(V ) = Pl(AV ).

Now, we consider some statistical quantities based on probability of subsets of Θ

using indexing function V .

1 Distribution Function= P (x) = p[X ≤ x].

2 Mean=Expectation of V = E(V ) =
∑2n−1

V=0 V p(V ).

3 rth raw moment = µ
′
r = E(V r) =

∑2n−1
V=0 V rp(V ).



Chapter 4. Lower and Upper Limits of Statistical Quantities 40

4 rth central moment = µr = E((V − E(V ))r) =
∑2n−1

V=0 (V − E(V ))rp(V ).

5 Variance = V ar(V ) = E(V 2)− (E(V ))2.

6 Standard Deviation = σV =
√

V ar(V ).

7 Coefficient of Skewness = γ1 =

√
µ2
3

µ3
2

.

8 Coefficient of Kurtosis = γ2 =
µ4

µ2
2

− 3.

With this indexing, we have following observations [18] as:

1 As number of elements of Θ increases for indexing, V increases, in turn the

value of statistical quantities also increases.

2 If indexing of subsets of Θ is changed then value of statistical quantity is

also changed accordingly. If values of V are assigned according to size of

subset and subscript of θ, in ascending order then we get suitable value of

statistical quantity. If values of V are assigned according to probability of

subset, in descending order then we get smallest value of statistical quantity.

If values of V are assigned according to probability of subset and subscript

of x, in ascending order then we get largest value of statistical quantity.

With these observations, we should choose indexing of subsets of Θ according to

our interest.

4.3 Lower and Upper Limits (or Bounds) of Dis-

tribution Function

Firstly, we calculate distribution function p(X ≤ k) of given probability distri-

bution with help of probability mass function. For k = 0, 1, 2, . . . , n − 1 and by
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formula

∑2k−1
V=0 Bel(V )∑2k−1
V=0 p(V )

p(X ≤ k) ≤ p(X ≤ k) ≤
∑2k−1

V=0 Pl(V )∑2k−1
V=0 p(V )

p(X ≤ k), (4.2)

we get lower and upper limits of distribution function.

In another way, we can calculate lower and upper limits of distribution function

as:

By indexing of subsets of Θ, we have

X : x1 = 0 x2 = 1 x3 = 2 x4 = 3 x5 = 4

V : 1 2 4 8 16

Now subsets of Θ, required for distribution function have relation from X to V as:

Sr.No. Subset of Θ Largest value of V

1 A1 = {x1} 1

2 A2 = {x1, x2} 1 + 2 = 3

3 A3 = {x1, x2, x3} 1 + 2 + 4 = 7

4 A4 = {x1, x2, x3, x4} 1 + 2 + 4 + 8 = 15

5 A5 = {x1, x2, x3, x4, x5} 1 + 2 + 4 + 8 + 16 = 31

...
...

...

k Ak = {x1, x2, x3, . . . , xk} 1 + 2 + 4 + · · ·+ 2k−1 = 2k − 1.

Now by notation

p(V ) = p(AV ), V = 0, 1, 2, 3, · · · , 2n − 1

By indexing of sets, P (x) = p(X ≤ x) = p({0, 1, 2, 3, . . . , x}) = p(Ax−1) and only

in this case, we obtain v from x as v = 2x − 1, x = 1, 2, 3, . . . , n (see Appendix
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A). By lower and upper limits of probability of sets, Bel(Av) ≤ p(Av) ≤ Pl(Av),

we get

Bel(Av) ≤ p(X ≤ x) ≤ Pl(Av), x = 1, 2, 3, . . . , n and v = 2x − 1 (4.3)

. Therefore we get lower and upper bounds of distribution function of given

probability distribution including the case of subset ∅.

Note that the lower and upper bounds of distribution function obtained by above

two approaches may or may not be same [18].

4.4 Lower and Upper Limits of Statistical Quan-

tity of Probability Distribution

Here we calculate statistical quantity of given probability distribution with help of

probability mass function. Similar to distribution function, we obtain lower and

upper limits of respective statistical quantity [18] as:

Stat.Quan.Bel

Stat.Quan.prob.
Stat.Quan.pd ≤ Stat.Quan.pd ≤

Stat.Quan.Pl

Stat.Quan.prob.
Stat.Quan.pd

(4.4)

. where

Stat.Quan.Bel = Statistical quantity based on belief function of set

Stat.Quan.prob. = Statistical quantity based on probability of set

Stat.Quan.pd = Statistical quantity based on probability mass function

of probability distribution

Stat.Quan.Pl = Statistical quantity based on plausibility function of set.

If we know probability mass function of discrete probability distribution then we

calculate sums viz.
∑

V rp(V ),
∑

V rBel(V ) and
∑

V rPl(v). Using these sums we

calculate statistical quantities based on probability of subset, belief of subset and

plausibility of subset of Θ. Using these statistical quantities based on probability of
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subset, belief of subset and plausibility of subset of Θ and (4.4), we obtain lower

and upper bounds of statistical quantities by using interval arithmetic (Section

2.4) whenever required. Here, lower and upper bounds of statistical quantities are

dependent on only probability of singleton sets. Now, our main aim is to obtain

formulae for coefficients of probability of singleton sets.

4.5 Calculation of Statistical Quantities based

on Probability of set

Based on results given in Hall and Knight book [13], we find sums of some finite

series.
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4.5.1 Calculation of
∑

V p(V ) [? ]

Consider

2n−1∑
V=0

V p(V ) = 0p(0) + 1p(1) + 2p(2) + 3p(3)

+ 4p(4) + 5p(5) + 6p(6) + 7p(7)

+ 8p(8) + 9p(9) + 10p(10) + 11p(11)

+ 12p(12) + 13p(13) + 14p(14) + 15p(15)

+
...

+ · · ·+ (2n − 1)p(2n − 1)

= 0p(∅) + 1p({x1}) + 2p({x2}) + 3p({x1, x2})

+ 4p({x3}) + 5p({x1, x3}) + 6p({x2, x3})

+ 7p({x1, x2, x3}) + 8p({x4}) + 9p({x1, x4})

+ 10p({x2, x4}) + 11p({x1, x2, x4})

+ 12p({x3, x4}) + 13p({x1, x3, x4})

+ 14p({x2, x3, x4}) + 15p({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)p({x1, x2, · · · , xn})

= 0p(∅) + 1p({x1}) + 2p({x2}) + 3(p({x1}) + p({x2}))

+ 4p({x3}) + 5(p({x1}) + p({x3})) + 6(p({x2}) + p({x3}))

+ 7(p({x1}) + p({x2}) + p({x3})) + 8p({x4}) + 9(p({x1}+ p({x4}))

+ 10(p({x2}+ p({x4})) + 11(p({x1}) + p({x2}) + p({x4}))



Chapter 4. Lower and Upper Limits of Statistical Quantities 45

+ 12(p({x3}) + p({x4})) + 13(p({x1}) + p({x3}) + p({x4}))

+ 14(p({x2}+ p({x3}) + p({x4}))

+ 15(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)(p({x1}+ p({x2}+ · · ·+ p({xn}))
2n−1∑
V=0

V p(V ) = (1 + 3 + 5 + 7 + · · ·+ 2n − 1)p({x1})

+ (2 + 3 + 6 + 7 + 10 + 11 + 14 + 15 + · · ·+ (2n − 2) + (2n − 1))p({x2})

+ (4 + 5 + 6 + 7 + 12 + 13 + 14 + 15 + · · ·+ (2n − 4) + (2n − 3)

+ (2n − 2) + (2n − 1))p({x3})

+
...

+ ((2n−1) + (2n−1 + 1) + (2n−1 + 2) + · · ·+ (2n−1 + (2n−1 − 1)))p({xn}).

(4.5)

Now we calculate coefficients of p({xj}), j = 1, 2, . . . , n as:

Consider 1 + 3 + 5 + 7 + · · ·+ (2n − 1)

= 20 + 21 + 20 + 22 + 20 + 22 + 21 + 20 + 23 + 20

+ 23 + 21 + 20 + 23 + 22 + 20 + 23 + 22 + 21 + 20

+ · · ·+ 2n−1 + 2n−2 + · · ·+ 22 + 21 + 20

=
2n−2+2n−3+···+22+21+20∑

k=0

20 + 21k

= 20 +
2n−2+2n−3+···+22+21+20∑

k=1

20 + 21k

= (2n−1)
2
.

(4.6)

Consider 2 + 3 + 6 + 7 + 10 + 11 + 14 + 15 + · · ·+ (2n − 2) + (2n − 1)

= 2 + 3 + 2(4) + 2 + 3 + 2(8) + 2 + 3 + 2(12) + 2 + 3 + 2(16) + 2 + 3

+ · · ·+ 8(2n−3 + 2n−4 + · · ·+ 22 + 21 + 20)
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=
2n−3+2n−4+···+22+21+20∑

k=0

8k + (2 + 3)

= (2 + 3) +
2n−3+2n−4+···+22+21+20∑

k=1

8k + (2 + 3)

= 20(5 + (2n−2 − 1)(2n + 5)).

(4.7)

Consider 4 + 5 + 6 + 7 + 12 + 13 + 14 + 15 + · · ·+ (2n − 4) + (2n − 3) + (2n − 2) + (2n − 1)

= (4 + 5 + 6 + 7) + 4(8) + (4 + 5 + 6 + 7) + 4(16) + (4 + 5 + 6 + 7)

+ 4(24) + (4 + 5 + 6 + 7) + · · ·+ 32(2n−4 + 2n−5 + · · ·+ 22 + 21 + 20)

=
2n−4+2n−5+···+22+21+20∑

k=0

(4)(8)k + (4 + 5 + 6 + 7)

= (4 + 5 + 6 + 7) +
2n−4+2n−5+···+22+21+20∑

k=1

(4)(8)k + (4 + 5 + 6 + 7)

= 21(11 + (2n−3 − 1)(11 + 2n)).

(4.8)

Consider 8 + 9 + 10 + 11 + 12 + 13 + 14 + 15 + 24 + 25 + 26 + 27 + 28 + 29 + 30 + 31

+ · · ·+ (2n − 8) + (2n − 7) + (2n − 6) + (2n − 5) + (2n − 4)

+ (2n − 3) + (2n − 2) + (2n − 1)

= (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)

+ 16(8) + (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)

+ 32(8) + (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)

+ 48(8) + (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)

+ · · ·+ 96 + (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)

=
2n−5+2n−6+···+22+21+20∑

k=0

(16)(8)k + (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)
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= 4(23) +
2n−5+2n−6+···+22+21+20∑

k=1

(16)(8)k + (8 + 9 + 10 + 11 + 12 + 13 + 14 + 15)

= 22{23 + (2n−4 − 1)(23 + 2n)}.

(4.9)

In general, the coefficient of p({xj}) is

K(j)∑
k=0

(2j−1)(2j)k + (2j−1 + (2j−1 + 1) + (2j−1 + 2) + · · ·+ (2j−1 + (2j−1 − 1)

whereK(j) = 2n−(j+1) + 2n−(j+1)−1 + · · ·+ 22 + 21 + 20

= (2j−2)(2n−j − 1)(2j−2 + 2j−1 − 1 + 2n) + 2j−2(2j−2 + 2j−1 − 1).

(4.10)

The coefficient of p({xn−1}) is

K(n−1)∑
k=0

(2n−2)(2n−1)k + (2n−2 + (2n−2 + 1) + (2n−2 + 2) + · · ·+ (2n−2 + (2n−2 − 1))

whereK(n−1) = 2n−((n−1)+1) = 20 = 1

= 2n−3(21 − 1)(2n−3 + 2n−2 − 1 + 2n) + 2(n−1)−2(2n−3 + 2n−2 − 1).

(4.11)

Finally, the coefficient of p({xn}) is

∑
k=0

(2n−1)(2n)k + (2n−1 + (2n−1 + 1) + (2n−1 + 2) + · · ·+ (2n−1 + (2n−1 − 1)

= 2n−2(2n−2 + 2n−1 − 1).

(4.12)
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Therefore, we have

2n−1∑
V=0

V p(V ) =
n∑

j=1

{
2n−(j+1)+2n−(j+1)−1+···+22+21+20∑

k=0

(2j−1)(2j)k

+ (2j−1 + (2j−1 + 1) + (2j−1 + 2) + · · ·+ (2j−1 + (2j−1 − 1)}p({xj})

=
n∑

j=1

{(2j−2)(2n−j − 1)(2j−2 + 2j−1 − 1 + 2n) + 2j−2(2j−2 + 2j−1 − 1)}p({xj}).

(4.13)

4.5.2 Calculation of
∑

V 2p(V ) [? ]

Consider

2n−1∑
V=0

V 2p(V ) = 02p(0) + 12p(1) + 22p(2) + 32p(3) + 42p(4) + 52p(5)

+ 62p(6) + 72p(7) + 82p(8) + 92p(9) + 102p(10) + 112p(11)

+ 122p(12) + 132p(13) + 142p(14) + 152p(15)

+
...

+ · · ·+ (2n − 1)2p(2n − 1)

= 02p(∅) + 12p({x1}) + 22p({x2}) + 32p({x1, x2}) + 42({x3}) + 52({x1, x3})

+ 62p({x2, x3}) + 72p({x1, x2, x3}) + 82p({x4}) + 92p({x1, x4}) + 102p({x2, x4})

+ 112p({x1, x2, x4}) + 122p({x3, x4}) + 132p({x1, x3, x4})

+ 142p({x2, x3, x4}) + 152p({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)2p({x1, x2, · · · , xn})
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= 02p(∅) + 12p({x1}) + 22p({x2}) + 32(p({x1}) + p({x2}))

+ 42p({x3}) + 52(p({x1}) + p({x3})) + 62(p({x2}) + p({x3}))

+ 72(p({x1}) + p({x2}) + p({x3})) + 82p({x4}) + 92(p({x1}+ p({x4}))

+ 102(p({x2}+ p({x4})) + 112(p({x1}) + p({x2}) + p({x4}))

+ 122(p({x3}) + p({x4})) + 132(p({x1}) + p({x3}) + p({x4}))

+ 142(p({x2}+ p({x3}) + p({x4}))

+ 152(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)2(p({x1}+ p({x2}+ · · ·+ p({xn}))
2n−1∑
V=0

V 2p(V ) = (12 + 32 + 52 + 72 + · · ·+ (2n − 1)2)p({x1})

+ (22 + 32 + 62 + 72 + 102 + 112 + 142 + 152 + · · ·+ (2n − 2)2 + (2n − 1)2)p({x2})

+ (42 + 52 + 62 + 72 + 122 + 132 + 142 + 152 + · · ·

+ (2n − 4)2 + (2n − 3)2 + (2n − 2)2 + (2n − 1)2)p({x3})

+
...

+ ((2n−1)
2
+ (2n−1 + 1)

2
+ (2n−1 + 2)

2
+ · · ·+ (2n−1 + (2n−1 − 1))

2
)p({xn}).

(4.14)
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Consider 12 + 32 + 52 + 72 + · · ·+ (2n − 1)2

= (20)
2
+ (21 + 20)

2
+ (22 + 20)

2
+ (22 + 21 + 20)

2
+ (23 + 20)

2

+ (23 + 21 + 20)
2
+ (23 + 22 + 21 + 20)

2

+ · · ·+ (2n−1 + 2n−2 + · · ·+ 22 + 21 + 20)
2

=
2n−2+2n−3+···+22+21+20∑

k=0

(20 + 21k)
2

=
2n−2+2n−3+···+22+21+20∑

k=0

1 + 4k + 4k2

= 1 +
2n−2+2n−3+···+22+21+20∑

k=1

1 + 4k + 4k2

=
2n−1

3
{4(2n−1)

2 − 1}

(4.15)

Which is similar to result: 12 + 32 + 52 + 72 + · · ·+ (2n− 1)2 =
n(4n2 − 1)

3
.

Consider 22 + 32 + 62 + 72 + 102 + 112 + 142 + 152 + · · ·+ (2n − 2)2 + (2n − 1)2

=
2n−3+2n−4+···+22+21+20∑

k=0

(4k + 2)2 + (4k + 3)2

=
2n−3+2n−4+···+22+21+20∑

k=0

32k2 + 40k + 13

= 13 +
2n−3+2n−4+···+22+21+20∑

k=1

32k2 + 40k + 13

= 13 +
(2n−2 − 1)

3
{3(13) + (2n)(3(5) + 4(2n−1 − 1))}

(4.16)
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Consider 42 + 52 + 62 + 72 + 122 + 132 + 142 + 152 + · · ·+ (2n − 4)2 + (2n − 3)2

+ (2n − 2)2 + (2n − 1)2

=
2n−4+2n−5+···+22+21+20∑

k=0

(8k + 4)2 + (8k + 5)2 + (8k + 6)2 + (8k + 7)2

=
2n−4+2n−5+···+22+21+20∑

k=0

256k2 + 352k + 126

= 126 +
2n−4+2n−5+···+22+21+20∑

k=1

256k2 + 352k + 126

= 126 +
(2n−3 − 1)

3
{3(126) + 2n(3(2)(11) + 24(2n−2 − 1))

(4.17)

Here we observe that

42 + 52 + 62 + 72 = 126, 4 + 5 + 6 + 7 = 22 = 2(11) = 2(4 + 7) = 23−2(4 + 7).

Consider 82 + 92 + 102 + 112 + 122 + 132 + 142 + 152

+ 242 + 252 + 262 + 272 + 282 + 292 + 302 + 312

+ · · ·+ (2n − 8)2 + (2n − 7)2 + (2n − 6)2 + (2n − 5)2

+ (2n − 4)2 + (2n − 3)2 + (2n − 2)2 + (2n − 1)2

=
K(4)∑
k=0

(16k + 8)2 + (16k + 9)2 + (16k + 10)2 + (16k + 11)2

+ (16k + 12)2 + (16k + 13)2 + (16k + 14)2 + (16k + 15)2

=
K(4)∑
k=0

1100 + 2944k + 2048k2

= 1100 +
K(4)∑
k=1

1100 + 2944k + 2048k2

= 1100 +
2n−4−1∑
k=1

1100 + 2944k + 2048k2

= 1100 +
2n−4 − 1

3
{3(1100) + 2n(3(4)(23) + 26(2n−3 − 1)}

(4.18)
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where K(4) = 2n−5 + 2n−6 + · · ·+ 22 + 21 + 20 = 2n−4 − 1. Also we observe that

82 + 92 + 102 + 112 + 122 + 132 + 142 + 152 = 1100,

8 + 9 + 10 + 11 + 12 + 13 + 14 + 15 = 92 = 4(23) = 24−2(8 + 15).

In general, the coefficient of p({xj}) is

K(j)∑
k=0

((2j−1) + (2j)k)
2
+ ((2j−1 + (2jk + 1))

2
+ (2j−1 + 2jk + 2)

2

+ · · ·+ (2j−1 + (2jk + 2j−1 − 1)
2

=
2j−1−1∑
p=0

(2j−1 + p)
2
+

2n−j − 1

3
{3(

2j−1−1∑
p=0

(2j−1 + p)
2
)

+ 2n(3(2j−2)(2j−1 + 2j−1 + 2j−1 − 1) + 22(j−1)(2n−(j+1) − 1))}

(4.19)

where K(j) = 2n−(j+1) + 2n−(j+1)−1 + · · ·+ 22 + 21 + 20.

The coefficients of p({xn−1}) and p({xn}) are obtained by replacing j by n−1 and

n respectively. Therefore the coefficient of p({xn−1}) is

K(n−1)∑
k=0

((2n−2) + (2n−1)k)
2
+ ((2n−2 + (2n−1k + 1))

2
+ (2n−2 + 2n−1k + 2)

2

+ · · ·+ (2n−2 + (2n−1k + 2n−2 − 1)
2

=
2n−2−1∑
p=0

(2n−2 + p)
2
+

21 − 1

3
{3(

2n−2−1∑
p=0

(2j−1 + p)
2
)

+ 2n(3)(2n−3)(2n−2 + 2n−2 + 2n−2 − 1)}

(4.20)

where K(n−1) = 2n−((n−1)+1) = 20 = 1.

The coefficient of p({xn}) is

∑
k=0

(2n−1 + 2nk)
2
+ (2n−1 + 2nk + 1)

2
+ (2n−1 + 2nk + 2)

2
+ · · ·

+ (2nk + 2n−1 + 2n−2 + 2n−3 + · · ·+ 22 + 21 + 20)
2

=
2n−1−1∑
p=0

(2n−1 + p)
2

(4.21)
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where K(n) = 0.

Therefore, we have

2n−1∑
V=0

V 2p(V )

=
n∑

j=1

{
2j−1−1∑
p=0

(2j−1 + p)
2
+

2n−j − 1

3
{3(

2j−1−1∑
p=0

(2j−1 + p)
2
)

+ 2n(3(2j−2)(2j−1 + 2j−1 + 2j−1 − 1) + 22(j−1)(2n−(j+1) − 1))}}p({xj}).

(4.22)

4.5.3 Calculation of
∑

V 3p(V )

Consider

2n−1∑
V=0

V 3p(V ) = 03p(0) + 13p(1) + 23p(2) + 33p(3) + 43p(4) + 53p(5) + 63p(6) + 73p(7)

+ 83p(8) + 93p(9) + 103p(10) + 113p(11) + 123p(12) + 133p(13)

+ 143p(14) + 153p(15)

+
...

+ · · ·+ (2n − 1)3p(2n − 1)

= 03p(∅) + 13p({x1}) + 23p({x2}) + 33p({x1, x2}) + 43p({x3}) + 53p({x1, x3})

+ 63p({x2, x3}) + 73p({x1, x2, x3}) + 83p({x4}) + 93p({x1, x4}) + 103p({x2, x4})

+ 113p({x1, x2, x4}) + 123p({x3, x4}) + 133p({x1, x3, x4})

+ 143p({x2, x3, x4}) + 153p({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)3p({x1, x2, · · · , xn})
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= 03p(∅) + 13p({x1}) + 23p({x2}) + 33(p({x1}) + p({x2}))

+ 43p({x3}) + 53(p({x1}) + p({x3})) + 63(p({x2}) + p({x3}))

+ 73(p({x1}) + p({x2}) + p({x3})) + 83p({x4}) + 93(p({x1}+ p({x4}))

+ 103(p({x2}+ p({x4})) + 113(p({x1}) + p({x2}) + p({x4}))

+ 123(p({x3}) + p({x4})) + 133(p({x1}) + p({x3}) + p({x4}))

+ 143(p({x2}+ p({x3}) + p({x4}))

+ 153(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)3(p({x1}+ p({x2}+ · · ·+ p({xn}))

= (13 + 33 + 53 + 73 + · · ·+ (2n − 1)3)p({x1})

+ (23 + 33 + 63 + 73 + 103 + 113 + 143 + 153 + · · ·+ (2n − 2)3 + (2n − 1)3)p({x2})

+ (43 + 53 + 63 + 73 + 123 + 133 + 143 + 153 + · · ·

+ (2n − 4)3 + (2n − 3)3 + (2n − 2)3 + (2n − 1)3)p({x3})

+
...

+ ((2n−1)
3
+ (2n−1 + 1)

3
+ (2n−1 + 2)

3
+ · · ·+ (2n−1 + (2n−1 − 1))

3
)p({xn}).

Consider 13 + 33 + 53 + 73 + · · ·+ (2n − 1)3

= (20)
3
+ (21 + 20)

3
+ (22 + 20)

3
+ (22 + 21 + 20)

3
+ (23 + 20)

3

+ (23 + 21 + 20)
3
+ (23 + 22 + 21 + 20)

3

+ · · ·+ (2n−1 + 2n−2 + · · ·+ 22 + 21 + 20)
3

=
2n−2+2n−3+···+22+21+20∑

k=0

(20 + 21k)
3

=
2n−2+2n−3+···+22+21+20∑

k=0

1 + 6k + 12k2 + 8k3

= 1 +
2n−2+2n−3+···+22+21+20∑

k=1

1 + 6k + 12k2 + 8k3

= (2n−1)
2
(2((2n−1)

2
)− 1)

(4.23)
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Which is similar to result: 13 +33 +53 +73 + · · ·+ (2n− 1)3 = n2(2n2 − 1). Same

derived result can be represented as:

Consider 13 + 33 + 53 + 73 + · · ·+ (2n − 1)3

= 1 + (2n−1 − 1) + 6(2n−1 − 1)(2n−1)/2 + 12(2n−1 − 1)(2n−1)(2n − 1)/6

+ 8
(2n−1 − 1)(2n−1)

2

2

= 1 + (2n−1 − 1) + 3(2n−1 − 1)(2n−1) + 2(2n−1 − 1)(2n−1)(2n − 1)

+ (2n−1 − 1)
2
(22n−1)

= 1 + (2n−1 − 1){1 + 3(2n−1) + 2(2n−1)(2n − 1) + (2n−1 − 1)(22n−1)

= 1 + (2n−1 − 1){1 + 3(1)(2n−1) + (1)2n(2n − 1) + (2n−1 − 1)(22n−1)

(4.24)

Consider 23 + 33 + 63 + 73 + · · ·+ (2n − 2)3 + (2n − 1)3

=
2n−3+2n−4+···+22+21+20∑

k=0

(4k + 2)3 + (4k + 3)3

=
2n−2−1∑
k=0

(4k + 2)3 + (4k + 3)3

= (23 + 33) +
2n−2−1∑
k=1

(4k + 2)3 + (4k + 3)3

= (23 + 33) +
2n−2−1∑
k=1

8 + 48k + 96k2 + 64k3 + 27 + 108k + 144k2 + 64k3

= (23 + 33) +
2n−2−1∑
k=1

35 + 156k + 240k2 + 128k3

= 35 + (2n−2 − 1){35 + 3(13)(2n−1) + 5(2n+1)(2n−1 − 1) + (2n−2 − 1)22n+1}

(4.25)
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Here we observe that 23 + 33 = 35, 22 + 32 = 13 and 2 + 3 = 5.

Consider 43 + 53 + 63 + 73 + · · ·+ (2n − 4)3 + (2n − 3)3 + (2n − 2)3 + (2n − 1)3

=
2n−4+2n−5+···+22+21+20∑

k=0

(8k + 4)3 + (8k + 5)3 + (8k + 6)3 + (8k + 7)3

=
2n−3−1∑
k=0

(8k + 4)3 + (8k + 5)3 + (8k + 6)3 + (8k + 7)3

= (43 + 53 + 63 + 73) +
2n−3−1∑
k=1

(8k + 4)3 + (8k + 5)3 + (8k + 6)3 + (8k + 7)3

= 748 +
2n−3−1∑
k=1

64 + 384k + 768k2 + 512k3 + 125 + 600k + 960k2 + 512k3

+ 216 + 864k + 1152k2 + 512k3 + 343 + 1176k + 1344k2 + 512k3

= 748 +
2n−3−1∑
k=1

748 + 3024k + 4224k2 + 2048k3

= 748 + (2n−3 − 1){748 + 3(126)(2n−1) + 22(2n+2)(2n−2 − 1) + (2n−3 − 1)22n+3}

(4.26)

Here we observe that

43 + 53 + 63 + 73 = 748, 42 + 52 + 62 + 72 = 126 and 4 + 5 + 6 + 7 = 22.

In general, the coefficient of p({xj}) is

K(j)∑
k=0

((2j−1) + (2j)k)
3
+ ((2j−1 + (2jk + 1))

3
+ (2j−1 + 2jk + 2)

3

+ · · ·+ (2j−1 + (2jk + 2j−1 − 1)
3

=
2j−1−1∑
p=0

(2j−1 + p)
3
+ (2n−j − 1){

2j−1−1∑
p=0

(2j−1 + p)
3

+ 3(
2j−1−1∑
p=0

(2j−1 + p)
2
)2n−1 + (

2j−1−1∑
p=0

(2j−1 + p))2n+(j−1)(2n−(j−1) − 1)

+ (2n−j − 1)2(2n−1)+2(j−1)}

(4.27)

where K(j) = 2n−(j+1) + 2n−(j+1)−1 + · · ·+ 22 + 21 + 20.

The coefficients of p({xn−1}) and p({xn}) are obtained by replacing j by n−1 and
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n respectively. Therefore the coefficient of p({xn−1}) is

K(n−1)∑
k=0

((2n−2) + (2n−1)k)
3
+ ((2n−2 + (2n−1k + 1))

3
+ (2n−2 + 2n−1k + 2)

3

+ · · ·+ (2n−2 + 2n−1k + 2n−2 − 1)
3

=
2n−2−1∑
p=0

(2n−2 + p)
3
+ (21 − 1){

2n−2−1∑
p=0

(2n−2 + p)
3
+ 3(

2n−2−1∑
p=0

(2n−2 + p)
2
)2n−1

+ (
2n−2−1∑
p=0

(2n−2 + p))22n−2(22 − 1) + (21 − 1)24n−5}

(4.28)

where K(n−1) = 2n−((n−1)+1) = 20 = 1.

The coefficient of p({xn}) is

K(n)∑
k=0

(2n−1 + 2nk)
3
+ (2n−1 + 2nk + 1)

3
+ (2n−1 + 2nk + 2)

3
+ · · ·

+ (2nk + 2n−1 + 2n−2 + 2n−3 + · · ·+ 22 + 21 + 20)
3

=
2n−1−1∑
p=0

(2n−1 + p)
3

(4.29)

where K(n) = 0.

Therefore, we have

2n−1∑
V=0

V 3p(V )

=
n∑

j=1

{
2j−1−1∑
p=0

(2j−1 + p)
3
+ (2n−j − 1){

2j−1−1∑
p=0

(2j−1 + p)
3

+ 3(
2j−1−1∑
p=0

(2j−1 + p)
2
)2n−1 + (

2j−1−1∑
p=0

(2j−1 + p))2n+(j−1)(2n−(j−1) − 1)

+ (2n−j − 1)2(2n−1)+2(j−1)}}p({xj}).

(4.30)
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4.5.4 Calculation of
∑

V 4p(V )

Consider

2n−1∑
V=0

V 4p(V ) = 04p(0) + 14p(1) + 24p(2) + 34p(3) + 44p(4) + 54p(5) + 64p(6) + 74p(7)

+ 84p(8) + 94p(9) + 104p(10) + 114p(11) + 124p(12) + 134p(13)

+ 144p(14) + 154p(15)

+
...

+ · · ·+ (2n − 1)4p(2n − 1)

= 04p(∅) + 14p({x1}) + 24p({x2}) + 34p({x1, x2}) + 44p({x3}) + 54p({x1, x3})

+ 64p({x2, x3}) + 74p({x1, x2, x3}) + 84p({x4}) + 94p({x1, x4}) + 104p({x2, x4})

+ 114p({x1, x2, x4}) + 124p({x3, x4}) + 134p({x1, x3, x4})

+ 144p({x2, x3, x4}) + 154p({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)4p({x1, x2, · · · , xn})

= 04p(∅) + 14p({x1}) + 24p({x2}) + 34(p({x1}) + p({x2}))

+ 44p({x3}) + 54(p({x1}) + p({x3})) + 64(p({x2}) + p({x3}))

+ 74(p({x1}) + p({x2}) + p({x3})) + 84p({x4}) + 94(p({x1}+ p({x4}))

+ 104(p({x2}+ p({x4})) + 114(p({x1}) + p({x2}) + p({x4}))

+ 124(p({x3}) + p({x4}))

+ 134(p({x1}) + p({x3}) + p({x4})) + 144(p({x2}+ p({x3}) + p({x4}))

+ 154(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)4(p({x1}+ p({x2}+ · · ·+ p({xn}))
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= (14 + 34 + 54 + 74 + · · ·+ (2n − 1)4)p({x1})

+ (24 + 34 + 64 + 74 + 104 + 114 + 144 + 154 + · · ·+ (2n − 2)4 + (2n − 1)4)p({x2})

+ (44 + 54 + 64 + 74 + 124 + 134 + 144 + 154 + · · ·

+ (2n − 4)4 + (2n − 3)4 + (2n − 2)4 + (2n − 1)4)p({x3})

+
...

+ ((2n−1)
4
+ (2n−1 + 1)

4
+ (2n−1 + 2)

4
+ · · ·+ (2n−1 + (2n−1 − 1))

4
)p({xn}).

(4.31)

Consider 14 + 34 + 54 + 74 + · · ·+ (2n − 1)4

= (20)
4
+ (21 + 20)

4
+ (22 + 20)

4
+ (22 + 21 + 20)

4
+ (23 + 20)

4

+ (23 + 21 + 20)
4
+ (23 + 22 + 21 + 20)

4

+ · · ·+ (2n−1 + 2n−2 + · · ·+ 22 + 21 + 20)
4

=
2n−2+2n−3+···+22+21+20∑

k=0

(20 + 21k)
4

=
2n−2+2n−3+···+22+21+20∑

k=0

1 + 8k + 24k2 + 32k3 + 16k4

= 1 +
2n−2+2n−3+···+22+21+20∑

k=1

1 + 8k + 24k2 + 32k3 + 16k4

= 1 +
2n−1−1∑
k=1

1 + 8k + 24k2 + 32k3 + 16k4

= 1 + (2n−1 − 1){1 + (2n+1) + (2n+1)(2n − 1) + (2n−1 − 1)22n+1

+ (16/30)2n+3(2n − 1)(3(22n−2)− 3(2n−1)− 1)}

(4.32)
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Consider 24 + 34 + 64 + 74 + · · ·+ (2n − 2)4 + (2n − 1)4

= (21)
4
+ (21 + 20)

4
+ (22 + 21)

4
+ (22 + 21 + 20)

4
+ (23 + 21)

4

+ (23 + 21 + 20)
4
+ (23 + 22 + 21)

4
+ (23 + 22 + 21 + 20)

4

+ · · ·+ (2n−1 + 2n−2 + · · ·+ 22 + 21)
4
+ (2n−1 + 2n−2 + · · ·+ 22 + 21 + 20)

4

=
2n−3+2n−4+···+22+21+20∑

k=0

(4k + 2)4 + (4k + 3)4

=
2n−2−1∑
k=0

(4k + 2)4 + (4k + 3)4

= (24 + 34) +
2n−2−1∑
k=1

(4k + 2)4 + (4k + 3)4

= 97 +
2n−2−1∑
k=1

16 + 128k + 384k2 + 5122k3 + 256k4

+ 81 + 432k + 864k2 + 768k3 + 256k4

= 97 +
2n−2−1∑
k=1

97 + 560k + 1248k2 + 1280k3 + 512k4

= 97 + (2n−2 − 1){97 + (35)(2n+1) + (13)(2n+2)(2n−1 − 1) + (5)(2n−2 − 1)22n+2

+ (1/30)2n+7(2n − 1)(3(22n−4)− 3(2n−2)− 1)}

(4.33)

Consider 44 + 54 + 64 + 74 + 124 + 134 + 144 + 154 + · · ·

+ (2n − 4)4 + (2n − 3)4 + (2n − 2)4 + (2n − 1)4

= (22)
4
+ (22 + 20)

4
+ (22 + 21)

4
+ (22 + 21 + 20)

4
+ (23 + 22)

4

+ (23 + 22 + 20)
4
+ (23 + 22 + 21)

4
+ (23 + 22 + 21 + 20)

4

+ · · ·+ (2n−1 + 2n−2 + · · ·+ 21 + 20)
4
+ (2n−1 + 2n−2 + · · ·+ 22)

4

+ · · ·+ (2n−1 + 2n−2 + · · ·+ 22 + 21)
4
+ (2n−1 + 2n−2 + · · ·+ 22 + 21 + 20)

4



Chapter 4. Lower and Upper Limits of Statistical Quantities 61

=
2n−4+2n−5+···+22+21+20∑

k=0

(8k + 4)4 + (8k + 5)4 + (8k + 6)4 + (8k + 7)4

=
2n−3−1∑
k=0

(8k + 4)4 + (8k + 5)4 + (8k + 6)4 + (8k + 7)4

= (44 + 54 + 64 + 74) +
2n−3−1∑
k=1

(8k + 4)4 + (8k + 5)4 + (8k + 6)4 + (8k + 7)4

= 4578 +
2n−3−1∑
k=1

256 + 2048k + 6144k2 + 8192k3 + 40964

+ 625 + 4000k + 9600k2 + 10240k3 + 4096k4

+ 1296 + 6912k + 13824k2 + 12288k3 + 40964

+ 2401 + 10976k + 18816k2 + 14336k3 + 4096k4

= 4578 +
2n−3−1∑
k=1

4578 + 23936k + 48384k2 + 45056k3 + 16384k4

= 4578 + (2n−3 − 1){4578 + (748)(2n+3) + (126)(2n+3)(2n−2 − 1)

+ (22)(2n−3 − 1)22n+3

+ (1/30)2n+11(2n−2 − 1)(3(22n−6)− 3(2n−3)− 1)}

(4.34)

Here we observe that

44 + 54 + 64 + 74 = 4578, 43 + 53 + 63 + 73 = 748,

42 + 52 + 62 + 72 = 126,

4 + 5 + 6 + 7 = 22.
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In general, the coefficient of p({xj}) is

2n−j−1∑
k=0

(2j + 2j−1)
4
+ (2j + 2j−1 + 1)

4
+ (2j + 2j−1 + 2)

4
+ · · ·+ (2j + 2j−1 + 2j−1 − 1)

4

2j−1−1∑
p=0

(2j−1 + p)
4
+ (2n−j − 1){

2j−1−1∑
p=0

(2j−1 + p)
4

+ (
2j−1−1∑
p=0

(2j−1 + p)
3
)2n+1 + (

2j−1−1∑
p=0

(2j−1 + p)
2
)2n+j(2n−(j−1) − 1)

+ (
2j−1−1∑
p=0

(2j−1 + p))22n+j + (1/30)2n+2(j−1)+3(2n−(j−1) − 1)(3(22(n−j))− 3(2n−j)− 1)}

(4.35)

The coefficients of p({xn−1}) and p({xn}) are obtained by replacing j by n−1 and

n respectively. Therefore the coefficient of p({xn−1}) is

2n−2−1∑
p=0

(2n−2 + p)
4
+ (21 − 1){

2n−2−1∑
p=0

(2n−2 + p)
4

+ (
2n−2−1∑
p=0

(2n−1 + p)
3
)22n−1 + (

2n−2−1∑
p=0

(2n−2 + p)
2
)22n−1(22 − 1)

+ (
2n−2−1∑
p=0

(2n−2 + p))23n−1 + (1/30)23n−1(22 − 1)(3(22 − 3(2)− 1)}

(4.36)

and the coefficient of p({xn}) is
∑2n−1−1

p=0 (2n−1 + p)
4
. Therefore, we have

2n−1∑
V=0

V 4p(V ) =
∑

j = 1n{
2j−1−1∑
p=0

(2j−1 + p)
4
+ (2n−j − 1){

2j−1−1∑
p=0

(2j−1 + p)
4

+ (
2j−1−1∑
p=0

(2j−1 + p)
3
)2n+1 + (

2j−1−1∑
p=0

(2j−1 + p)
2
)2n+j(2n−(j−1) − 1)

+ (
2j−1−1∑
p=0

(2j−1 + p))22n+j

+ (1/30)2n+2(j−1)+3(2n−(j−1) − 1)(3(22(n−j))− 3(2n−j)− 1)}}p({xj}

(4.37)
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4.6 Calculation of Statistical Quantities based

on Belief of set

Using formulae from Hall and Knight book [13], we find sums of some finite series

as per our requirement.

4.6.1 Calculation of
∑

V Bel(V ) [? ]

Consider

2n−1∑
V=0

V Bel(V ) = 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3)

+ 4Bel(4) + 5Bel(5) + 6Bel(6) + 7Bel(7)

+ 8Bel(8) + 9Bel(9) + 10Bel(10) + 11Bel(11)

+ 12Bel(12) + 13Bel(13) + 14Bel(14) + 15Bel(15)

+
...

+ · · ·+ (2n − 1)Bel(2n − 1)

= 0Bel(∅) + 1Bel({x1}) + 2Bel({x2}) + 3Bel({x1, x2})

+ 4Bel({x3}) + 5Bel({x1, x3}) + 6Bel({x2, x3})

+ 7Bel({x1, x2, x3}) + 8Bel({x4}) + 9Bel({x1, x4})

+ 10Bel({x2, x4}) + 11Bel({x1, x2, x4})

+ 12Bel({x3, x4}) + 13Bel({x1, x3, x4})

+ 14Bel({x2, x3, x4}) + 15Bel({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)Bel({x1, x2, · · · , xn})
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=
1

2n−1
{0 · 0 + 1 · 1p({x1}) + 2 · 1p({x2}) + 3 · 2(p({x1}) + p({x2}))

+ 4 · 1p({x3}) + 5 · 2(p({x1}) + p({x3})) + 6 · 2(p({x2}) + p({x3}))

+ 7 · 4(p({x1}) + p({x2}) + p({x3})) + 8 · 1p({x4}) + 9 · 2(p({x1}+ p({x4}))

+ 10 · 2(p({x2}+ p({x4})) + 11 · 4(p({x1}) + p({x2}) + p({x4}))

+ 12 · 2(p({x3}) + p({x4})) + 13 · 4(p({x1}) + p({x3}) + p({x4}))

+ 14 · 4(p({x2}+ p({x3}) + p({x4}))

+ 15 · 8(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1) · (2n−1)(p({x1}+ p({x2}+ · · ·+ p({xn}))

2n−1∑
V=0

V Bel(V ) =
1

2n−1
{(1 · 1 + 3 · 2 + 5 · 2 + 7 · 4 + · · ·+ (2n − 1) · (2n−1))p({x1})

+ (2 · 1 + 3 · 2 + 6 · 2 + 7 · 4 + 10 · 2 + 11 · 4 + 14 · 4 + 15 · 8

+ · · ·+ (2n − 2) · (2n−2) + (2n − 1) · (2n−1))p({x2})

+ (4 · 1 + 5 · 2 + 6 · 2 + 7 · 4 + 12 · 2 + 13 · 4 + 14 · 4 + 15 · 8

+ · · ·+ (2n − 4)(2n−3 + (2n − 3)(2n−2)

+ (2n − 2)(2n−2) + (2n − 1)(2n−1))p({x3})

+
...

+ ((2n−1) · 1 + (2n−1 + 1) · 2 + (2n−1 + 2) · 2 + (2n−1 + 3) · 4 + · · ·

+ (2n−1 − 4) · (2n−3) + (2n−1 − 3) · (2n−2) + (2n−1 − 2) · (2n−2)

+ (2n−1 − 1) · (2n−1))p({xn})}.

(4.38)

To calculate coefficients of p({xj}), j = 1, 2, . . . , n, we adopt following steps as:

1 Calculate recurrence relation between coefficients of p({x1}) with increasing

values of n.

2 Calculate coefficient of p({x1}) with value of n = j.
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3 Calculate difference of coefficients of consecutive probabilities i.e. p({xj})

and p({xj+1}) for fixed values of n.

4 Calculate coefficient of p({xj}) for given n.

Step 1:Calculate recurrence relation between coefficients of p({x1}) with

increasing values of n

Now consider 1 · 1 + 3 · 2 + 5 · 2 + 7 · 4 + · · ·+ (2n − 1) · (2n−1). Here ak represents

coefficient of p({x1}) with value n = k. Here we use notation ar(1,Bel) = coefficient

of p({x1}) in
∑r

V Bel(V ). Therefore for
∑1

V Bel(V ) we have

a1(1,Bel) = 1 · 1 = 1,

a1(2,Bel) = 1 · 1 + 3 · 2 = 7,

a1(3,Bel) = 1 · 1 + 3 · 2 + 5 · 2 + 7 · 4 = 45,

a1(4,Bel) = 1 · 1 + 3 · 2 + 5 · 2 + 7 · 4 + 9 · 2 + 11 · 4 + 13 · 4 + 15 · 8 = 279,

a1(5,Bel) = 1701, . . . and so on.

In general, we have, a1(1,Bel) = 1 · 1 = 1,

a1(2,Bel) = 1 · 1 + 3 · 2

= 3(a1(1,Bel)) + 22(30).

a1(3,Bel) = 1 · 1 + 3 · 2 + 5 · 2 + 7 · 4

= 3a1(2,Bel) + 23(31).

a1(4,Bel) = 1 · 1 + 3 · 2 + 5 · 2 + 7 · 4 + 9 · 2 + 11 · 4 + 13 · 4 + 15 · 8

= 3a1(3,Bel) + 24(32))
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Similarly, a1(5,Bel) = 3a1(4,Bel) + 16(54) = 3a1(4,Bel) + 32(27) = 3a1(4,Bel) + 25(33), . . .

and so on. Therefore we have recurrence relation as:

a1(1,Bel) = 1, and for n = 2, 3, 4, . . . , a1(n,Bel) = 2n(3n−2) + 3a1(n−1,Bel) (4.39)

Step2: Calculate coefficient of p({x1}) with value of n = j

Consider

a1(n,Bel) = 2n(3n−2) + 3a1(n−1,Bel)

= 2n(3n−2) + 3(2n−13n−3 + 3a1(n−2,Bel))

= 3n−1(2n−1) + 32a1(n−2,Bel)

= 3n−1(2n−1) + 2n−2(3n−2) + 33a1(n−3,Bel)

= 3n−1(2n−1) + 2n−2(3n−2) + 2n−3(3n−2) + 34a1(n−4,Bel))

= 3n−1(2n−1) + 3n−2(2n−1 − 1)

(4.40)

Therefore the coefficient of p({x1} in
∑2n−1

V=0 V Bel(V ) is

1

2n−1
{3n−1(2n−1) + 3n−2(2n−1 − 1).} (4.41)

Step 3: Calculate difference of coefficients of consecutive probabilities

i.e. p({xj}) and p({xj+1}) for fixed values of n.

For this, we calculate differences of order one vertically for coefficient of p({x1})

and p({x2}) for first four values of n i.e. n = 2, 3, 4, 5. Firstly we prepare a table

of coefficients of p({xj}) for j ≤ n, n = 1, 2, 3, 4, 5 as:
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n p({x1}) p({x2}) p({x3}) p({x4}) p({x5})

1 1

2 7 8

3 45 48 54

4 279 288 306 342

5 1701 1728 1782 1890 2006

Here we use notation dr(p,q,j,Bel) for difference between pth and qth columns with

p < q ≤ n& j ≥ q for jth row in
∑

vrBel(v) for belief function Bel. For j = q,

the difference dr(p,q,j,Bel) is the first difference and further successive differences are

dependent on this difference with increasing j.

Differences in
∑

v1Bel(v) vertically for coefficient of p({x1}) and p({x2})for first

four values of n are 1, 3, 9, 27. In another way, 1 = 30, 3 = 31, 9 = 32, 27 = 34.

Therefore, the difference of coefficients p({x1}) and p({x2}) for n = k is 3k−2.

Hence the difference of coefficients p({x1}) and p({x2}) for n is d1(1,2,n,Bel) = 3n−2.

Differences in
∑

v1Bel(v) vertically for coefficient of p({x2}) and p({x3})for first

three values of n = 3, 4, 5 are 6, 18, 54. In another way, 6 = 2(3) = 2(31), 18 =

2(9) = 2(32), 54 = 2(27) = 2(34). Therefore, the difference of coefficients p({x2})

and p({x3}) for n = k is 2(3k−2). Hence the difference of coefficients p({x2}) and

p({x3}) for n is d1(2,3,n,Bel) = 2(3n−2).

Differences in
∑

v1Bel(v) vertically for coefficient of p({x3}) and p({x4}) for first

two values of n = 4, 5 are 36, 108. In another way, 36 = 4(9) = 4(32), 108 =

4(27) = 4(34). Therefore, the difference of coefficients p({x3}) and p({x4}) for

n = k is 4(3k−2). Hence the difference of coefficients p({x3}) and p({x4}) for n is

d1(3,4,n,Bel) = 4(3n−2).

Differences of order one vertically for coefficient of p({x4}) and p({x5})for first

value of n = 5 is 216. In another way, 216 = 8(27) = 8(34). Therefore, the

difference of coefficients p({x4}) and p({x5}) for n = k is 8(3k−2). Hence the

difference of coefficients p({x4}) and p({x5}) for n is d1(4,5,n,Bel) = 8(3n−2).
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Continuing in this way, the difference in
∑

v1Bel(v), of coefficients p({xj−1}) and

p({xj}) for n = k ≥ j is 2j−2(3k−2). Hence the difference of coefficients p({x4})

and p({x5}) for n is d1(j−1,j,Bel) = 2j−2(3n−2).

For given n, the difference of coefficients p({x1}) and p({xj}) is d1(1,j,n,Bel) =

3n−2(1 + 2 + 4 + · · ·+ 2j−2) which on simplification is 3n−2(2j−1 − 1).

Step 4: To calculate coefficient of p({xj}) for given n :-

For given n, the coefficient of p({xj}) is sum of coefficient of p({x1}) and difference

of coefficients p({x1}) and p({xj}). Therefore the coefficient of p({xj}) for n is
1

2n−1
{3n−1(2n−1) + 3n−2(2n−1 − 1) + 3n−2(2j−1 − 1)} .

Therefore we have

2n−1∑
V=0

V Bel(V )

=
n∑

j=1

{ 1

2n−1
{3n−1(2n−1) + 3n−2(2n−1 − 1) + 3n−2(2j−1 − 1)}p({xj}).

(4.42)

4.6.2 Calculation of
∑

V 2Bel(V ) [? ]

Consider

2n−1∑
V=0

V 2Bel(V ) = 02Bel(0) + 12Bel(1) + 22Bel(2) + 32Bel(3)

+ 42Bel(4) + 52Bel(5) + 62Bel(6) + 72Bel(7)

+ 82Bel(8) + 92Bel(9) + 102Bel(10) + 112Bel(11)

+ 122Bel(12) + 132Bel(13) + 142Bel(14) + 152Bel(15)

+
...

+ · · ·+ (2n − 1)2Bel(2n − 1)
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= 02Bel(∅) + 12Bel({x1}) + 22Bel({x2}) + 32Bel({x1, x2})

+ 42Bel({x3}) + 52Bel({x1, x3}) + 62Bel({x2, x3})

+ 72Bel({x1, x2, x3}) + 82Bel({x4}) + 92Bel({x1, x4})

+ 102Bel({x2, x4}) + 112Bel({x1, x2, x4})

+ 122Bel({x3, x4}) + 132Bel({x1, x3, x4})

+ 142Bel({x2, x3, x4}) + 152Bel({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)2Bel({x1, x2, · · · , xn})

=
1

2n−1
{02 · 0 + 12 · 1p({x1}) + 22 · 1p({x2}) + 32 · 2(p({x1}) + p({x2}))

+ 42 · 1p({x3}) + 52 · 2(p({x1}) + p({x3})) + 62 · 2(p({x2}) + p({x3}))

+ 72 · 4(p({x1}) + p({x2}) + p({x3})) + 82 · 1p({x4}) + 92 · 2(p({x1}+ p({x4}))

+ 102 · 2(p({x2}+ p({x4})) + 112 · 4(p({x1}) + p({x2}) + p({x4}))

+ 122 · 2(p({x3}) + p({x4})) + 132 · 4(p({x1}) + p({x3}) + p({x4}))

+ 142 · 4(p({x2}+ p({x3}) + p({x4}))

+ 152 · 8(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)2 · (2n−1)(p({x1}+ p({x2}+ · · ·+ p({xn}))}
2n−1∑
V=0

V 2Bel(V ) =
1

2n−1
{(12 · 1 + 32 · 2 + 52 · 2 + 72 · 4 + · · ·+ (2n − 1)2 · (2n−1))p({x1})

+ (22 · 1 + 32 · 2 + 62 · 2 + 72 · 4 + 102 · 2 + 112 · 4 + 142 · 4 + 152 · 8

+ · · ·+ (2n − 2)2 · (2n−2) + (2n − 1)2 · (2n−1))p({x2})

+ (42 · 1 + 52 · 2 + 62 · 2 + 72 · 4 + 122 · 2 + 132 · 4 + 142 · 4 + 152 · 8

+ · · ·+ (2n − 4)2(2n−3 + (2n − 3)2(2n−2)

+ (2n − 2)2(2n−2) + (2n − 1)2(2n−1))p({x3})

+
...

+ ((2n−1)
2 · 1 + (2n−1 + 1)

2 · 2 + (2n−1 + 2)
2 · 2 + (2n−1 + 3)

2 · 4 + · · ·

+ (2n−1 − 4)
2 · (2n−3) + (2n−1 − 3)

2 · (2n−2) + (2n−1 − 2)
2 · (2n−2)

+ (2n−1 − 1)
2 · (2n−1))p({xn})}.

(4.43)
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To calculate coefficients of p({xj}), j = 1, 2, . . . , n, we adopt steps as in
∑2n−1

V=0 V Bel(V ).

Step 1:Calculate recurrence relation between coefficients of p({x1}) with

increasing values of n

Now consider 12 ·1+32 ·2+52 ·2+72 ·4+ · · ·+(2n − 1)2 ·(2n−1). Here a2k represents

coefficient of p({x1}) with value n = k in
∑

V 2Bel(V ) . Therefore we have

a2(1,Bel) = 12 · 1 = 1,

a2(2,Bel) = 12 · 1 + 32 · 2 = 19,

a2(3,Bel) = 12 · 1 + 32 · 2 + 52 · 2 + 72 · 4 = 265,

a2(4,Bel) = 12 · 1 + 32 · 2 + 52 · 2 + 72 · 4 + 92 · 2 + 112 · 4 + 132 · 4 + 152 · 8 = 3387,

a2(5,Bel) = 41841, . . . and so on.

In general, we have, a2(1,Bel) = 12 · 1 = 1,

a2(2,Bel) = 12 · 1 + 32 · 2

= 3a2(1,Bel) + 23(20(30) + a1(1,Bel)).

a2(3,Bel) = 12 · 1 + 32 · 2 + 52 · 2 + 72 · 4

= 3a2(2,Bel) + 24(21(31) + a1(2,Bel)).

a2(4,Bel) = 12 · 1 + 32 · 2 + 52 · 2 + 72 · 4 + 92 · 2 + 112 · 4 + 132 · 4 + 152 · 8

= 3a2(3,Bel) + 25(22(32) + a1(3,Bel)).

a2(5,Bel) = 12 · 1 + 32 · 2 + 52 · 2 + 72 · 4 + 92 · 2 + 112 · 4 + 132 · 4 + 152 · 8

+ 172 · 2 + 192 · 4 + 212 · 4 + 232 · 8 + 252 · 4 + 272 · 8 + 292 · 8 + 312 · 16

= 3a2(4,Bel) + 26(23(33) + a1(4,Bel)).
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Therefore we have recurrence relation as:

a2(1,Bel) = 1, and forn = 2, 3, 4, . . . ,

a2(n,Bel) = 3a2(n−1,Bel) + 2n+1(2n−23n−2 + a1(n−1,Bel))
(4.44)

Step2: To calculate coefficient of p({x1}) with value of n = j Consider

a2(n,Bel) = 3a2(n−1,Bel) + 2n+1(2n−23n−2 + a1(n−1,Bel))

= 3a2(n−1,Bel) + 2n+1(2n−23n−2 + 2n−23n−2 + 3n−3(2n−2 − 1))

= 3a2(n−1,Bel) + 22n3n−2 + 2n+13n−3(2n−2 − 1)

= 3a2(n−1,Bel) + 22n3n−2 + 22n−13n−3 − 2n+13n−3

= 32(3a2(n−2,Bel) + 22n−43n−4 + 22n−53n−5 − 2n−13n−5)

+ 22n−23n−2 + 22n−33n−3 − 2n3n−3)

+ 22n3n−2 + 22n−13n−3 − 2n+13n−3

= 33a2(n−3,Bel) + 22n−43n−2 + 22n−53n−3 − 2n−13n−3

+ 22n−23n−2 + 22n−33n−3 − 2n3n−3)

+ 22n3n−2 + 22n−13n−3 − 2n+13n−3

= 3n−1 + (22n+2 − 2n+2 − 23)3n−3 + (22n+1 − 23)3n−4.

(4.45)

Therefore the coefficient of p({x1} in
∑2n−1

V=0 V 2Bel(V ) is

1

2n−1
{3n−1 + (22n+2 − 2n+2 − 23)3n−3 + (22n+1 − 23)3n−4}. (4.46)

Step 3: Calculate difference of coefficients of consecutive probabilities

i.e. p({xj}) and p({xj+1}) for fixed values of n.

For this, we calculate differences in
∑

v2Bel(v) vertically for coefficient of p({x1})

and p({x2}) for first four values of n i.e. n = 2, 3, 4, 5. Firstly we prepare a table
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of coefficients of p({xj}) for j ≤ n, n = 1, 2, 3, 4, 5 as:

n p({x1}) p({x2}) p({x3}) p({x4}) p({x5})

1 1

2 19 22

3 265 290 334

4 3387 3558 3882 4458

5 41841 42930 45054 49086 56286

Differences in
∑

v2Bel(v) vertically for coefficient of p({x1}) and p({x2})for first

four values of n are 3, 25, 171, 1089. Now we will calculate relation between these

values as:

Difference of first and second columns in
∑

V 2Bel(V ):-

We have difference dr(p,q,j,Bel) for difference between pth and qth columns with p <

q ≤ n& j ≥ q for jth row in
∑

vrBel(v) for belief function Bel. For n =

2, d2(1,2,2,Bel) = 22 − 12 = (2− 1)(2 + 1) = 3.

For n = 3, we have difference

d2(1,2,3,Bel) = (22 − 12)1 + (62 − 52)2

= 3(d2(1,2,2,Bel)) + 2(8)(d1(1,2,2,Bel))
(4.47)

For n = 4, we have difference

d2(1,2,4,Bel) = (22 − 12)1 + (6−52)2 + (102 − 92)2 + (142 − 132)4

= 3(d2(1,2,2,Bel)) + 2(8)(d1(1,2,2,Bel))
(4.48)

In general, we have

d2(1,2,n,Bel) = 3(d2(1,2,n−1,Bel)) + 2(2n)(d1(1,2,n−1,Bel)). (4.49)
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Now we simplify this relation as

d2(1,2,n,Bel) = 3(d2(1,2,n−1,Bel)) + 2(2n)(d1(1,2,n−1,Bel))

= 3n−2d2(1,2,2,Bel)) + 3n−324(
2n−2 − 1

2− 1
)

(4.50)

Difference of second and third columns in
∑

V 2Bel(V ):-

For n = 3, d2(2,3,3,Bel) = (42 − 22)1 + (52 − 32)2 = 2(4 + 2) + 2(5 + 3)2 = 44.

For n = 4, we have difference

d2(2,3,4,Bel) = (42 − 22)1 + (52 − 32)2 + (122 − 102)2 + (132 − 112)4

= 3[d2(2,3,3,Bel)] + (2)(2)(16)(d1(2,3,3,Bel))
(4.51)

For n = 5, we have difference

d2(2,3,5,Bel) = (42 − 22)1 + (52 − 32)2 + (122 − 102)2 + (132 − 112)4

+ (202 − 182)2 + (212 − 192)4 + (282 − 262)4 + (292 − 272)8

= 3(d2(2,3,5,Bel)) + 2(32)(d1(2,3,5,Bel))

(4.52)

In general, we have d2(2,3,n,Bel) = 3(d2(2,3,n−1,Bel)) + 2(2n)(d1(2,3,n−1,Bel)).

Now we simplify this relation as

d2(2,3,n,Bel) = 3(d2(2,3,n−1,Bel)) + 2(2n)(d1(2,3,n−1,Bel))

= 3(d2(2,3,n−1,Bel)) + 2(2n)(2(3n−3))

= 3(3(d2(2,3,n−2,Bel)) + 2(2n−1)(d1(2,3,n−2,Bel))) + 2(2n)(2(3n−3))

= 32d2(2,3,n−2,Bel)) + (2(3n−3)[2(2n−1) + 2(2n)]

= 32(3(d2(2,3,n−3,Bel)) + 2(2n−2)(d1(2,3,n−3,Bel))) + (2(3n−3)[2(2n−1) + 2(2n)]

= 33d2(2,3,n−3,Bel) + 2(3n−3)[2(2n−2) + 2(2n−1) + 2(2n)]

= 3n−3d2(2,3,3,Bel)) + 3n−3(26)[
2n−3 − 1

2− 1
].

(4.53)
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Difference of third and fourth columns in
∑

V 2Bel(V ):-

For n = 4, we have difference

d2(3,4,4,Bel) = (82 − 42)1 + (92 − 52)2 + (102 − 62)1 + (112 − 72)4

= 576.
(4.54)

For n = 5, we have difference

d2(3,4,5,Bel) = (82 − 42)1 + (92 − 52)2 + (102 − 62)2 + (112 − 72)4

+ (242 − 202)2 + (252 − 212)4 + (262 − 222)4 + (272 − 232)8

= 3[d2(3,4,4,Bel)] + (2)(2)(16)(d1(3,4,4,Bel))

(4.55)

For n = 6, we have difference

d2(3,4,6,Bel) = (82 − 42)1 + (92 − 52)2 + (102 − 62)2 + (112 − 72)4

+ (242 − 202)2 + (252 − 212)4 + (262 − 222)4 + (272 − 232)8

+ (402 − 362)2 + (412 − 372)4 + (422 − 382)4 + (432 − 392)8

+ (562 − 522)4 + (572 − 532)8 + (582 − 542)8 + (592 − 552)16

= 3(d2(3,4,5,Bel)) + 2(26)(d1(3,4,5,Bel))

(4.56)

In general, we have

d2(3,4,n,Bel) = 3(d2(3,4,n−1,Bel)) + 2(2n)(d1(3,4,n−1,Bel)). (4.57)

Now we simplify this relation as

d2(3,4,n,Bel) = 3(d2(3,4,n−1,Bel)) + 2(2n)(d1(3,4,n−1,Bel))

= 3(d2(3,4,n−1,Bel)) + 2(2n)(4(3n−3))

= 3(3(d2(3,4,n−2,Bel)) + 2(2n−1)(d1(2,3,n−2,Bel))) + 2(2n)(4(3n−3))

= 32d2(3,4,n−2,Bel)) + (4(3n−3)[2(2n−1) + 2(2n)]
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= 32(3(d2(3,4,n−3,Bel)) + 2(2n−2)(d1(3,4,n−3,Bel))) + (4(3n−3)[2(2n−1) + 2(2n)]

= 33d2(3,4,n−3,Bel) + (4(3n−3)[2(2n−2) + 2(2n−1) + 2(2n)]

= 3n−4d2(3,4,4,Bel)) + 3n−3(28)[
2n−4 − 1

2− 1
].

(4.58)

Therefore, in general, the difference of j − 1th and jth columns is

d2(j−1,j,n,Bel) = 3n−jd2(j−1,j,j,Bel) + 22j(3n−3)(
2n−j − 1

2− 1
) (4.59)

Therefore the difference of first and jth columns in
∑

V 2Bel(V ) is

d2(1,j,n,Bel) =

j−1∑
k=1

d2(k,k+1,n,Bel) (4.60)

and the coefficient of p({xj}) is sum of coefficient of p({x1}) and d2(1,j,n,Bel). There-

fore we have

2n−1∑
V=0

V 2Bel(V ) =
n∑

j=1

[coeff. of p({x1}) +
d2(1,j,n,Bel)

2n−1
]p({xj}). (4.61)

4.6.3 Calculation of
∑

V 3Bel(V )

Consider

2n−1∑
V=0

V 3Bel(V ) = 03Bel(0) + 13Bel(1) + 23Bel(2) + 33Bel(3)

+ 43Bel(4) + 53Bel(5) + 63Bel(6) + 73Bel(7)

+ 83Bel(8) + 93Bel(9) + 103Bel(10) + 113Bel(11)

+ 123Bel(12) + 133Bel(13) + 143Bel(14) + 153Bel(15)

+
...

+ · · ·+ (2n − 1)3Bel(2n − 1)
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= 03Bel(∅) + 13Bel({x1}) + 23Bel({x2}) + 33Bel({x1, x2})

+ 43Bel({x3}) + 53Bel({x1, x3}) + 63Bel({x2, x3})

+ 73Bel({x1, x2, x3}) + 83Bel({x4}) + 93Bel({x1, x4})

+ 103Bel({x2, x4}) + 113Bel({x1, x2, x4})

+ 123Bel({x3, x4}) + 133Bel({x1, x3, x4})

+ 143Bel({x2, x3, x4}) + 153Bel({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)3Bel({x1, x2, · · · , xn})

=
1

2n−1
{03 · 0 + 13 · 1p({x1}) + 23 · 1p({x2}) + 33 · 2(p({x1}) + p({x2}))

+ 43 · 1p({x3}) + 53 · 2(p({x1}) + p({x3})) + 63 · 2(p({x2}) + p({x3}))

+ 73 · 4(p({x1}) + p({x2}) + p({x3})) + 83 · 1p({x4}) + 93 · 2(p({x1}+ p({x4}))

+ 103 · 2(p({x2}+ p({x4})) + 113 · 4(p({x1}) + p({x2}) + p({x4}))

+ 123 · 2(p({x3}) + p({x4})) + 133 · 4(p({x1}) + p({x3}) + p({x4}))

+ 143 · 4(p({x2}+ p({x3}) + p({x4}))

+ 153 · 8(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)3 · (2n−1)(p({x1}+ p({x2}+ · · ·+ p({xn}))
2n−1∑
V=0

V 3Bel(V ) =
1

2n−1
{(13 · 1 + 33 · 2 + 53 · 2 + 73 · 4 + · · ·+ (2n − 1)3 · (2n−1))p({x1})

+ (23 · 1 + 33 · 2 + 63 · 2 + 73 · 4 + 103 · 2 + 113 · 4 + 143 · 4 + 153 · 8

+ · · ·+ (2n − 2)3 · (2n−2) + (2n − 1)3 · (2n−1))p({x2})

+ (43 · 1 + 53 · 2 + 63 · 2 + 73 · 4 + 123 · 2 + 133 · 4 + 143 · 4 + 153 · 8

+ · · ·+ (2n − 4)3(2n−3 + (2n − 3)3(2n−2)

+ (2n − 2)3(2n−2) + (2n − 1)3(2n−1))p({x3})

+
...

+ ((2n−1)
3 · 1 + (2n−1 + 1)

3 · 2 + (2n−1 + 2)
3 · 2 + (2n−1 + 3)

3 · 4 + · · ·

+ (2n−1 − 4)
3 · (2n−3) + (2n−1 − 3)

3 · (2n−2) + (2n−1 − 2)
3 · (2n−2)

+ (2n − 1)3 · (2n−1))p({xn})}.

(4.62)
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To calculate coefficients of p({xj}), j = 1, 2, . . . , n, we adopt steps as in
∑2n−1

V=0 V Bel(V ).

Step 1:Calculate recurrence relation between coefficients of p({x1}) with

increasing values of n

Now consider 13 · 1 + 33 · 2 + 53 · 2 + 73 · 4 + · · ·+ (2n − 1)3 · (2n−1). Here ar(k,Bel)

represents coefficient of p({x1}) with value n = k in
∑

V rBel(V ). Here we have

a3(1,Bel) = 13 · 1 = 1,

a3(2,Bel) = 13 · 1 + 33 · 2 = 55,

a3(3,Bel) = 13 · 1 + 33 · 2 + 53 · 2 + 73 · 4 = 1677,

a3(4,Bel) = 13 · 1 + 33 · 2 + 53 · 2 + 73 · 4 + 93 · 2 + 113 · 4 + 133 · 4 + 153 · 8 = 44247,

a3(5,Bel) = 1107621, . . . and so on.

In general, we have, a3(1,Bel) = 13 · 1 = 1,

a3(2,Bel) = 13 · 1 + 33 · 2

= 3a3(1,Bel) + 2(23 + 3(22)(a1(1,Bel)) + 3(2)(a2(1,Bel)).

a3(3,Bel) = 13 · 1 + 33 · 2 + 53 · 2 + 73 · 4

= 3a3(2,Bel) + 2((31)(43) + 3(42)(a1(2,Bel)) + 3(4)(a2(2,Bel)).

a3(4,Bel) = 13 · 1 + 33 · 2 + 53 · 2 + 73 · 4 + 93 · 2 + 113 · 4 + 133 · 4 + 153 · 8

= 3a3(3,Bel) + 2(9(83) + 3(82)(45) + 3(8)(265)).

a3(5,Bel) = 13 · 1 + 33 · 2 + 53 · 2 + 73 · 4 + 93 · 2 + 113 · 4 + 133 · 4 + 153 · 8

+ 173 · 2 + 193 · 4 + 213 · 4 + 233 · 8 + 253 · 4 + 273 · 8 + 293 · 8 + 313 · 16

= 3a3(4,Bel) + 2(163(27) + 3(162)(279) + 3(16)(3387).
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Therefore we have recurrence relation as:

a3(1,Bel) = 1, and for n = 2, 3, 4, . . . ,

a3(n,Bel) = 3a3(n−1,Bel) + 2((2n−1)
3
3n−2 + (2n−1)

2
(3)(a1(n−1,Bel))

+ 3(2n−1)(a2(n−1,Bel)).

(4.63)

Now we solve above recurrence relation as:

a3(n,Bel) = 3a3(n−1,Bel) + 2((2n−1)
3
3n−2 + 3(2n−1)

2
(a1(4,Bel))

+ 3(2n−1)(a2(n−1,Bel))

= 3a3(n−1,Bel) + 2((2n−1)
3
3n−2 + 3(2n−1)

2
(2n−23n−2 + (2n−2 − 1)3n−3)

+ 3(2n−1)(3n−2 + (22n − 2n+1 − 23)3n−4 + (22n−1 − 23)3n−5))

= 3a3(n−1,Bel) + 23n−23n−2 + 23n−33n−1 + 23n−33n−2 − 22n−13n−2

+ 2n3n−1 + 23n3n−3 − 22n+13n−3 − 2n+33n−3 + 23n−13n−4 − 2n+33n−4

= 3(3a3(n−2,Bel) + 23n−53n−3 + 23n−63n−2 + 23n−63n−3 − 22n−33n−3

+ 2n−13n−2 + 23n−33n−4 − 22n+33n−4 − 2n+23n−4 + 23n−43n−5 − 2n+23n−5

+ 23n−23n−2 + 23n−33n−1 + 23n−33n−2 − 22n−13n−2)

+ 2n3n−1 + 23n3n−3 − 22n+13n−3 − 2n+33n−3 + 23n−13n−4 − 2n+33n−4

= 32a3(n−2,Bel) + (23n−2 + 23n−5)3n−2 + (23n−3 + 23n−6)3n−1

+ (23n−3 + 23n−6)3n−2 − (22n−1 + 22n−3)3n−2

+ (2n + 2n−1)3n−1 + (23n + 23n−3)3n−3 − (22n+1 + 22n−1)3n−3

− (2n+3 + 2n+2)3n−3 + (23n−1 + 23n−4)3n−4 − (2n+3 + 2n+2)3n−4

= 3n−1 + (
23n − 23

7
+

2n+1 − 22

1
)3n−1

+ (
23n+1 − 24

7
+

23n − 23

7
− 22n+1 − 23

3
)3n−2

+ (
23n+3 − 26

7
− 22n+3 − 25

3
− 2n+4 − 25

1
)3n−3

+ (
23n+2 − 25

7
− 2n+4 − 25

1
)3n−4.

(4.64)
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Therefore the coefficient of p({x1} in
∑2n−1

V=0 V 3Bel(V ) is

1

2n−1
{3n−1 + (

23n − 23

7
+

2n+1 − 22

1
)3n−1

+ (
23n+1 − 24

7
+

23n − 23

7
− 22n+1 − 23

3
)3n−2

+ (
23n+3 − 26

7
− 22n+3 − 25

3
− 2n+4 − 25

1
)3n−3

+ (
23n+2 − 25

7
− 2n+4 − 25

1
)3n−4}.

(4.65)

Step 3: To calculate difference of coefficients of consecutive probabili-

ties i.e. p({xj}) and p({xj+1}) for fixed values of n.

For this, we calculate differences in
∑

v3Bel(v) vertically for coefficient of p({x1})

and p({x2}) for first five values of n i.e. n = 1, 2, 3, 4, 5. Firstly we prepare a table

of coefficients of p({xj}) for j ≤ n, n = 1, 2, 3, 4, 5 as:

n p({x1}) p({x2}) p({x3}) p({x4}) p({x5})

1 1

2 55 62

3 1677 1866 2118

4 44247 47166 52338 59514

5 1107621 1146618 1220886 1353006 1539486

Differences in
∑

v3Bel(v) vertically for coefficient of p({x1}) and p({x2})for first

four values of n are 7, 189, 2919, 38997. Now we will calculate relation between

these values as:

Difference of first and second columns in
∑

V 3Bel(V ):-

We have difference dr(p,q,j,Bel) for difference between pth and qth columns with p <

q ≤ n& j ≥ q for jth row in
∑

vrBel(v) for belief function Bel. For n =

2, d3(1,2,2,Bel) = 23 − 13 = (2− 1)(22 + 2(1) + 12) = 7.
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For n = 3, we have difference

d3(1,2,3,Bel) = (23 − 13)1 + (63 − 53)2

= 3(d3(1,2,2,Bel)) + 3(42)(2)(d1(1,2,2,Bel))

+ 3(4)(2)(d2(1,2,2,Bel)).

(4.66)

For n = 4, we have difference

d3(1,2,4,Bel) = (23 − 13)1 + (63 − 53)2 + (103 − 93)2 + (143 − 133)4

= 3(d3(1,2,2,Bel)) + 3(82)(2)(d1(1,2,2,Bel))

+ 3(8)(2)(d2(1,2,2,Bel)).

(4.67)

In general, we have

d3(1,2,n,Bel) = 3(d3(1,2,n−1,Bel)) + 3((2n−1)
2
)(2)(d1(1,2,n−1,Bel))

+ 3(2n−1)(2)(d2(1,2,n−1,Bel))

= 3n−2(7) + 3n−2((22)
2
)(2)[

(22)
n−2 − 1

22 − 1
](1)

+ 3n−2(22)2(3)[
2n−2 − 1

2− 1
] + 3n−3(23)2(24)(3)[

22n−5 − 2

22 − 1
− 2n−3 − 1

.
2− 1].

(4.68)

Since

n−3∑
k=1

2k−1(2k − 1)

2− 1
=

n−3∑
k=1

2k−1(2k − 1)

=
n−3∑
k=1

(22k−1 − 2k−1)

=
n−3∑
k=1

22k−1 −
n−3∑
k=1

2k−1

=
22(n−2)−1 − 2

22 − 1
− 2(n−2)−1 − 1

2− 1

=
22n−5 − 2

22 − 1
− 2n−3 − 1

2− 1
.
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Difference of second and third columns in
∑

V 3Bel(V ):-

For n = 3, we have difference

d3(2,3,3,Bel) = (43 − 23)1 + (53 − 33)2

= 252.
(4.69)

For n = 4, we have difference

d3(2,3,4,Bel) = (43 − 23)1 + (53 − 33)2 + (123 − 103)2 + (133 − 113)4

= 3[d3(2,3,3,Bel)] + (3)(2)(82)(d1(2,3,3,Bel)) + (3)(2)(8)(d2(2,3,3,Bel))
(4.70)

For n = 5, we have difference

d3(2,3,5,Bel) = (43 − 23)1 + (53 − 33)2 + (123 − 103)2 + (133 − 113)4

+ (203 − 183)2 + (213 − 193)4 + (283 − 263)4 + (293 − 273)8

= 3(d3(2,3,5,Bel)) + 2(3)(162)(d1(2,3,5,Bel)) + 2(3)(16)(d2(2,3,5,Bel)).

(4.71)

In general, we have

d3(2,3,n,Bel) = 3(d3(2,3,n−1,Bel)) + 2(3)((2n−1)
2
)(d1(2,3,n−1,Bel))

+ 2(3)(2n−1)(d2(2,3,n−1,Bel))

= 3(3(d3(2,3,n−2,Bel)) + 2(3)((2n−2)
2
)(d1(2,3,n−2,Bel))

+ 2(3)(2n−2)(d2(2,3,n−2,Bel))) + 2(3)((2n−1)
2
)(d1(2,3,n−1,Bel))

+ 2(3)(2n−1)(d2(2,3,n−1,Bel))

= 32(3(d3(2,3,n−3,Bel)) + 2(3)((2n−3)
2
)(d1(2,3,n−3,Bel))

+ 2(3)(2n−3)(d2(2,3,n−3,Bel))) + 2(32)((2n−2)
2
)(d1(2,3,n−2,Bel))

+ 2(32)(2n−2)(d2(2,3,n−2,Bel)) + 2(3)((2n−1)
2
)(d1(2,3,n−1,Bel))

+ 2(3)(2n−1)(d2(2,3,n−1,Bel))

= 3n−3(252)

+ (24)
2
(3n−2)[

(22)
n−3 − 1

22 − 1
] + 24(3n−3)(44)[

2n−3 − 1

2− 1
]

+ 211(3n−3)[
22n−7 − 2

22 − 1
− 2n−4 − 1

2− 1
].

(4.72)
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Where

n−4∑
k=1

22k−1 − 2k−1

2− 1
=

n−4∑
k=1

(22k−1 − 2k−1)

=
n−4∑
k=1

22k−1 −
n−4∑
k=1

2k−1

=
22n−7 − 2

22 − 1
− 2n−4 − 1

2− 1
.

Difference of third and fourth columns in
∑

V 3Bel(V ):-

For n = 4, we have difference

d3(3,4,4,Bel) = (83 − 43)1 + (93 − 53)2 + (103 − 63)1 + (113 − 73)4 = 7176.

Also d1(3,4,4,Bel) = 36, and d2(3,4,4,Bel) = 576. For n = 5, we have difference

d3(3,4,5,Bel) = (83 − 43)1 + (93 − 53)2 + (103 − 63)2 + (113 − 73)4

+ (243 − 203)2 + (253 − 213)4 + (263 − 223)4 + (273 − 233)8

= 3[d3(3,4,4,Bel)] + 3(2)(162)(d1(3,4,4,Bel))

+ 3(2)(16)(d2(3,4,4,Bel)).

(4.73)

For n = 6, we have difference

d3(3,4,6,Bel) = (83 − 43)1 + (93 − 53)2 + (103 − 63)2 + (113 − 73)4

+ (243 − 203)2 + (253 − 213)4 + (263 − 223)4 + (273 − 233)8

+ (403 − 363)2 + (413 − 373)4 + (423 − 383)4 + (433 − 393)8

+ (563 − 523)4 + (573 − 533)8 + (583 − 543)8 + (593 − 553)16

= 3[d3(3,4,5,Bel)] + 3(2)(322)(d1(3,4,5,Bel))

+ 3(2)(32)(d2(3,4,5,Bel)).

(4.74)
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In general, we have

d3(3,4,n,Bel) = 3(d3(3,4,n−1,Bel)) + 3(2)(2n−1)
2
(d1(3,4,n−1,Bel))

+ 3(2)(2n−1)(d2(3,4,n−1,Bel)).
(4.75)

Now we simplify this relation as

d3(3,4,n,Bel) = 3(d3(3,4,n−1,Bel)) + 2(3)(2n−1)
2
(d1(3,4,n−1,Bel))

+ 2(3)(2n−1)(d2(3,4,n−1,Bel))

= 3(3(d3(3,4,n−2,Bel)) + 2(3)(2n−2)
2
(d1(3,4,n−2,Bel))

+ 2(3)(2n−2)(d2(3,4,n−2,Bel))) + 2(3)(2n−1)
2
(d1(3,4,n−1,Bel))

+ 2(3)(2n−1)(d2(3,4,n−1,Bel))

= 32(3(d3(3,4,n−3,Bel)) + 2(3)(2n−3)
2
(d1(3,4,n−3,Bel))

+ 2(3)(2n−3)(d2(3,4,n−1,Bel))) + 2(32)(2n−2)
2
(d1(3,4,n−2,Bel))

+ 2(32)(2n−2)(d2(3,4,n−2,Bel)) + 2(3)(2n−1)
2
(d1(3,4,n−1,Bel))

+ 2(3)(2n−1)(d2(3,4,n−1,Bel))

= 3n−4(d3(3,4,4,Bel)) + 3n−4(24)
2
(2)(d1(3,4,4,Bel))

+ 3n−5(25)
2
(2)(d1(3,4,5,Bel)) + 3n−6(26)

2
(2)(d1(3,4,6,Bel))

...

+ 33(2n−3)
2
(2)(d1(3,4,n−3,Bel)) + 32(2n−2)

2
(2)(d1(3,4,n−2,Bel))

+ 3(2n−1)
2
(2)(d1(3,4,n−1,Bel))

+ 3n−4(24)(2)(d2(3,4,4,Bel)) + 3n−5(25)(2)(d2(3,4,5,Bel))

...

+ 33(2n−3)(2)(d2(3,4,n−3,Bel)) + 32(2n−2)(2)(d2(3,4,n−2,Bel))

+ 3(2n−1)(2)(d2(3,4,n−1,Bel))

= 3n−4(7176) + 3n−4(24)
2
(2)(4(9))[

(22)
n−4 − 1

22 − 1
]

+ 3n−4(24)(2)(576)[
2n−4 − 1

2− 1
]

+ 3n−32(25)(28)[
22n−9 − 2

22 − 1
− 2n−5 − 1

2− 1
]

(4.76)
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Since

n−5∑
k=1

2k−1(2k − 1)

2− 1
=

n−5∑
k=1

(2k−1(2k − 1))

=
n−5∑
k=1

(22k−1 − 2k−1)

=
n−5∑
k=1

22k−1 −
n−5∑
k=1

2k−1

=
22n−9 − 2

22 − 1
− 2n−5 − 1

2− 1
.

Therefore, in general the difference of j − 1th and jth columns is

d3(j−1,j,n,Bel) = 3n−jd3(j−1,j,j,Bel)

+ 2(22j)(3n−j)(
(22)

n−j − 1

22 − 1
)(d1(j−1,j,j,Bel))

+ 3n−j(2j)(
2n−j − 1

2− 1
(d2(j−1,j,j,Bel))

+ 3n−3(22)
j−1

(
22n−(2(j+1)−1 − 2

22 − 1
− 2n−(j+1) − 1

2− 1
).

(4.77)

Therefore the difference of first and jth columns in
∑

V 3Bel(V ) is

d3(1,j,n,Bel) =

j−1∑
k=1

d3(k,k+1,n,Bel) (4.78)

and the coefficient of p({xj}) is sum of coefficient of p({x1}) and d3(1,j,n,Bel). There-

fore we have

2n−1∑
V=0

V 3Bel(V ) =
n∑

j=1

[coeff. ofp({x1}) +
d3(1,j,n,Bel)

2n−1
]p({xj}). (4.79)
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4.6.4 Calculation of
∑

V 4Bel(V )

Consider

2n−1∑
V=0

V 4Bel(V ) = 04Bel(0) + 14Bel(1) + 24Bel(2) + 34Bel(3)

+ 44Bel(4) + 54Bel(5) + 64Bel(6) + 74Bel(7)

+ 84Bel(8) + 94Bel(9) + 104Bel(10) + 114Bel(11)

+ 124Bel(12) + 134Bel(13) + 144Bel(14) + 154Bel(15)

+
...

+ · · ·+ (2n − 1)4Bel(2n − 1)

= 04Bel(∅) + 14Bel({x1}) + 24Bel({x2}) + 34Bel({x1, x2})

+ 44Bel({x3}) + 54Bel({x1, x3}) + 64Bel({x2, x3})

+ 74Bel({x1, x2, x3}) + 84Bel({x4}) + 94Bel({x1, x4})

+ 104Bel({x2, x4}) + 114Bel({x1, x2, x4})

+ 124Bel({x3, x4}) + 134Bel({x1, x3, x4})

+ 144Bel({x2, x3, x4}) + 154Bel({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)4Bel({x1, x2, · · · , xn})

=
1

2n−1
{04 · 0 + 14 · 1p({x1}) + 24 · 1p({x2}) + 34 · 2(p({x1}) + p({x2}))

+ 44 · 1p({x3}) + 54 · 2(p({x1}) + p({x3})) + 64 · 2(p({x2}) + p({x3}))

+ 74 · 4(p({x1}) + p({x2}) + p({x3})) + 84 · 1p({x4}) + 94 · 2(p({x1}+ p({x4}))

+ 104 · 2(p({x2}+ p({x4})) + 114 · 4(p({x1}) + p({x2}) + p({x4}))

+ 124 · 2(p({x3}) + p({x4})) + 134 · 4(p({x1}) + p({x3}) + p({x4}))

+ 144 · 4(p({x2}+ p({x3}) + p({x4}))

+ 154 · 8(p({x1}) + p({x2}) + p({x3}) + p({x4}))

+
...

+ · · ·+ (2n − 1)4 · (2n−1)(p({x1}+ p({x2}+ · · ·+ p({xn}))}
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2n−1∑
V=0

V 4Bel(V ) =
1

2n−1
{(14 · 1 + 34 · 2 + 54 · 2 + 74 · 4 + · · ·+ (2n − 1)4 · (2n−1))p({x1})

+ (24 · 1 + 34 · 2 + 64 · 2 + 74 · 4 + 104 · 2 + 114 · 4 + 144 · 4 + 154 · 8

+ · · ·+ (2n − 2)4 · (2n−2) + (2n − 1)4 · (2n−1))p({x2})

+ (44 · 1 + 54 · 2 + 64 · 2 + 74 · 4 + 124 · 2 + 134 · 4 + 144 · 4 + 154 · 8

+ · · ·+ (2n − 4)4(2n−3 + (2n − 3)42n−2)

+ (2n − 2)4(2n−2) + (2n − 1)4(2n−1))p({x3})

+
...

+ ((2n−1)
4 · 1 + (2n−1 + 1)

4 · 2 + (2n−1 + 2)
4 · 2 + (2n−1 + 3)

4 · 4 + · · ·

+ (2n−1 − 4)
4 · (2n−3) + (2n−1 − 3)

4 · (2n−2) + (2n−1 − 2)
4 · (2n−2)

+ (2n − 1)4 · (2n−1))p({xn})}.

(4.80)

To calculate coefficients of p({xj}), j = 1, 2, . . . , n, we adopt steps as in
∑2n−1

V=0 V Bel(V ).

Step 1:Calculate recurrence relation between coefficients of p({x1}) with

increasing values of n

Now consider 14 · 1 + 34 · 2 + 54 · 2 + 74 · 4 + · · ·+ (2n − 1)4 · (2n−1). Here ar(k,Bel)

represents coefficient of p({x1}) with value n = k in
∑

V rBel(V ). Therefore we

have

a4(1,Bel) = 14 · 1 = 1,

a4(2,Bel) = 14 · 1 + 34 · 2 = 163,

a4(3,Bel) = 14 · 1 + 34 · 2 + 54 · 2 + 74 · 4 = 11017,

a4(4,Bel) = 14 · 1 + 34 · 2 + 54 · 2 + 74 · 4 + 94 · 2 + 114 · 4 + 134 · 4 + 154 · 8 = 601947,

a4(5,Bel) = 30555537, . . . and so on.

With analytic observation, we have, a4(1,Bel) = 14 · 1 = 1,
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a4(2,Bel) = 14 · 1 + 34 · 2

= 3a4(1,Bel) + 2(24 + 4(23)(a1(1,Bel)) + 6(22)(a2(1,Bel))

+ 4(21)(a3(1,Bel))

a4(3,Bel) = 14 · 1 + 34 · 2 + 54 · 2 + 74 · 4

= 3a4(2,Bel) + 2(44(3) + 4(43)(a1(2,Bel)) + 6(42)(a2(2,Bel))

+ 4(4)(a3(2,Bel)))

a4(4,Bel) = 14 · 1 + 34 · 2 + 54 · 2 + 74 · 4 + 94 · 2 + 114 · 4 + 134 · 4 + 154 · 8

= 3a4(3,Bel) + 2(84(9) + 4(a1(3,Bel)) + 6(82)(a2(3,Bel))

+ 4(81)(a3(3,Bel))

a4(5,Bel) = 14 · 1 + 34 · 2 + 54 · 2 + 74 · 4 + 94 · 2 + 114 · 4 + 134 · 4 + 154 · 8

+ 174 · 2 + 194 · 4 + 214 · 4 + 234 · 8 + 254 · 4 + 274 · 8 + 294 · 8 + 314 · 16

= 3a4(4,Bel) + 2(164(27) + 4(163)(a1(4,Bel)) + 6(162)(a2(4,Bel))

+ 6(161)(a3(4,Bel))

Therefore we have recurrence relation as:

a4(1,Bel) = 1, and for n = 2, 3, 4, . . . ,

a4(n,Bel) = 3a4(n−1,Bel) + 2((2n−1)
4
3n−2 + 4(2n−1)

3
(a1(4,Bel))

+ 6(2n−1)
2
(a2(4,Bel)) + 4(2n−1)(a3(4,Bel)).

(4.81)
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Now we simplify above recurrence relation as:-

a4(n,Bel) = 3a4(n−1,Bel) + 2((2n−1)
4
3n−2 + 4(2n−1)

3
(a1(n−1,Bel))

+ 6(2n−1)
2
(a2(n−1,Bel)) + 4(2n−1)(a3(n−1,Bel)))

= 3a4(n−1,Bel) + 2((2n−1)
4
3n−2 + 4(2n−1)

3
(2n−23n−2 + (2n−2 − 1)3n−3)

+ 6(2n−1)
2
(3n−2 + (22n − 2n+1 − 23)3n−4 + (22n−1 − 23)3n−5)

+ 4(2n−1)(3n−2 + (
23n−3 − 23

7
+

2n − 22

1
)3n−2

+ (
23n−2 − 24

7
+

23n−3 − 23

7
− 22n−1 − 23

3
)3n−3

+ (
23n − 26

7
− 22n+1 − 25

3
− 2n+3 − 25

1
)3n−4

+ (
23n−1 − 25

7
− 2n+3 − 25

1
)3n−5)

= 3a4(n−1,Bel) + 22n3n−1 + ((25/7)24n−3 + 22n+2 − (29/7)2n+2)3n−2

+ ((41/7)24n−2 − (11/3)23n − 22n+3 − (2/21)2n+5)3n−3

+ ((15/7)24n−1 − (1/3)23n+3 − (5)22n+3 + (22/21)2n+7)3n−4

+ ((1/7)24n+1 − 22n+5 + (6/7)2n+7)3n−5

a4(n,Bel) = 3(3a4(n−2,Bel) + 22n−23n−2 + ((25/7)24n−7 + 22n − (29/7)2n+1)3n−3

+ ((41/7)24n−6 − (11/3)23n−3 − 22n+1 − (2/21)2n+4)3n−4

+ ((15/7)24n−5 − (1/3)23n − (5)22n+1 + (22/21)2n+6)3n−5

+ ((1/7)24n−3 − 22n+3 + (6/7)2n+6)3n−6)

+ 22n3n−1 + ((25/7)24n−3 + 22n+2 − (29/7)2n+2)3n−2

+ ((41/7)24n−2 − (11/3)23n − 22n+3 − (2/21)2n+5)3n−3

+ ((15/7)24n−1 − (1/3)23n+3 − (5)22n+3 + (22/21)2n+7)3n−4

+ ((1/7)24n+1 − 22n+5 + (6/7)2n+7)3n−5
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= 3n−1(1) + (
22n+2 − 24

3
)3n−1 + ((25/7)(

24n+2 − 26

15
)

+ (
22n+4 − 26

3
)− (29/7)(

2n+3 − 24)

1
))3n−2

+ ((41/7)(
24n+2 − 26

15
)− (11/3)(

23n+3 − 26

7
)

− (
22n+5 − 27

3
)− (2/21)(

2n+6 − 27

1
))3n−3

+ ((15/7)(
24n+3 − 27

15
)− (1/3)(

23n+6 − 29

7
)

− (5)(
22n+5 − 27

3
) + (22/21)(

2n+8 − 29

1
))3n−4

+ ((1/7)(
24n+5 − 29

15
)− (

22n+7 − 29

3
)

+ (6/7)(
2n+8 − 29

1
))3n−5

(4.82)

the coefficient of p(({x1}) for fixed n is

1

2n−1
{3n−1(1) + (

22n+2 − 24

3
)3n−1 + ((25/7)(

24n+2 − 26

15
)

+ (
22n+4 − 26

3
)− (29/7)(

2n+3 − 24)

1
))3n−2

+ ((41/7)(
24n+2 − 26

15
)− (11/3)(

23n+3 − 26

7
)

− (
22n+5 − 27

3
)− (2/21)(

2n+6 − 27

1
))3n−3

+ ((15/7)(
24n+3 − 27

15
)− (1/3)(

23n+6 − 29

7
)

− (5)(
22n+5 − 27

3
) + (22/21)(

2n+8 − 29

1
))3n−4

+ ((1/7)(
24n+5 − 29

15
)− (

22n+7 − 29

3
)

+ (6/7)(
2n+8 − 29

1
))3n−5}.

(4.83)

Step 2: Calculate difference of coefficients of consecutive probabilities

i.e. p({xj}) and p({xj+1}) for fixed values of n.

For this, we calculate differences in
∑

v4Bel(v) vertically for coefficient of p({x1})

and p({x2}) for first five values of n i.e. n = 1, 2, 3, 4, 5. Firstly we prepare a table
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of coefficients of p({xj}) for j ≤ n, n = 1, 2, 3, 4, 5 as:

n p({x1}) p({x2}) p({x3}) p({x4}) p({x5})

1 1

2 163 178

3 11017 12374 13702

4 601947 649602 728082 810162

5 30555537 31892358 34374966 38488854 42916182

Differences in
∑

v4Bel(v) vertically for coefficient of p({x1}) and p({x2})for first

four values of n are 15, 1357, 47665, 1336821. Now we will calculate relation

between these values as:

Difference of first and second columns in
∑2n−1

V=0 V 4Bel(V ):-

For n = 2, d4(1,2,2,Bel) = 24 − 14 = (2− 1)(23 + 22(1) + 2(12) + 13) = 15.

For n = 3, we have

d4(1,2,3,Bel) = (24 − 14)1 + (64 − 54)2

= 3[d4(1,2,2,Bel)] + 4(2)[43](d1(1,2,2,Bel))

+ (42)(2)[6(d2(1,2,2,Bel))] + 4(2)[4(d3(1,2,2,Bel))].

(4.84)

For n = 4, we have

d4(1,2,4,Bel) = (24 − 14)1 + (64 − 54)2 + (104 − 94)2 + (144 − 134)4

= 3[d4(1,2,3,Bel)] + 4(2)(83)(d1(1,2,3,Bel))

+ 6(2)(82)[(d2(1,2,3,Bel))] + 4(2)(8)[(d3(1,2,3,Bel))].

(4.85)
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Therefore, in general, difference of first and second columns in
∑2n−1

V=0 V 4Bel(V ) is

d4(1,2,n,Bel) = 3[d4(1,2,n−1,Bel)] + 4(2)((2n−1)
3
)(d1(1,2,n−1,Bel))

+ 6(2)((2n−1)
2
)[(d2(1,2,n−1,Bel))] + 4(2)(2n−1)[(d3(1,2,n−1,Bel))]

= 3[3(d4(1,2,n−2,Bel)) + 4((2n−2)
3
)(2)(d1(1,2,n−2,Bel))

+ 6(2n−2)
2
(2)(d2(1,2,n−2,Bel)) + 4(2n−1)(2)(d3(1,2,n−2,Bel))]

+ 4((2n−1)
3
)(2)(d1(1,2,n−1,Bel)) + 6((2n−1)

2
)(2)(d2(1,2,n−1,Bel))

+ 4(2n−1)(2)(d3(1,2,n−1,Bel))

= 3n−2(d4(1,2,2,Bel))

+ (22)
3
(2)(3n−3)(4)(d1(1,2,2,Bel)) + (23)

3
(2)(3n−4)(4)(d1(1,2,3,Bel))

+ (24)
3
(2)(3n−5)(4)(d1(1,2,4,Bel))

+
...

+ (2n−2)
3
(2)(3)(4)(d1(1,2,n−2,Bel)) + (2n−1)

3
(2)(4)(d1(1,2,n−1,Bel))

+ (22)
2
(2)(3n−3)(6)(d2(1,2,2,Bel)) + (23)

2
(2)(3n−4)(6)(d2(1,2,3,Bel))

+ (24)
2
(2)(3n−5)(6)(d2(1,2,4,Bel))

+
...

+ (2n−2)
2
(2)(3)(6)(d2(1,2,n−2,Bel)) + (2n−1)

2
(2)(6)(d2(1,2,n−1,Bel))

+ (22)(2)(3n−3)(4)(d3(1,2,2,Bel)) + (23)(2)(3n−4)(4)(d3(1,2,3,Bel))

+ (24)2(2)(3n−5)(4)(d3(1,2,4,Bel))

+
...

+ (2n−2)(2)(3)(4)(d3(1,2,n−2,Bel)) + (2n−1)(2)(4)(d3(1,2,n−1,Bel)).
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d4(1,2,n,Bel)

= 3n−2(15) + (22)
3
(2)(3n−3)(4)[

(23)
n−2 − 1

23 − 1
]

+ (22)
2
(2)(3n−3)(6)(3)[

(22)
n−2 − 1

22 − 1
]

+ (23)
2
(2)(3n−4)(6)(24)[

23n−8 − 2

23 − 1
− 22n−6 − 1

22 − 1
] + · · ·

+ (22)(2)(3n−3)(4)(7)[
2n−2 − 1

2− 1
]

+ (23)(2)(4)(3n−3)(2)(22)
2 1

22 − 1
[
23n−5 − 22

23 − 1
− 2n−3 − 1

2− 1
]

+ (23)(2)(4)(3n−3)(22)(2)(3)[
22n−5 − 2

22 − 1
− 2n−3 − 1

2− 1
]

+ (23)(2)(4)(3n−3)(22)(2)(24)(3)
1

22 − 1
[
23n−8 − 2

23 − 1
− 2n−3 − 2

2− 1
]

− 24(2)(3)(4)(3n−3)(22)(2)(24)[
22n−7 − 2

22 − 1
− 2n−4 − 1

2− 1
]

(4.86)

where

n−3∑
k=1

2k−1 (2
2)

k − 1

22 − 1
=

1

22 − 1
[
n−3∑
k=1

23k−1 −
n−3∑
k=1

2k−1]

=
1

22 − 1
[
23n−5 − 22

23 − 1
− 2n−3 − 1

2− 1
]

and

n−3∑
k=1

2k−12
2k−1 − 2

22 − 1
=

1

22 − 1
[
n−3∑
k=1

23k−2 −
n−4∑
k=1

2k]

=
1

22 − 1
[
23n−8 − 2

23 − 1
− 2n−3 − 2

2− 1
].
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and

n−3∑
k=1

(22)
k−12k − 1

2− 1
=

1

2− 1
[
n−3∑
k=1

(22)
k−1

(2k − 1)]

=
n−3∑
k=1

(23k−2 − 22k−2)

=
n−3∑
k=1

23k−2 −
n−3∑
k=1

22k−2

=
23n−8 − 2

23 − 1
− 2n−4 − 1

2− 1
.

Difference of second and third columns in
∑2n−1

V=0 V 4Bel(V ):-

For n = 3, We have

d4(2,3,3,Bel) = (44 − 24)1 + (54 − 34)2

= 1328.
(4.87)

For n = 4, we have

d4(2,3,4,Bel) = (44 − 24)1 + (54 − 34)2 + (124 − 104)2 + (134 − 114)4

= 3[d4(2,3,3,Bel)] + 4(2)(83)(d1(2,3,3,Bel))

+ 6(2)(82)[(d2(2,3,3,Bel))] + 4(2)(8)[(d3(2,3,3,Bel))].

(4.88)
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Therefore, in general, difference of second and third columns in
∑2n−1

V=0 V 4Bel(V )

is

d4(2,3,n,Bel) = 3[d4(2,3,n−1,Bel)] + 4(2)((2n−1)
3
)(d1(2,3,n−1,Bel))

+ 6(2)((2n−1)
2
)[(d2(2,3,n−1,Bel))] + 4(2)(2n−1)[(d3(2,3,n−1,Bel))]

= 3[3(d4(2,3,n−2,Bel)) + 4((2n−2)
3
)(2)(d1(2,3,n−2,Bel))

+ 6(2n−2)
2
(2)(d2(2,3,n−2,Bel)) + 4(2n−1)(2)(d3(2,3,n−2,Bel))]

+ 4((2n−1)
3
)(2)(d1(2,3,n−1,Bel)) + 6((2n−1)

2
)(2)(d2(2,3,n−1,Bel))

+ 4(2n−1)(2)(d3(2,3,n−1,Bel))

= 3n−3(d4(2,3,3,Bel)) + (23)
3
(2)(3n−4)(4)(d1(2,3,3,Bel))

+ (24)
3
(2)(3n−5)(4)(d1(2,3,4,Bel)) + (25)

3
(2)(3n−6)(4)(d1(2,3,5,Bel))

+
...

+ (2n−2)
3
(2)(3)(4)(d1(2,3,n−2,Bel)) + (2n−1)

3
(2)(4)(d1(2,3,n−1,Bel))

+ (23)
2
(2)(3n−4)(6)(d2(2,3,3,Bel)) + (24)

2
(2)(3n−5)(6)(d2(2,3,4,Bel))

+ (25)
2
(2)(3n−6)(6)(d2(2,3,5,Bel))

+
...

+ (2n−2)
2
(2)(3)(6)(d2(2,3,n−2,Bel)) + (2n−1)

2
(2)(6)(d2(2,3,n−1,Bel))

+ (23)(2)(3n−4)(4)(d3(2,3,3,Bel)) + (24)(2)(3n−5)(4)(d3(2,3,4,Bel))

+ (25)(2)(3n−6)(4)(d3(2,3,5,Bel))

+
...

+ (2n−2)(2)(3)(4)(d3(2,3,n−2,Bel)) + (2n−1)(2)(4)(d3(2,3,n−1,Bel)).
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d4(2,3,n,Bel)

= 3n−3(1328) + (23)
3
(2)(4)(3n−4)(2)(3)[

(23)
n−3 − 1

23 − 1
]

+ (23)
2
(2)(6)(3n−4)(44)[

(22)
n−3 − 1

22 − 1
]

+ (24)
2
(2)(6)(3n−4)(6)(26)[

23n−11 − 2

23 − 1
− 22n−8 − 1

22 − 1
] + · · ·

+ (23)(2)(3n−4)(4)(252)[
2n−3 − 1

2− 1
]

+ (24)(2)(4)(3n−5)(2)(3)(2)(22)
3
[
23n−10 − 2

23 − 1
− 2n−4 − 1

2− 1
]

+ (24)(2)(4)(3n−4)(23)(2)(44)[
22n−7 − 2

22 − 1
− 2n−4 − 1

2− 1
]

+ (24)(2)(4)(3n−4)(2)(3)(24)(26)
1

22 − 1
[
23n−11 − 2

23 − 1
− 2n−3 − 2

2− 1
]

− 25(2)(4)(3n−4)(2)(3)(24)(26)[
22n−9 − 2

22 − 1
− 2n−5 − 1

2− 1
]

(4.89)

where

n−4∑
k=1

(22)
k−12k − 1

2− 1
=

1

2− 1
[
n−4∑
k=1

(22)
k−1

(2k − 1)]

=
n−4∑
k=1

(23k−2 − 22k−2)

=
n−4∑
k=1

23k−2 −
n−4∑
k=1

22k−2

=
23n−11 − 2

23 − 1
− 22n−8 − 1

22 − 1
.

and

n−4∑
k=1

2k−1 (2
2)

k − 1

22 − 1
=

1

22 − 1
[
n−4∑
k=1

23k−1 −
n−4∑
k=1

2k−1]

=
1

22 − 1
[
23n−10 − 22

23 − 1
− 2n−4 − 1

2− 1
]
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and

n−4∑
k=1

2k−12
k − 1

2− 1
=

n−4∑
k=1

2k−1(2k − 1)

=
n−4∑
k=1

22k−1 −
n−4∑
k=1

2k−1

=
22n−7 − 2

22 − 1
− 2n−4 − 1

2− 1
.

and

n−4∑
k=1

2k−12
2k−1 − 2

22 − 1
=

1

22 − 1
[
n−4∑
k=1

23k−2 −
n−4∑
k=1

2k]

=
1

22 − 1
[
23n−11 − 2

23 − 1
− 2n−3 − 2

2− 1
].

and

n−5∑
k=1

2k−12
k − 1

2− 1
=

n−5∑
k=1

2k−1(2k − 1)

=
n−5∑
k=1

22k−1 −
n−5∑
k=1

2k−1

=
22n−9 − 2

22 − 1
− 2n−5 − 1

2− 1
.

Therefore in general difference of third and fourth columns in
∑2n−1

V=0 V 4Bel(V ) is

d4(3,4,n,Bel) = 3[d4(3,4,n−1,Bel)] + 4(2)((2n−1)
3
)(d1(3,4,n−1,Bel))

+ 6(2)((2n−1)
2
)[(d2(3,4,n−1,Bel))] + 4(2)(2n−1)[(d3(3,4,n−1,Bel))].

(4.90)

Therefore in general difference of (j − 1)th and jth columns in
∑2n−1

V=0 V 4Bel(V ) is

d4(j−1,j,n,Bel) = 3[d4(j−1,j,n−1,Bel)] + 4(2)((2n−1)
3
)(d1(j−1,j,n−1,Bel))

+ 6(2)((2n−1)
2
)[(d2(j−1,j,n−1,Bel))] + 4(2)(2n−1)[(d3(j−1,j,n−1,Bel))].

(4.91)
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Therefore the difference of first and jth columns is

d4(1,j,n,Bel) =

j−1∑
k=1

d4(k,k+1,n,Bel)

= 3[d4(j−1,j,n−1,Bel)] + 4(2)((2n−1)
3
)(d1(j−1,j,n−1,Bel))

+ 6(2)((2n−1)
2
)[(d2(j−1,j,n−1,Bel))] + 4(2)(2n−1)[(d3(j−1,j,n−1,Bel))].

(4.92)

step3: The coefficient of p({xj}):-

The coefficient of p({xj}), j = 1, 2, . . . , n is

coefficient of p({x1}) +
d4(1,j,n,Bel)

2n−1
(4.93)

Therefore we have

2n−1∑
V=0

V 4Bel(V ) =
n∑

j=1

{Coeff. of p({xj})}p({xj})

=
n∑

j=1

{coefficient of p({x1})

+
d4(1,j,n,Bel)

2n−1
}p({xj})

(4.94)

4.7 Calculation of Statistical Quantities based

on Plausibility of set

As plausibility of set is an upper bound of probability of set, we obtain upper

limits of statistical quantity mean, in this section.
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4.7.1 Calculation of
∑

V P l(V )

Now consider

2n−1∑
V=0

V P l(V )

= 0Pl(0) + 1Pl(1) + 2Pl(2) + 3Pl(3)

+ 4Pl(4) + 5Pl(5) + 6Pl(6) + 7Pl(7)

+ 8Pl(8) + 9Pl(9) + 10Pl(10) + 11Pl(11)

+ 12Pl(12) + 13Pl(13) + 14Pl(14) + 15Pl(15)

+

...

+ · · ·+ (2n − 1)Pl(2n − 1)

= 0Pl(∅) + 1Pl({x1}) + 2Pl({x2}) + 3Pl({x1, x2})

+ 4Pl({x3}) + 5Pl({x1, x3}) + 6Pl({x2, x3})

+ 7Pl({x1, x2, x3}) + 8Pl({x4}) + 9Pl({x1, x4})

+ 10Pl({x2, x4}) + 11Pl({x1, x2, x4})

+ 12Pl({x3, x4}) + 13Pl({x1, x3, x4})

+ 14Pl({x2, x3, x4}) + 15Pl({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)Pl({x1, x2, · · · , xn})

=
1

2n−1
{0 + 1{2n−1p({x1}) + 2n−2[p({x2}) + p({x3}) + · · ·+ p({xn})]}

+ 2{2n−1p({x2}) + 2n−2[p({x1}) + p({x3}) + p({x4}) + · · ·+ p({xn})]}

+ 3{2n−1(p({x1}) + p({x2})) + 3 · 2n−3[p({x3}) + p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 4{2n−1p({x3}) + 2n−2[p({x1}) + p({x2}) + p({x4}) + · · ·+ p({xn})]}

+ 5{2n−1(p({x1}) + p({x3})) + 3 · 2n−3[p({x2}) + p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 6{2n−1(p({x2}) + p({x3})) + 3 · 2n−3[p({x1}) + p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 7{2n−1(p({x1}) + p({x2}) + p({x3})) + 7 · 2n−4[p({x4}) + p({x5}) + · · ·+ p({xn})]}
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+ 8{2n−1p({x4}) + 2n−2[p({x1}) + p({x2}) + p({x3}) + p({x5}) + p({x6}) + · · ·+ p({xn})]}

+ 9{2n−1(p({x1}) + p({x4})) + 3 · 2n−3[p({x2}) + p({x3}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 10{2n−1(p({x2}) + p({x4})) + 3 · 2n−3[p({x1}) + p({x3}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 11{2n−1(p({x1}) + p({x2}) + p({x4})) + 7 · 2n−4[p({x3}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 12{2n−1(p({x3}) + p({x4})) + 3 · 2n−3[p({x1}) + p({x2}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 13{2n−1(p({x1}) + p({x3}) + p({x4})) + 7 · 2n−4[p({x2}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 14{2n−1(p({x2}) + p({x3}) + p({x4})) + 7 · 2n−4[p({x1}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 15{2n−1(p({x1}) + p({x2}) + p({x3}) + p({x4})) + 15 · 2n−5[p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+

...

+ (2n − 1)2n−1(p({x1}) + p({x2}) + p({x3}) + · · ·+ p({xn}))}

(4.95)

To calculate coefficients of p({xj}), j = 1, 2, . . . , n, we adopt following steps as:

1 Calculate coefficient of p({x1}) for given n.

2 Calculate difference of coefficients of consecutive probabilities i.e. p({xj})

and p({xj+1}) for given n.

3 Calculate coefficient of p({xj}) for given n.

Step 1: Calculation of coefficient of p({x1}) for given n



Chapter 4. Lower and Upper Limits of Statistical Quantities 100

Here we classify sets according to cardinality of set containing some particular

element {x1} and not containing {x1} viz. set containing {x1} having plausibility

2n−1, singleton set not containing {x1} having plausibility (21−1)2n−2, set of cardi-

nality 2 but not containing {x1} having plausibility (22−1)2n−3, set of cardinality

3 but not containing {x1} having plausibility (23 − 1)2n−4, . . ., set of cardinality

r but not containing {x1} having plausibility (2r − 1)2n−(r+1), and finally, set of

cardinality n − 1 but not containing {x1} having plausibility 2n−n(2n−1 − 1).The

coefficient of p({x1}) is

set containing {x1} having plausibility 2n−1

+ singleton set not containing {x1} having plausibility (21 − 1)2n−2

+ set of cardinality 2 but not containing {x1} having plausibility (22 − 1)2n−3

+ set of cardinality 3 but not containing {x1} having plausibility (23 − 1)2n−4

+

...

+ set of cardinality r but not containing {x1} having plausibility (2r − 1)2n−(r+1)

+

...

+ set of cardinality n− 1 but not containing {x1} having plausibility (2n−1 − 1)2n−n
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= 2n−1(1 + 3 + 5 + 7 + · · ·+ (2n − 1))

+ 2n−2 · 1(2 + 4 + 8 + 16 + · · ·+ 2n−1)

+ 2n−3 · 3(6 + 10 + 12 + 18 + 20 + 24 + 34 + 36 + 40 + 48 + · · ·+

+ (2n−1 + 2) + (2n−1 + 2 + 2) + (2n−1 + 2 + 2 + 4) + · · ·+ (2n−1 + 2 + 2 + 4 + 8 + · · ·+ 2n−3))

+ 2n−4 · 7(14 + 22 + 26 + 28 + 38 + 42 + 44 + 50 + 52 + 56 + · · · )

+ 2n−5 · 15(30 + 46 + 54 + 58 + 60 + 78 + 86 + 90 + 92 + 102 + 106 + 108 + 114 + 116 + 120

+ · · · ) + 2n−6 · 31(62 + 94 + 110 + 118 + 122 + 124 + · · · )

+ 2n−7 · 63(126 + · · · )

+

...

+ 2n−(n−1)(2n−2 − 1)(2n−1 − 2 + · · ·+ (2n − (6 + 4)) + (2n − 6))

+ 2n−n(2n−1 − 1)(2n − 2)

= 2n−1(1 + 3 + 5 + 7 + · · ·+ (2n − 1))

+ 2n−2 · 1(
n−1∑
i1=1

2i1)

+ 2n−3 · 3(
n−1∑
i1=2

i1−1∑
i2=1

2i1 + 2i2)

+ 2n−4 · 7(
n−1∑
i1=3

i1−1∑
i2=2

i2−1∑
i3=1

2i1 + 2i2 + 2i3)

+ 2n−5 · 15(
n−1∑
i1=4

i1−1∑
i2=3

i2−1∑
i3=2

i3−1∑
i4=1

2i1 + 2i2 + 2i3 + 2i4)

+

...

+ 2n−j(2j−1 − 1)(
n−1∑

i1=j−1

i1−1∑
i2=j−2

i2−1∑
i3=j−3

· · ·
ij−2−1∑
ij−1=1

2i1 + 2i2 + 2i3 + · · ·+ 2ij−1)

+

...

+ 2n−(n−1)(2n−2 − 1)(
n−1∑

i1=n−2

i1−1∑
i2=n−3

i2−1∑
i3=n−4

· · ·
in−3−1∑
in−2=1

2i1 + 2i2 + 2i3 + · · ·+ 2in−2)

+ 2n−n(2n−1 − 1)(
n−1∑

i1=n−1

i1−1∑
i2=n−2

i2−1∑
i3=n−3

· · ·
in−2−1∑
in−1=1

2i1 + 2i2 + 2i3 + · · ·+ 2in−1).

(4.96)
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Now we will simplify summation part in each term separately and then simplify

whole expression.

Summation Part in First Term:-

We have 1 + 3 + 5 + 7 + · · ·+ (2n − 1) = (2n−1)
2
.

Summation Part in Second Term:-

We have
∑n−1

i1=1 2
i1 =

2n − 2

2− 1
.

Summation Part in Third Term:-

To simplify summation part in third term, we require following results based on

Knight and Hall‘s book [13], as:

a+ (a+ d)r + (a+ 2d)r2 + (a+ 3d)r3 + · · ·+ (a+ (n− 1)d)rn−1

=
a

1− r
+

dr(1− rn−1)

(1− r)2
− (a+ (n− 1)d)rn

1− r

(4.97)

Now
n∑

k=1

k2k = 2
n∑

k=1

k2k−1

= 2[1 + 2 · 21 + 3 · 22 + 4 · 23 + · · ·+ n · 2n−1]

(4.98)

Comparing with above result (4.97), for series (4.98) inside rectangular brackets,

we get a = d = 1, r = 2.

n∑
k=1

k2k = 2[
1

1− 2
+

1(2)(1− 2n−1)

(1− 2)2
− (1 + (n− 1)1)2n

1− 2
]

= 2[1 + (n− 1)2n].

(4.99)

The some part in summation part in third term in required expression becomes

as:

n−1∑
i1=2

i12
i1 =

n−1∑
i1=1

i12
i1 − (1(2))

= (n− 2)2n.
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Therefore summation part in third term in required expression becomes as:

n−1∑
i1=2

i1−1∑
i2=1

2i1 + 2i2 =
n−1∑
i1=2

{(i1 − 1)2i1 +

i1−1∑
i2=1

2i2}

=
n−1∑
i1=2

(i1 − 1)2i1 +
2i1 − 2

2− 1

=
n−1∑
i1=2

(i12
i1 − 2)

= (n− 2)(2n − 2)

(4.100)

Summation Part in Fourth Term:-

To simplify summation part in fourth term, we require following results based on

Knight and Hall‘s book [13], as:

n∑
k=2

(2k − 3)rk−2 = 1 + 3r + 5r2 + · · ·+ (2n− 3)rn−2 :-

Let S = 1 + 3r + 5r2 + · · ·+ (2n− 3)rn−2

⇒ rS = r + 3r2 + 5r3 + · · ·+ (2n− 5)rn−2 + (2n− 3)rn−1

⇒ S(1− r) = 1 + 2r + 2r2 + 2r3 + · · ·+ 2rn−2 − (2n− 3)rn−1

⇒ S(1− r) = 1 + 2r(1 + r + r2 + r3 + · · ·+ rn−3)− (2n− 3)rn−1

⇒ S =
1

1− r
+

2r

1− r
(
1− rn−2

1− r
)− (2n− 3)rn−1

(1− r)
.

Using above sum, we have following sum as:

a2 + (a+ d)2r + (a+ 2d)2r2 + (a+ 3d)2r3 + · · ·+ (a+ (n− 1)d)2rn−1 :-

Let S = a2 + (a+ d)2r + (a+ 2d)2r2 + (a+ 3d)2r3 + · · ·+ (a+ (n− 1)d)2rn−1 .

⇒ rS = a2r + (a+ d)2r2 + (a+ 2d)2r3 + (a+ 3d)2r4 + · · ·+ (a+ (n− 1)d)2rn

On subtraction, we get
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S(1− r) = a2 + 2adr + d2r + 2adr2 + 3d2r2 + 2adr3 + 5d2r3 + · · ·

+ 2adrn−1 + [(n− 1)2 − (n− 2)2]d2rn−1 − (a+ (n− 1)d)2rn

= a2 + 2adr(1 + r + r2 + r3 + · · ·+ rn−2)

+ d2r(1 + 3r + 5r2 + · · ·+ [(n− 1)2 − (n− 2)2]rn−2)− (a+ (n− 1)d)2rn

= a2 + 2adr(
rn−1 − 1

r − 1
) + d2r(1 + 3r + 5r2 + · · ·+ [2n− 3]rn−2)

− (a+ (n− 1)d)2rn

= a2 + 2adr(
rn−1 − 1

r − 1
)

+ d2r(
1

1− r
+

2r

1− r
(
1− rn−2

1− r
)− (2n− 3)rn−1

(1− r)
)

− (a+ (n− 1)d)2rn

= a2 + 2adr(
rn−1 − 1

r − 1
)

+
d2r

1− r
+

2d2r2

1− r
(
1− rn−2

1− r
)− (2n− 3)d2rn

(1− r)

− (a+ (n− 1)d)2rn

= a2 + 2adr(
1− rn−1

1− r
)

+
d2r

1− r
+

2d2r2(1− rn−2)

(1− r)2
− (2n− 3)d2rn

(1− r)

− (a+ (n− 1)d)2rn

∴ S =
a2

1− r
+ 2adr(

1− rn−1

(1− r)2
)

+
d2r

(1− r)2
+

2d2r2(1− rn−2)

(1− r)3
− (2n− 3)d2rn

(1− r)2

− (a+ (n− 1)d)2rn

1− r
.

(4.101)
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Put a = d = 1, r = 2,

S =
12

1− 2
+ 2(1)(1)2(

1− 2n−1

(1− 2)2
)

+
12(2)

(1− 2)2
+

2(12)(22)(1− 2n−2)

(1− 2)3
− (2n− 3)12(2n)

(1− 2)2

− (1 + (n− 1)1)2(2n)

1− 2

= −3 + 2n(n2 − 2n+ 3)

(4.102)

Therefore summation part in fourth term in required expression becomes as:

n−1∑
i1=3

i1−1∑
i2=2

i2−1∑
i3=1

2i1 + 2i2 + 2i3

=
n−1∑
i1=3

i1−1∑
i2=2

{(i2 − 1)(2i1 + 2i2) +

i2−1∑
i3=1

2i3}

=
n−1∑
i1=3

i1−1∑
i2=2

{(i2 − 1)(2i1 + 2i2) + 2i2 − 2}

=
n−1∑
i1=3

i1−1∑
i2=2

{(i2 − 1)2i1 + i22
i2 − 2i2 + 2i2 − 2}

=
n−1∑
i1=3

{2i1
i1−1∑
i2=2

(i2 − 1) +

i1−1∑
i2=2

(i22
i2 − 2)}

=
n−1∑
i1=3

{2i1 [ (i1 − 1)i1
2

− 1− (i1 − 2)] + (i1 − 2)(2i1 − 2)}

=
n−1∑
i1=3

{i212i1−1 − i12
i1−1 − 2i1 − 2i1 + 4}

= (2n−1 − 1)(n− 2)(n− 3).

(4.103)

Summation Part in Fifth Term:-

To simplify summation part in fifth term, we require following results based on

Knight and Hall‘s book [13], as:

Let S = a3 + (a+ d)3r + (a+ 2d)3r2 + (a+ 3d)3r3 + · · ·+ (a+ (n− 1)d)3rn−1.

⇒ rS = a3r(a+ d)3r2 + (a+ 2d)3r3 + (a+ 3d)3r4 + · · ·+ (a+ (n− 1)d)3rn.
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On substraction, we get

S − rS = a3 + 3a2dr + 3ad2r + d3r + 3a2dr2 + 9ad2r2 + 7d3r2 + 3a2dr3 + 15ad2r3 + 19d3r3

+ · · ·+ 3a2drn−1 + (3a(n− 1)2 − 3a(n− 2)2)d2rn−1 + ((n− 1)3 − (n− 2)3)d3rn−1

− (a+ (n− 1)d)3rn

S(1− r) = a3 + 3a2dr + 3a2dr2 + 3a2dr3 + · · ·+ 3a2drn−1

+ 3ad2r + 9ad2r2 + 15ad2r3 + · · ·++3a((n− 1)2 − (n− 2)2)d2rn−1

+ d3r + 7d3r2 + 19d3r3 + · · ·+ ((n− 1)3 − (n− 2)3)d3rn−1

− (a+ (n− 1)d)3rn

= a3 + 3a2dr(1 + r + r2 + · · ·+ rn−2)

+ 3ad2r(1 + 3r + 5r2 + · · ·+ (2n− 3)rn−2)

+ d3r(1 + 7r + 19r2 + · · ·+ ((n− 1)3 − (n− 2)3)d3rn−2)

− (a+ (n− 1)d)3rn

= a3 + 3a2dr(
rn−1 − 1

r − 1
) + 3ad2r(

n∑
2

(2n− 3)rn−2)

+ d3r(
n∑
2

(3n2 − 9n+ 7)rn−2)− (a+ (n− 1)d)3rn

Put a = d = 1 and r = 2.

S(1− 2) = 1 + 3(12)(1)2(
2n−1 − 1

2− 1
) + 3(1)(12)2(

n∑
2

(2n− 3)2n−2)

+ 132(
n∑
2

(3n2 − 9n+ 7)2n−2)− (1 + (n− 1)1)32n

(−1)S = 1 + 6(2n−1 − 1) + 6(
n∑
2

(2n− 3)2n−2)

+ 2(
n∑
2

(3n2 − 9n+ 7)2n−2)− n32n
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S = −1− 6(2n−1 − 1)− 6(
n∑
2

(2n− 3)2n−2)

− 2(
n∑
2

(3n2 − 9n+ 7)2n−2) + n32n

S = −1− 6(2n−1 − 1)− 3
n∑
2

n22n−1 + 3
n∑
2

n2n−1 +
n∑
2

2n + n32n

As we have formulae,∑n
1 n

22n−1 = −3 + 2n(n2 − 2n+ 3)

and
∑n

1 n2
n = 2[1 + (n− 1)2n]

Using these formulae, we have

S = −1− 6(2n−1 − 1)− 3
n∑
2

n22n−1 + 3
n∑
2

n2n−1 +
n∑
2

2n + n32n

= n32n − 3
n∑
2

n22n−1 + 3
n∑
2

n2n−1 +
n∑
2

2n − 6(2n−1 − 1)− 1

= 2n(n3 − 3(n2) + 9n− 13) + 13.

(4.104)

Therefore
∑n

1 n
32n−1 = 2n(n3 − 3(n2) + 9n− 13) + 13.

⇒
∑n

1 n
32n = 2n+1(n3 − 3n2 + 9n− 13) + 26.

Therefore summation part in fifth term in required expression becomes as:

n−1∑
i1=4

i1−1∑
i2=2

i2−1∑
i3=1

i3−1∑
i4=1

2i1 + 2i2 + 2i3 + 2i4

=
n−1∑
i1=4

i1−1∑
i2=3

i2−1∑
i3=2

{(i3 − 1)(2i1 + 2i2 + 2i3) +

i3−1∑
i4=1

2i4}

=
n−1∑
i1=4

i1−1∑
i2=3

i2−1∑
i3=2

{(i3 − 1)(2i1 + 2i2) + (i3 − 1)2i3) + (2i3 − 2)}

=
n−1∑
i1=4

i1−1∑
i2=3

{2i1−1(i22 − 3i2 + 2) + (i2 − 2)2i2 − 2(i2) + 4) + 2i2−1(i22 − 3i2 + 2)}
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+ (2i1−1 − 1)(i1 − 2)(i1 − 3)}

=
n−1∑
i1=4

2i1−1(1/6)[2i31 − 12i21 + 22i1 − 12] + (2i1−1 − 1)(i1 − 2)(i1 − 3)

= (1/6)(2n − 2)(n− 2)(n− 3)(n− 4).

(4.105)

Therefore we have coefficient of p({x1} in
∑

V P l(V ) as:

2n−1(1 + 3 + 5 + 7 + · · ·+ (2n − 1))

+ 2n−2 · 1(
n−1∑
i1=1

2i1)

+ 2n−3 · 3(
n−1∑
i1=2

i1−1∑
i2=1

2i1 + 2i2)

+ 2n−4 · 7(
n−1∑
i1=3

i1−1∑
i2=2

i2−1∑
i3=1

2i1 + 2i2 + 2i3)

+ 2n−5 · 15(
n−1∑
i1=4

i1−1∑
i2=3

i2−1∑
i3=2

i3−1∑
i4=1

2i1 + 2i2 + 2i3 + 2i4)

+

...

+ 2n−j(2j−1 − 1)(
n−1∑

i1=j−1

i1−1∑
i2=j−2

i2−1∑
i3=j−3

· · ·
ij−2−1∑
ij−1=1

2i1 + 2i2 + 2i3 + · · ·+ 2ij−1)

+

...

+ 2n−(n−1)(2n−2 − 1)(
n−1∑

i1=n−2

i1−1∑
i2=n−3

i2−1∑
i3=n−4

· · ·
in−3−1∑
in−2=1

2i1 + 2i2 + 2i3) + · · ·+ 2in−2)

+ 2n−n(2n−1 − 1)(
n−1∑

i1=n−1

i1−1∑
i2=n−2

i2−1∑
i3=n−3

· · ·
in−2−1∑
in−1=1

2i1 + 2i2 + 2i3) + · · ·+ 2in−1)
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= 2n−1(2n−1)
2
+ 2n−2(2n − 2) + 2n−33(2n − 2)(n− 2)

+ 2n−47(2n − 2)(n− 2)(n− 3) + 2n−515(2n − 2)(n− 2)(n− 3)(n− 4)

+

...

+ 2n−r(2r−1 − 1)
1

(r − 2)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (r − 1))

+

...

+ 2n−(n−1)(2n−2 − 1)
1

(n− 3)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (n− 1− 1))

+ 2n−n)(2n−1 − 1)
1

(n− 2)!
(2n−1 + 2n−2 + · · ·+ 23 + 22 + 21)(n− 2)(n− 3)(n− 4) · · · (3)(2)(1)

= 2n−1(2n−1)
2
+ 2n−2(21 − 1)(2n − 2) + 2n−3(22 − 1)(2n − 2)(n− 2)

+ 2n−4(23 − 1)(2n − 2)(n− 2)(n− 3) + 2n−5(24 − 1)(2n − 2)(n− 2)(n− 3)(n− 4)

+

...

+ 2n−r(2r−1 − 1)
1

(r − 2)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (r − 1))

+

...

+ 2n−(n−1)(2n−2 − 1)
1

(n− 3)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (n− 1− 1))

+ 2n−n)(2n−1 − 1)
1

(n− 2)!
(
2n − 2

2− 1
)(n− 2)!

= 2n−1(2n−1)
2

+
n∑

r=2

2n−r(2r−1 − 1)
1

(r − 2)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (r − 1)).

(4.106)

We have table of coefficients in
∑

V P l(V ) by neglecting denominator term 2n−1

and differences of consecutive columns in round brackets as:
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n p({x1}) p({x2}) p({x3}) p({x4}) p({x5})

1 1

2 10 (1) 11

3 94 (3) 97 (6) 103

4 834 (9) 843 (18) 861 (36) 897

5 7126 (27) 7153 (54) 7207 (108) 7315 (216) 7531

Therefore for n, differences of consecutive columns are

(20)(2n−2), (21)(2n−2), (22)(2n−2), (23)(2n−2), · · · . (4.107)

Hence for n, difference of (j − 1)th and jth columns is (2j−2)(2n−2) = 2n+j−4. Now

difference of first and jth columns is sum of differences of consecutive columns viz.

first and second columns, second and third columns, third and fourth columns up

to (j − 1)th and jth columns. Therefore difference of first and jth columns is

(20)(2n−2) + (21)(2n−2) + (22)(2n−2) + (23)(2n−2) + · · ·+ (2j−2)(2n−2)

= (2n−2)[20 + 21 + 22 + 23 + · · ·+ 2j−2]

= (2n−2)[1 + 2 + 22 + 23 + · · ·+ 2j−2]

= (2n−2)[
2j−1 − 1

2− 1
]

= (2n−2)(2j−1 − 1)

(4.108)

The coefficient of p({xj}) by neglecting denominator term 2n−1 is sum of coeffi-

cient of p({x1}) by neglecting denominator term 2n−1 and difference of first and

jth columns. The coefficient of p({xj}) by neglecting denominator term 2n−1 is

2n−1(2n−1)
2
+

n∑
r=2

2n−r(2r−1 − 1)
1

(r − 2)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (r − 1))

+ (2n−2)(2j−1 − 1)

(4.109)
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Finally, the coefficient of p({xj}) by considering denominator term 2n−1 is

1/(2n−1)[2n−1(2n−1)
2
+

n∑
r=2

2n−r(2r−1 − 1)
1

(r − 2)!
(2n − 2)(n− 2)(n− 3)(n− 4) · · · (n− (r − 1))

+ (2n−2)(2j−1 − 1)]

(4.110)

Therefore
2n−1∑
V=0

V P l(V ) =
n∑

j=1

Coeff. of p({xj} · p({xj}. (4.111)

4.7.2 Calculation of
∑

V rPl(V )

Now consider

2n−1∑
V=0

V rPl(V ) = 0rPl(0) + 1rPl(1) + 2rPl(2) + 3rPl(3)

+ 4rPl(4) +r 5Pl(5) + 6rPl(6) + 7rPl(7)

+ 8rPl(8) + 9rPl(9) + 10rPl(10) + 11rPl(11)

+ 12rPl(12) + 13rPl(13) + 14rPl(14) + 15rPl(15)

+

...

+ · · ·+ (2n − 1)rPl(2n − 1)
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= 0rPl(∅) + 1rPl({x1}) + 2rPl({x2}) + 3rPl({x1, x2})

+ 4rPl({x3}) + 5rPl({x1, x3}) +r 6Pl({x2, x3})

+ 7rPl({x1, x2, x3}) + 8rPl({x4}) + 9rPl({x1, x4})

+ 10rPl({x2, x4}) + 11rPl({x1, x2, x4})

+ 12rPl({x3, x4}) + 1r3Pl({x1, x3, x4})

+ 14rPl({x2, x3, x4}) + 15rPl({x1, x2, x3, x4})

+
...

+ · · ·+ (2n − 1)rPl({x1, x2, · · · , xn})

=
1

2n−1
{0r + 1r{2n−1p({x1}) + 2n−2[p({x2}) + p({x3}) + · · ·+ p({xn})]}

+ 2r{2n−1p({x2}) + 2n−2[p({x1}) + p({x3}) + p({x4}) + · · ·+ p({xn})]}

+ 3r{2n−1(p({x1}) + p({x2})) + 3 · 2n−3[p({x3}) + p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 4r{2n−1p({x3}) + 2n−2[p({x1}) + p({x2}) + p({x4}) + · · ·+ p({xn})]}

+ 5r{2n−1(p({x1}) + p({x3})) + 3 · 2n−3[p({x2}) + p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 6r{2n−1(p({x2}) + p({x3})) + 3 · 2n−3[p({x1}) + p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 7r{2n−1(p({x1}) + p({x2}) + p({x3})) + 7 · 2n−4[p({x4}) + p({x5}) + · · ·+ p({xn})]}

+ 8r{2n−1p({x4}) + 2n−2[p({x1}) + p({x2}) + p({x3}) + p({x5}) + p({x6}) + · · ·+ p({xn})]}

+ 9r{2n−1(p({x1}) + p({x4})) + 3 · 2n−3[p({x2}) + p({x3}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 10r{2n−1(p({x2}) + p({x4})) + 3 · 2n−3[p({x1}) + p({x3}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 11r{2n−1(p({x1}) + p({x2}) + p({x4})) + 7 · 2n−4[p({x3}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 12r{2n−1(p({x3}) + p({x4})) + 3 · 2n−3[p({x1}) + p({x2}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 13r{2n−1(p({x1}) + p({x3}) + p({x4})) + 7 · 2n−4[p({x2}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+ 14r{2n−1(p({x2}) + p({x3}) + p({x4})) + 7 · 2n−4[p({x1}) + p({x5}) + p({x6})

+ · · ·+ p({xn})]}

(4.112)
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+ 15r{2n−1(p({x1}) + p({x2}) + p({x3}) + p({x4})) + 15 · 2n−5[p({x5}) + p({x6})

+ · · ·+ p({xn})]}

+

...

+ (2n − 1)r2n−1(p({x1}) + p({x2}) + p({x3}) + · · ·+ p({xn}))}

(4.113)

To calculate coefficients of p({xj}), j = 1, 2, . . . , n, we adopt steps similar to∑
V P l(V ) as explained in above section. Putting values of r equal to 2,3 and

4, we get second, third and fourth raw moments based on plausibility of set.

Remark:- Yet, we have not calculated formulae for
∑

V 2Pl(V ),
∑

V 3Pl(V ) and∑
V 4Pl(V ). Therefore at this stage, it is not possible to calculate upper limits of

other statistical quantities (except mean), using our method. To calculate lower

and upper limits of statistical quantities, this method is not simple. But in the age

of computers, this method is helpful to construct software. In this case, probability

of set, belief of set and plausibility of set, are dependent on probability of singleton

sets only. Therefore, in this case, there is no need to calculate probability of set,

belief of set and plausibility of set.

4.8 Illustrative Example

Let a discrete random variable X ∼ Binomial(n, p). Therefore p(x) =
(
n
x

)
pxqn−x.

Now we consider n = 4, p = 2/3 and q = 1− p = 1/3. The distribution of X is

X : 0 1 2 3 4 Total

p(x) : 1/81 8/81 24/81 32/81 16/81 1

Now by notation

p(v) = p(Av) v = 0, 1, 2, 3, · · · , 25 − 1
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By indexing of sets, F (x) = P (X ≤ x) = p({0, 1, 2, 3, . . . , x}) = p(Av) and only

in this case, relation between x and v is v = 2x+1 − 1, x = 0, 1, 2, 3, 4. By

lower and upper limits of probability of sets (2.5), we get Bel(Av) ≤ F (X) ≤

x) ≤ Pl(v), x = 0, 1, 2, 3, 4 andv = 2x+1 − 1 Therefore we get lower and upper

limits of distribution function of given probability distribution including the case

of subset ∅.

Now we will calculate first four raw moments of given probability distribution in

following table.

X p(X) Xp(X) X2p(X) X3p(X) X4p(X)

0 1/81 0 0 0 0

1 8/81 8/81 8/81 8/81 8/81

2 24/81 48/81 96/81 192/81 384/81

3 32/81 96/81 288/81 864/81 2592/81

4 16/81 64/81 256/81 1024/81 4096/81∑
1 216/81 648/81 2088/81 7082/81

Therefore we have µ
′
1 = 216/81, µ

′
2 = 648/81, µ

′
3 = 2088/81 and µ

′
4 = 7082/81.

Now we will calculate
∑2n−1

V=0 V kBel(V ),
∑2n−1

V=0 V kp(V ) and
∑2n−1

V=0 V kPl(V ) from

coefficients of p({xj}), j = 0, 1, 2, 3, 4. These values are given in following tables.∑
p({x0}) p({x1}) p({x2}) p({x3}) p({x4})∑

V 1Bel(V ) 1701/16 1728/16 1755/16 1782/16 1809/16∑
V 2Bel(V ) 41841/16 42930/16 45054/16 49086/16 56286/16∑
V 3Bel(V ) 1107621/16 1146618/16 1220886/16 1353006/16 1539486/16∑
V 4Bel(V ) 30555537/16 31892358/16 34374966/16 38488854/16 42916182/16∑

p({x0}) p({x1}) p({x2}) p({x3}) p({x4})∑
V 1p(V ) 256 264 280 312 376∑
V 2p(V ) 5456 5704 6200 7192 9176∑
V 3p(V ) 130816 138600 154000 183456 231616∑
V 4p(V ) 3344528 3588808 4066952 4939912 6019208
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∑
p({x0}) p({x1}) p({x2}) p({x3}) p({x4})∑

V 1Pl(V ) 7126/16 7153/16 7207/16 7315/16 7531/16∑
V 2Pl(V ) 152436/16 153021/16 154242/16 156909/16 163101/16∑
V 3Pl(V ) 3643576/16 3659137/16 3691555/16 3760063/16 3899671/16∑
V 4Pl(V ) 92587344/16 93024405/16 94720151/16 95829093/16 98742646/16

Raw Moments based on Probability of set :-

The rth ordered raw moment based on probability of set is denoted by µ
′

(r,p) and

is given by µ
′

(r,p) =
∑5

v=0 v
rp(v). Now we calculate first four raw moments based

on probability of set viz. µ
′

(1,p), µ
′

(2,p), µ
′

(3,p) and µ
′

(4,p).

µ
′

(1,p) =
25−1∑
v=0

vp(v)

= 0p(0) + 1p(1) + 2p(2) + 3p(3) + · · ·+ (25 − 1)p(25 − 1)

= 256p({x0}) + 264p({x1}) + 280p({x2}) + 312p({x3}) + 376p({x4})

= 309.728395.

(4.114)

µ
′

(2,p) =
25−1∑
v=0

v2p(v)

= 02p(0) + 12p(1) + 22p(2) + 32p(3) + · · ·+ (25 − 1)
2
p(25 − 1)

= 5456p({x0}) + 5704p({x1}) + 6200p({x2})

+ 7192p({x3}) + 9176p({x4})

= 7121.580247.

(4.115)
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µ
′

(3,p) =
25−1∑
v=0

v2p(v)

= 03p(0) + 13p(1) + 23p(2) + 33p(3) + · · ·+ (25 − 1)
3
p(25 − 1)

= 130816p({x0}) + 138600p({x1}) + 154000p({x2})

+ 183456p({x3}) + 231616p({x4})

= 179161.283951.

(4.116)

µ
′

(4,p) =
25−1∑
v=0

v2p(v)

= 04p(0) + 14p(1) + 24p(2) + 34p(3) + · · ·+ (25 − 1)
4
p(25 − 1)

= 3344528p({x0}) + 3588808p({x1}) + 4066952p({x2})

+ 4939912p({x3}) + 6019208p({x4})

= 4741312.987654.

(4.117)

Raw Moments based on Belief of set :-

The rth ordered raw moment based on belief of set is denoted by µ
′

(r,Bel) and is

given by µ
′

(r,Bel) =
∑5

v=0 v
rBel(v). Now we calculate first four raw moments based

on belief of set viz. µ
′

(1,Bel), µ
′

(2,Bel), µ
′

(3,Bel) and µ
′

(4,Bel).

µ
′

(1,Bel) =
25−1∑
v=0

vBel(v)

= 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3) + · · ·+ (25 − 1)Bel(25 − 1)

= (1/16)[1701p({x0}) + 1728p({x1}) + 1755p({x2})

+ 1782p({x3}) + 1809p({x4})]

= (1/16)[1882.333333]

= 117.645833.

(4.118)



Chapter 4. Lower and Upper Limits of Statistical Quantities 117

µ
′

(2,Bel) =
25−1∑
v=0

v2Bel(v)

= 02Bel(0) + 12Bel(1) + 22Bel(2) + 32Bel(3) + · · ·+ (25 − 1)
2
Bel(25 − 1)

= (1/16)[41841p({x0}) + 42930p({x1}) + 45054p({x2})

+ 49086p({x3}) + 56286p({x4})]

= (1/16)[48616.111111]

= 3038.506944.

(4.119)

µ
′

(3,Bel) =
25−1∑
v=0

v3Bel(v)

= 03Bel(0) + 13Bel(1) + 23Bel(2) + 33Bel(3) + · · ·+ (25 − 1)
3
Bel(25 − 1)

= (1/16)[1107621p({x0}) + 1146618p({x1}) + 1220886p({x2})

+ 1353006p({x3}) + 1539486p({x4})]

= (1/16)[1327281.444444]

= 82955.090278.

(4.120)

µ
′

(4,Bel) =
25−1∑
v=0

v4Bel(v)

= 04Bel(0) + 14Bel(1) + 24Bel(2) + 34Bel(3) + · · ·+ (25 − 1)
4
Bel(25 − 1)

= (1/16)[30555537p({x0}) + 31892358p({x1}) + 34374966p({x2})

+ 38488854p({x3}) + 42916182p({x4})]

= (1/16)[37395010.185185]

= 2337188.136574.

(4.121)
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Raw Moments based on Plausibility of set :-

The rth ordered raw moment based on plausibility of set is denoted by µ
′

(r,P l) and

is given by µ
′

(r,P l) =
∑5

v=0 v
rPl(v). Now we calculate first four raw moments based

on plausibility of set viz. µ
′

(r,P l), µ
′

(r,P l), µ
′

(r,P l) and µ
′

(r,P l).

µ
′

(1,P l) =
25−1∑
v=0

vP l(v)

= 0Pl(0) + 1Pl(1) + 2Pl(2) + 3Pl(3) + · · ·+ (25 − 1)Pl(25 − 1)

= (1/16)[7126p({x0}) + 7153p({x1}) + 7207p({x2})

+ 7315p({x3}) + 7531p({x4})]

= (1/16)[7307.333333]

= 456.708333.

(4.122)

µ
′

(2,P l) =
25−1∑
v=0

v2Pl(v)

= 02Pl(0) + 12Pl(1) + 22Pl(2) + 32Pl(3) + · · ·+ (25 − 1)
2
Pl(25 − 1)

= (1/16)[152436p({x0}) + 153021p({x1}) + 154242p({x2})

+ 156909p({x3}) + 163101p({x4})]

= (1/16)[156902.666667]

= 9806.416668.

(4.123)
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µ
′

(3,P l) =
25−1∑
v=0

v3Pl(v)

= 03Pl(0) + 13Pl(1) + 23Pl(2) + 33Pl(3) + · · ·+ (25 − 1)
3
Pl(25 − 1)

= (1/16)[3643576p({x0}) + 3659137p({x1}) + 3691555p({x2})

+ 3760063p({x3}) + 3899671p({x4})]

= (1/16)[3755935.111111]

= 234745.944444.

(4.124)

µ
′

(4,P l) =
25−1∑
v=0

v4Pl(v)

= 04Pl(0) + 14Pl(1) + 24Pl(2) + 34Pl(3) + · · ·+ (25 − 1)
4
Pl(25 − 1)

= (1/16)[92587344p({x0}) + 93024405p({x1}) + 94720151p({x2})

+ 95829093p({x3}) + 98742646p({x4})]

= (1/16)[95759006.419753]

= 5984937.901235.

(4.125)

Lower and Upper limits of Raw Moments :-

For first raw moment:-

µ
′

(1,Bel)

µ
′
(1,p)

µ
′

1 ≤ µ
′

1 ≤
µ

′

(1,P l)

µ
′
(1,Bel)

µ
′

1

117.645833

309.728395
216/81 ≤ 216/81 ≤ 456.708333

309.728395
216/81

1.012895 ≤ 2.6667 ≤ 3.932119

µ
′

1
≤ µ

′

1 ≤ µ
′

1.

(4.126)
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For second raw moment:-

µ
′

(2,Bel)

µ
′
(2,p)

µ
′

2 ≤ µ
′

2 ≤
µ

′

(2,P l)

µ
′
(2,Bel)

µ
′

2

3038.506944

7121.580247
648/81 ≤ 648/81 ≤ 9806.416668

7121.580247
648/81

3.413295 ≤ 8 ≤ 11.016001

µ
′

2
≤ µ

′

2 ≤ µ
′

2.

(4.127)

For third raw moment:-

µ
′

(3,Bel)

µ
′
(3,p)

µ
′

3 ≤ µ
′

3 ≤
µ

′

(3,P l)

µ
′
(3,Bel)

µ
′

3

82955.090278

179161.283951
2088/81 ≤ 2088/81 ≤ 234745.944444

179161.283951
2088/81

11.935621 ≤ 25.7778 ≤ 33.775315

µ
′

3
≤ µ

′

3 ≤ µ
′

3.

(4.128)

For fourth raw moment:-

µ
′

(4,Bel)

µ
′
(4,p)

µ
′

4 ≤ µ
′

4 ≤
µ

′

(4,P l)

µ
′
(4,Bel)

µ
′

4

2337188.136574

4741312.987654
7080/81 ≤ 7080/81 ≤ 5984937.901235

4741312.987654
7080/81

43.086714 ≤ 87.4074 ≤ 110.333974

µ
′

4
≤ µ

′

4 ≤ µ
′

4.

(4.129)

Central moments of probability Distribution :-

µ1 = 0.

µ2 = µ
′

2 − µ
′

1

2

= 648/81− (216/81)2

= 0.8889

(4.130)
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µ3 = µ
′

3 − 3µ
′

2µ
′

1 + 2µ
′

1

3

= 2088/81− 3(648/81)(216/81) + 2(216/81)3

= −0.2963

(4.131)

µ4 = µ
′

4 − 4µ
′

3µ
′

1 + 6µ
′

2µ
′

1

2 − 3µ
′

1

4

= 7080/81− 4(2088/81)(216/81) + 6(648/81)(216/81)2 − 3(216/81)4

= 2.0741

(4.132)

Lower and Upper Limits of Central Moments :-

µ1 ≈ [µ
′

1
− µ

′

1, µ
′

1 − µ
′

1
]

= [1.012895− 3.932119, 3.932119− 1.012895]

= [−2.919224, 2.919224]

= [µ
1
, µ1].

(4.133)

µ2 ≈ [µ
′

2
− µ

′

2

2
, µ

′

2 − µ
′

2

2
]

= [3.413295− 3.9321192, 11.016001− (1.012895)2]

= [−12.048265, 9.990045]

= [µ
2
, µ2].

(4.134)

µ3 ≈ [µ
′

3
− 3(µ

′

2)(µ
′

1) + 2(µ
′

1
)
3
,

µ
′

3 − 3(µ
′

2
)(µ

′

1
) + 2(µ

′

1

3
]

= [11.935621− 3(11.016001)(3.932119) + 2(1.012895)3,

33.775315− 3(3.413295)(1.012895) + 2(3.932119)3]

= [−115.934688, 144.996773]

= [µ
3
, µ3].

(4.135)
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µ4 ≈ [µ
′

4
− 4µ

′

3µ
′

1 + 6µ
′

2
µ

′

1

2 − 3µ
′

1

4
,

µ
′

4 − 4µ
′

3
µ

′

1
+ 6µ

′

2µ
′

1

2 − 3µ
′

1

4
]

= [43.086714− 4(33.775315)(3.932119) + 6(3.413295)(1.012895)2 − 3(3.932119)4,

110.333974− 4(11.935621)(1.012895) + 6(11.016001)(3.932119)2 − 3(1.012895)4]

= [−1184.315666, 1080.765443]

= [µ
4
, µ4].

(4.136)

Coefficient of Skewness :-

The Coefficient of Skewness = β1 =
µ2
3

µ3
2

=
(−0.2963)2

(0.8889)3

= −0.124998

(4.137)

Therefore given distribution is negatively skewed as value of µ3 is negative and it‘s

sign is given to β1.

Coefficient of Kurtosis :-

The Coefficient of Kurtosis = β2 =
µ4

µ2
2

=
2.0741

(0.8889)2

= 2.624967

(4.138)

Since value of coefficient of kurtosis β2 is less than 3, the given distribution is

platykurtic.
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Lower and Upper Limits of Skewness :-

The Coefficient of Skewness = β1 =
[0, µ3

2]

[µ
2
3, µ2

3]

=
[0, (144.996773)2]

[(−12.048265)3, (9.990045)3]

=
[0, 21024.064180]

[−1748.934455, 997.016472]

= [−∞, 0/(−1748.934455)] ∪ [0/(997.016472),∞]

= [−∞, 0] ∪ [0,∞]

= [−∞,∞]

= [β
1
, β1].

(4.139)

Lower and Upper Limits of Kurtosis :-

The Coefficient of Kurtosis = β2 =
[µ

4
, µ4]

[0, µ2
2]

=
[−1184.315666, 1080.765449]

[0, (9.990045)2]

=
[−1184.315666, 1080.765449]

[0, 99.800999]

= [−∞, 1080.765449/99.800999]

= [−∞, 10.829205]

= [β
2
, β2].

(4.140)

Remark:-

We know that sign of coefficient of skewness is dependent on sign of µ3. From

interval ( if it contains positive as well as negative values) for µ3, we can not

conclude about sign of µ3. Therefore we can not conclude about skewness of

probability distribution. But conclusion about given probability distribution is:

Value of coefficient of skewness lies in interval for coefficient of skewness. Similar

to coefficient of skewness, value of coefficient of kurtosis of probability distribution,

definitely lie in interval for coefficient of kurtosis.
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From above two conclusions, we say that end points of intervals obtained for

coefficients skewness and kurtosis, represents lower and upper limits of coefficients

of skewness and kurtosis. Similarly in intervals corresponding to raw moments and

central moments, the endpoints of respective intervals are lower and upper limits

of respective raw and central moments.

4.9 Future Scope

Using same approach, we can obtain lower and upper limits of statistical quantities

such as kth ordered raw and central moments.

4.10 Conclusion

Instead of having single value of statistical quantity, it is always better to have an

interval in which this single value is included. In this way, we include uncertainty

regarding a single value of statistical quantity. While obtaining lower and upper

limits of statistical quantities, we should be careful for getting more suitable limits.

This is one of the approach to find lower and upper limits of statistical quantities.

We hope that this approach may be very useful in future research.



Chapter 5

Lower and Upper Bounds of

Statistical Quantities for

Consonant Focal Elements

5.1 Introduction

Let random variable X follow probability distribution. Let p(x) and p(X ≤ x)

be probability mass function and distribution function of probability distribution

respectively. Let A = {ai, aj, ak} be a subset of Θ = {a1, a2, . . . , an} is of our

interest. WLOG, assume that p(A) is distribution function for some x(= s) i.e.

p(A) = p(X ≤ s). Here we assume that i, j and k are successive natural numbers

such as 1,2 and 3, in some order starting with lowest value of X, increment by 1

and less than or equal to n. If this condition is not satisfied for some probability

distribution then we search for another probability distribution, in which the above

condition is satisfied. In [21], we studied belief function, commonality function and

plausibility function related to consonant focal elements. Also, in same paper,

we obtained lower and upper bounds of statistical quantities viz. distribution

function, mean, raw and central moments, coefficients of skewness and kurtosis

for consonant focal elements.
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Figure 5.1: Consonant Focal Elements of Frame of Discernment Θ.

For consonant bba, its focal elements are nested [28]. We consider following em-

bedding of focal elements :

{a1} ⊂ {a1, a2} ⊂ {a1, a2, a3} ⊂ · · · ⊂ {a1, a2, . . . , ar} ⊂ {a1, a2, . . . , an} = Θ

(5.1)

If Ar = {a1, a2, . . . , ar}, r = 1, 2, . . . , n then A1 ⊂ A2 ⊆ A3 ⊂ . . . ,⊂ An.

5.2 Basic Belief Assignment and Related Func-

tions

We propose transformation m for consonant focal elements from subsets in em-

bedding (5.1) to [0, 1] and is defined by

m(A) =
p(A)

K
, (5.2)

where K = n∗p({a1})+(n−1)∗p({a2})+(n−2)∗p({a3})+ · · ·+2∗p({an−1})+

p({an}).
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Note that m(∅) = 0 as p(∅) = 0. Also

∑
A⊆Θ

m(A) =
p({a1}) + p({a1, a2}) + p({a1, a2, a3}) + · · ·+ p({a1, a2, . . . , an})

K

=
K

K

= 1.

Therefore, m proposed above, is a basic belief assignment [21]. Its related func-

tions are belief function, commonality function and plausibility function.

5.2.1 Belief Function

If |A| = r and |Θ| = n then number of subsets of A, containing {a1} are r,

containing {a1, a2} are r − 1, containing {a1, a2, a3} are r − 2, . . . , containing

{a1, a2, . . . , ak} are r− (k+ 1), . . . , containing {a1, a2, . . . , ar−1} are 2, containing

{a1, a2, . . . , ar} is 1. We define belief function Bel from set of subsets in embedding

(5.1) to [0, 1] by

Bel(A) =
∑
B⊆A

m(B) (5.3)

By using this definition, the belief function of set A = {a1, a2, . . . , ar} is

Bel(A) =
∑
B⊆A

m(B)

= m({a1}) +m({a1, a2}) +m({a1, a2, a3}) + · · ·+m({a1, a2, . . . , ar})

=
p({a1})

K
+

p({a1, a2})
K

+
p({a1, a2, a3})

K
+ · · ·+ p({a1, a2, . . . , ar})

K

=
1

K
{p({a1}) + p({a1, a2}) + p({a1, a2, a3}) + · · ·+ p({a1, a2, . . . , ar})}
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=
1

K
{p({a1}) + p({a1}) + p({a2}) + p({a1})

+ p({a2}) + p({a3}) + · · ·+ p({a1}) + p({a2}) + p({a3}) + · · ·+ p({ar−1})

+ p({a1}) + p({a2}) + p({a3}) + · · ·+ p({ar})}

=
1

K
{rp({a1}) + (r − 1)p({a2}) + (r − 2)p({a3}) + · · ·+ 2p({ar−1}) + p({ar})}

=
1

K

r−1∑
{ai+1}∈A;

i=0

(r − i)p({ai+1})

(5.4)

5.2.2 Commonality Function

If |A| = r and |Θ| = n, then the number of subsets of Θ containing A are such

that

A = {a1, a2, . . . , ar} is contained in n− r + 1 subsets of Θ

{a1, a2, . . . , ar, ar+1} is contained in n− r subsets of Θ

{a1, a2, . . . , ar, ar+1, ar+2} is contained in n− r − 1 subsets of Θ
...

{a1, a2, . . . , ar, ar+1, . . . , an−1} is contained in 2 subsets of Θ

{a1, a2, . . . , ar, ar+1, . . . , an−1, an} is contained in 1 (one) ( i.e. only one subset Θ)

subset of Θ.

From result : p({a1, a2, . . . , ar}) = p({a1})+p({a2})+· · ·+p({ar}) since singletons

have empty intersections. By applying this result to embedding given above, we

get

{a1}, {a2}, . . . , {ar} are repeated n− (r − 1) times,

{ar+1} is repeated n− r times,

{ar+2} is repeated n− (r + 1) times,

{ar+3} is repeated n− (r + 2) times,
...

{an−1} is repeated 2 times,

{an} is repeated only one time in all super sets of A.

We define commonality function Q from set of all subsets in embedding (5.1) to
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[0, 1] by

Q(A) =
∑
B⊇A

m(B) (5.5)

By using this definition, the commonality function of set A = {a1, a2, . . . , ar} is

Q(A) =
∑
B⊇A

m(B)

= m({a1, a2, . . . , ar}) +m({a1, a2, . . . , ar, ar+1}) +m({a1, a2, . . . , ar, ar+1, ar+2})

+ · · ·+m({a1, a2, . . . , ar, ar+1, ar+2, . . . , an})

=
1

K
{p({a1, a2, . . . , ar}) + p({a1, a2, . . . , ar, ar+1}) + p({a1, a2, . . . , ar, ar+1, ar+2})

+ · · ·+ p({a1, a2, . . . , ar, ar+1, ar+2, . . . , an})}

=
1

K
{p({a1}) + p({a2}) + · · ·+ p({ar})})

+ p({a1}) + p({a2}) + · · · p({ar}) + p({ar+1})

+ p({a1}) + p({a2}) + · · · p({ar}) + p({ar+1}) + p({ar+2})

+
...

+ p({a1}) + p({a2}) + · · · p({ar}) + p({ar+1}) + p({ar+2}) + · · ·+ p({an})}

=
1

K
{(n− (r − 1)){p({a1}) + p({a2}) + · · ·+ p({ar})}

+ (n− r)p({ar+1}) + (n− (r + 1))p({ar+2}) + · · ·+ 2p({an−1}) + p({an})}

=
1

K
{(n− (r − 1))

r∑
{ai}∈A,i=1

p({ai}) +
n∑

{ai}̸∈A,
i=r+1

(n− (i− 1))p({ai})}

(5.6)

5.2.3 Plausibility Function

By embedding (5.1), we observe that : for any subset A, subsets of Θ are either

subsets of A or supersets of A therefore they have non-empty intersections with A

i.e. for any two subsets of Θ, except ∅, have non-empty intersections hence every

subsets of Θ, except ∅, have non-empty intersection with A. We define plausibility
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function Pl from set of subsets in embedding (5.1) to [0, 1] by

Pl(A) =
∑

B⊆Θ,B∩A ̸=∅

m(B) (5.7)

By using this definition, the plausibility function of set A = {a1, a2, . . . , ar} is

Pl(A) =
∑

B⊆Θ,A∩B ̸=∅

m(B)

= m({a1}) +m({a1, a2}) +m({a1, a2, a3}) + · · ·+m({a1, a2, a3, . . . , an})

=
p({a1})

K
+

p({a1, a2})
K

+
p({a1, a2, a3})

K

+ · · ·+ p({a1, a2, a3, . . . , an})
K

=
1

K
{p({a1}) + p({a1, a2}) + p({a1, a2, a3}) + · · ·+ p({a1, a2, a3, . . . , an})}

=
1

K
{p({a1}) + p({a1}) + p({a2}) + p({a1}) + p({a2}) + p({a3})

+ · · ·+ p({a1}) + p({a2}) + p({a3}) + · · ·+ p({an})}

=
1

K
{np({a1}) + (n− 1)p({a2}) + (n− 2)p({a3}) + · · ·+ 2p({an−1}) + p({an})}

=
1

K

n−1∑
i=0

(n− i)p({ai+1})

=
1

K
K

= 1.

(5.8)

5.3 Lower and Upper Bounds

In this section, we calculate upper and lower bounds of raw and central moments,

coefficients of skewness and kurtosis [2, 25] based on probability of set, belief of set

and plausibillity of set. We have result (2.5): belief and plausibility functions are

lower and upper bounds of probability function respectively. With help of interval

arithmetics (Section 2.4) and result (2.5), we obtain lower and upper limits of

statistical quantities.
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5.3.1 Raw Moments based on Probability of Set

Here we use p(v) = p(Av) = p({a1, a2, . . . , av}), v = 1, 2, . . . , n and p(0) =

p(∅) = 0. Therefore by formula of rth ordered raw moment based on probabil-

ity of set, we have

µ
′

(r,p) =
n∑

V=0

V rp(V )

= 0rp(0) + 1rp(1) + 2rp(2) + · · ·+ nrp(n)

= 0 · 0 + 1rp({a1}) + 2rp({a1, a2}) + · · ·+ nrp({a1, a2, . . . , an})

= 1rp({a1}) + 2r{p({a1}+ p({a2})}+ · · ·+ nr{p({a1}) + p({a2}) + · · ·+ p({an})}

= (1r + 2r + 3r + · · ·+ nr)p({a1}) + (2r + 3r + 4r + · · ·+ nr)p({a2})

+ · · ·+ ((n− 1)r + nr)p({an−1}) + nrp({an})

(5.9)

5.3.2 Raw Moments based on Belief of set

As belief function is lower bound of probability function, we replace probability

of set by belief of set in equation (5.9). Therefore formula for rth ordered raw

moment based on belief of set becomes

µ
′

(r,Bel) =
n∑

V=0

V rBel(V )

=
n∑

v=1

V rBel(v) Since Bel(0) = Bel(∅) = 0

= 1rBel(1) + 2rBel(2) + 3rBel(3) + · · ·+ nrBel(n)

= 1rBel(A1) + 2rBel(A2) + 3rBel(A3) + · · ·+ nrBel(An)

= 1r
p(A1)

K
+ 2r

p(A1) + p(A2)

K
+ 3r

p(A1) + p(A2) + p(A3)

K

+ · · ·+ nr p(A1) + p(A2) + p(A3) + · · ·+ p(An)

K
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=
1

K
[1rp(A1) + 2r(p(A1) + p(A2)) + 3r(p(A1) + p(A2) + p(A3))

+ · · ·+ nr(p(A1) + p(A2) + p(A3) + · · ·+ p(An))]

=
1

K
[(1r + 2r + 3r + · · ·+ nr)p(A1) + (2r + 3r + · · ·+ nr)p(A2)

+ · · ·+ ((n− 1)r + nr)p(An−1) + nrp(An)]

=
1

K

n−1∑
i=0

{
n∑

j=0

jr −
i∑

j=0

jr}p(Ai+1)

=
1

K

n−1∑
u=0

{
n−1∑
i=u

{
n∑

j=0

jr −
i∑

j=0

jr}}p(Ai+1)

(5.10)

5.3.3 Raw Moment based on Plausibility of set

As plausibility function is upper bound of probability function, we replace prob-

ability of set by plausibility function of set in equation (5.9). Therefore we get

formula of rth ordered raw moments based on plausibility of set

µ
′

(r,P l) =
n∑

V=0

V rPl(V )

=
n∑

v=1

V rPl(v) Since Pl(0) = Pl(∅) = 0

=
n∑

v=1

V r1 Since Pl(v) = Pl(Av) = 1, v = 1, 2, . . . , n

=
n∑

v=1

V r

(5.11)

5.3.4 Upper and Lower Bounds of Raw Moments

We have obtained raw moments based on probability of set, belief of set and

plausibility of set. These moments are magnified or reduced by dividing corre-

sponding raw moments based on probability of set and multiplying corresponding
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raw moments from concerned probability distribution. i.e.

µ
′

(r,Bel) ≤ µ
′

(r,p) ≤ µ
′

(r,P l)

µ
′

(r,Bel)

µ
′
(r,p)

≤ 1 ≤
µ

′

(r,P l)

µ
′
(r,p)

µ
′

(r,Bel) · µ
′
r

µ
′
(r,p)

≤ µ
′

r ≤
µ

′

(r,P l) · µ
′
r

µ
′
(r,p)

µ
′

r
≤ µ

′

r ≤ µ
′

r

(5.12)

where µ
′
r = rth raw moment of probability distribution

5.3.5 Central Moments

We have central moments of probability distribution [2, 25] as:

µ1 = 0

µ2 = µ
′

2 − (µ
′

1)
2

µ3 = µ
′

3 − 3µ
′

2µ
′

1 + 2(µ
′

1)
3

µ4 = µ
′

4 − 4µ
′

3µ
′

1 + 6µ
′

2µ
′

1

2 − 3(µ
′

1)
4

(5.13)

Using interval arithmetic (Section 2.4) ( referred from [26]), raw moments and

corresponding lower and upper bounds of raw moments based on belief of set

and plausibility of set respectively, we obtain lower and upper bounds of central

moments of probability distribution.

Lower and Upper Limits of Central Moments :-

For first central moment, we have

µ1 = 0

⇒ µ1 = µ1 − µ1

≈ [µ
′

1
, µ

′

1]− [µ
′

1
, µ

′

1]

= [µ
′

1
− µ

′

1, µ
′

1 − µ
′

1
].

(5.14)
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For second central moment, we have

µ2 = µ
′

2 − µ
′

1

2

≈ [µ
′

2
, µ

′

2]− [µ
′

1
, µ

′

1]
2

= [µ
′

2
, µ

′

2]− [µ
′

1

2
, µ

′

1

2
]

= [µ
′

2
− µ

′

1

2
, µ

′

2 − µ
′

1

2
].

(5.15)

For third central moment, we have

µ3 = µ
′

3 − 3(µ
′

2)(µ
′

1) + 2µ
′

1

2

≈ [µ
′

3
, µ

′

3]− 3[µ
′

2
, µ

′

2][µ
′

1
, µ

′

1] + 2[µ
′

1
, µ

′

1]
3

= [µ
′

3
, µ

′

3]− 3[(µ
′

2
)(µ

′

1
), (µ

′

2)(µ
′

1)] + 2[µ
′

1

3
, µ

′

1

3
]

= [µ
′

3
, µ

′

3]− [3(µ
′

2
)(µ

′

1
), 3(µ

′

2)(µ
′

1)] + [2µ
′

1

3
, 2µ

′

1

3
]

= [µ
′

3
− 3(µ

′

2)(µ
′

1) + 2µ
′

1

3
, µ

′

3 − 3(µ
′

2
)(µ

′

1
) + 2µ

′

1

3
].

(5.16)

For fourth central moment, we have

µ4 = µ
′

4 − 4(µ
′

3)(µ
′

1) + 6(µ
′

2)(µ
′

1)
2 − 3µ

′

1

4

≈ [µ
′

4
, µ

′

4]− 4[µ
′

3
, µ

′

3][µ
′

1
, µ

′

1]

+ 6[µ
′

2
, µ

′

2][µ
′

1
, µ

′

1]
2 − 3[µ

′

1
, µ

′

1]
4

= [µ
′

4
, µ

′

4]− 4[µ
′

3
, µ

′

3][µ
′

1
, µ

′

1]

+ 6[µ
′

2
, µ

′

2][µ
′

1

2
, µ

′

1

2
]− 3[µ

′

1

4
, µ

′

1

4
]

= [µ
′

4
, µ

′

4]− 4[µ
′

3
µ

′

1
, µ

′

3µ
′

1]

+ 6[µ
′

2
µ

′

1

2
, µ

′

2µ
′

1

2
]− 3[µ

′

1

4
, µ

′

1

4
]

= [µ
′

4
, µ

′

4]− [4µ
′

3
µ

′

1
, 4µ

′

3µ
′

1]

+ [6µ
′

2
µ

′

1

2
, 6µ

′

2µ
′

1

2
]− [3µ

′

1

4
, 3µ

′

1

4
]

= [µ
′

4
− 4µ

′

3µ
′

1 + 6µ
′

2
µ

′

1

2 − 3µ
′

1

4
,

µ
′

4 − 4µ
′

3
µ

′

1
+ 6µ

′

2µ
′

1

2 − 3µ
′

1

4
].

(5.17)
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5.3.6 Coefficient of Skewness and Kurtosis

Using interval arithmetic (Section 2.4) and lower and upper limits of central mo-

ments, we obtain lower and upper limits of coefficient of skewness and kurtosis

as:

The Coefficient of Skewness = β1 =
µ3

2

µ2
3

≈
[µ

3
, µ3]

2

[µ
2
, µ2]

3

=
[0, µ3

2]

[µ
2
3, µ2

3]

(5.18)

The Coefficient of Kurtosis = β2 =
µ4

µ2
2

≈
[µ

4
, µ4]

[µ
2
, µ2]

2

=
[µ

4
, µ4]

[0, µ2
2]

(5.19)

Remark :- Here we have obtained the lower and upper limits of central mo-

ments and hence lower and upper limits of coefficients of skewness and kurtosis.

We observe that values of central moments and coefficients of skewness and kur-

tosis from probability distribution always lie between lower and upper limits of

central moments and lower and upper limits of coefficients of skewness and kurtosis

respectively.

5.4 Illustrative Example

Let X ∼ Binomial(n, p) [2, 25]. Therefore

p(x) =

(
n

x

)
pxqn−x. (5.20)
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Now we consider n = 4, p = 2/3 and q = 1− p = 1/3. The distribution of X is

X : 0 1 2 3 4 Total

p(x) : 1/81 8/81 24/81 32/81 16/81 1

For consonant bba, focal elements have embedding as :

∅ ⊂ {0} ⊂ {0, 1} ⊂ {0, 1, 2} ⊂ {0, 1, 2, 3} ⊂ {0, 1, 2, 3, 4} (5.21)

Now we will calculate probability, basic belief assignment, belief, commonality and

plausibility of sets and represent in following table.

Subset Prob(·) m(·) Bel(·) Q(·) Pl(·)

A0 = ∅ 0 0 0 1=189/189 0

A1 = {0} 1/81 1/189 1/189 1=189/189 1

A2 = {0, 1} 9/81 9/189 10/189 188/189 1

A3 = {0, 1, 2} 33/81 33/189 43/189 179/189 1

A4 = {0, 1, 2, 3} 65/81 65/189 108/189 146/189 1

A5 = {0, 1, 2, 3, 4} 81/81=1 81/189 189/189=1 81/189 1∑
189/81 1 351/189 783/189 5

From above table, we get lower and upper bounds of distribution function of given

probability distribution as belief and plausibility functions are lower and upper

bounds of probability function respectively, i.e. Bel(Av) ≤ p(V ≤ v − 1) ≤

Pl(Av), v = 0, 1, 2, 3, 4, 5 including the case of subset ∅ (2.5).

Now we use notation

p(v) = p(Av) = {0, 1, 2, 3, . . . , v − 1} v = 0, 1, 2, 3, 4, 5.

Raw Moments based on Probability of set :-

The rth ordered raw moment based on probability of set is denoted by µ
′

(r,p) and

is given by µ
′

(r,p) =
∑5

v=0 v
rp(v). Now we calculate first four raw moments based
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on probability of set viz. µ
′

(1,p), µ
′

(2,p), µ
′

(3,p) and µ
′

(4,p).

µ
′

(1,p) =
5∑

v=0

vp(v)

= 0p(0) + 1p(1) + 2p(2) + 3p(3) + 4p(4) + 5p(5)

= 0 · 0 + 1(1/81) + 2(9/81) + 3(33/81) + 4(65/81) + 5(81/81)

= 783/81.

(5.22)

µ
′

(2,p) =
5∑

v=0

v2p(v)

= 02p(0) + 12p(1) + 22p(2) + 32p(3) + 42p(4) + 52p(5)

= 0 · 0 + 1(1/81) + 4(9/81) + 9(33/81) + 16(65/81) + 25(81/81)

= 3381/81.

(5.23)

µ
′

(3,p) =
5∑

v=0

v3p(v)

= 03p(0) + 13p(1) + 23p(2) + 33p(3) + 43p(4) + 53p(5)

= 0 · 0 + 1(1/81) + 8(9/81) + 27(33/81) + 64(65/81) + 125(81/81)

= 15249/81.

(5.24)

µ
′

(4,p) =
5∑

v=0

v4p(v)

= 04p(0) + 14p(1) + 24p(2) + 34p(3) + 44p(4) + 54p(5)

= 0 · 0 + 1(1/81) + 16(9/81) + 81(33/81) + 256(65/81) + 625(81/81)

= 70083/81.

(5.25)
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Raw Moments based on Belief of set :-

The rth ordered raw moment based on belief of set is denoted by µ
′

(r,Bel) and is

given by µ
′

(r,Bel) =
∑5

v=0 v
rBel(v). Now we calculate first four raw moments based

on belief of set viz. µ
′

(1,Bel), µ
′

(2,Bel), µ
′

(3,Bel) and µ
′

(4,Bel).

µ
′

(1,Bel) =
5∑

v=0

vBel(v)

= 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3) + 4Bel(4) + 5Bel(5)

= 0 · 0 + 1(1/1891) + 2(10/189) + 3(43/189) + 4(108/189) + 5(189/189)

= 1527/189.

(5.26)

µ
′

(2,Bel) =
5∑

v=0

v2Bel(v)

= 02Bel(0) + 12Bel(1) + 22Bel(2) + 32Bel(3) + 42Bel(4) + 52Bel(5)

= 0 · 0 + 1(1/189) + 4(10/189) + 9(43/189) + 16(108/189) + 25(189/189)

= 6881/189.

(5.27)

µ
′

(3,Bel) =
5∑

v=0

v3Bel(v)

= 03Bel(0) + 13Bel(1) + 23Bel(2) + 33Bel(3) + 43Bel(4) + 53Bel(5)

= 0 · 0 + 1(1/189) + 8(10/189) + 27(43/189) + 64(108/189) + 125(189/189)

= 31779/189.

(5.28)
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µ
′

(4,Bel) =
5∑

v=0

v4Bel(v)

= 04Bel(0) + 14Bel(1) + 24Bel(2) + 34Bel(3) + 44Bel(4) + 54Bel(5)

= 0 · 0 + 1(1/189) + 16(10/189) + 81(43/189) + 256(108/189) + 625(189/189)

= 149417/189.

(5.29)

Raw Moments based on Plausibility of set :-

The rth ordered raw moment based on plausibility of set is denoted by µ
′

(r,P l) and

is given by µ
′

(r,P l) =
∑5

v=0 v
rPl(v). Now we calculate first four raw moments based

on plausibility of set viz. µ
′

(1,P l), µ
′

(2,P l), µ
′

(3,P l) and µ
′

(4,P l).

µ
′

(1,P l) =
5∑

v=0

vP l(v)

= 0Pl(0) + 1Pl(1) + 2Pl(2) + 3Pl(3) + 4Pl(4) + 5Pl(5)

= 0 · 0 + 1(1) + 2(1) + 3(1) + 4(1) + 5(1)

= 15.

(5.30)

µ
′

(2,P l) =
5∑

v=0

v2Pl(v)

= 02Pl(0) + 12Pl(1) + 22Pl(2) + 32Pl(3) + 42Pl(4) + 52Pl(5)

= 0 · 0 + 1(1) + 4(1) + 9(1) + 16(1) + 25(1)

= 55.

(5.31)

µ
′

(3,P l) =
5∑

v=0

v3Pl(v)

= 03Pl(0) + 13Pl(1) + 23Pl(2) + 33Pl(3) + 43Pl(4) + 53Pl(5)

= 0 · 0 + 1(1) + 8(1) + 27(1) + 64(1) + 125(1)

= 225.

(5.32)
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µ
′

(4,P l) =
5∑

v=0

v4Pl(v)

= 04Pl(0) + 14Pl(1) + 24Pl(2) + 34Pl(3) + 44Pl(4) + 54Pl(5)

= 0 · 0 + 1(1) + 16(1) + 81(41) + 256(1) + 625(1)

= 979.

(5.33)

Lower and Upper bounds of Raw Moments :-

For first raw moment:-

µ
′

(1,Bel)

µ
′
(1,p)

µ
′

1 ≤ µ
′

1 ≤
µ

′

(1,P l)

µ
′
(1,p)

µ
′

1

1527/189

783/81
216/81 ≤ 216/81 ≤ 15/189

783/81
216/81

329832

147987
≤ 216/81 ≤ 3240

783

2.2288 ≤ 2.6667 ≤ 4.1379

µ
′

1
≤ µ

′

1 ≤ µ
′

1.

(5.34)

For second raw moment:-

µ
′

(2,Bel)

µ
′
(2,p)

µ
′

2 ≤ µ
′

2 ≤
µ

′

(2,P l)

µ
′
(2,p)

µ
′

2

6881/189

3399/81
648/81 ≤ 648/81 ≤ 55/189

3399/81
648/81

4458888

642411
≤ 648/81 ≤ 35640

3399

6.9409 ≤ 8 ≤ 10.4854

µ
′

2
≤ µ

′

2 ≤ µ
′

2.

(5.35)
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For third raw moment:-

µ
′

(3,Bel)

µ
′
(3,p)

µ
′

3 ≤ µ
′

3 ≤
µ

′

(3,P l)

µ
′
(3,p)

µ
′

3

31779/189

15249/81
2088/81 ≤ 2088/81 ≤ 225/189

15249/81
2088/81

66354552

2882061
≤ 2088/81 ≤ 3469800

15249

23.0233 ≤ 25.7778 ≤ 30.8086

µ
′

3
≤ µ

′

3 ≤ µ
′

3.

(5.36)

For fourth raw moment:-

µ
′

(4,Bel)

µ
′
(4,p)

µ
′

4 ≤ µ
′

4 ≤
µ

′

(4,P l)

µ
′
(4,P l)

µ
′

4

149417/189

70083/81
7080/81 ≤ 7080/81 ≤ 979/189

70083/81
7080/81

1057872360

13245678
≤ 7080/81 ≤ 6931320

70083

79.8654 ≤ 87.4074 ≤ 98.9016

µ
′

4
≤ µ

′

4 ≤ µ
′

4.

(5.37)

Central moments of probability Distribution :-

µ1 = 0.

µ2 = µ
′

2 − µ
′

1

2

= 648/81− (216/81)2

= 0.8889

(5.38)

µ3 = µ
′

3 − 3µ
′

2µ
′

1 + 2µ
′

1

3

= 2088/81− 3(648/81)(216/81) + 2(216/81)3

= 0.2963

(5.39)
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µ4 = µ
′

4 − 4µ
′

3µ
′

1 + 6µ
′

2µ
′

1

2 − 3µ
′

1

4

= 7080/81− 4(2088/81)(216/81) + 6(648/81)(216/81)2 − 3(216/81)4

= 2.0741

(5.40)

Lower and Upper Bounds of Central Moments :-

µ1 = [µ
′

1
− µ

′

1, µ
′

1 − µ
′

1
]

= [2.2288− 4.1379, 4.1379− 2.2288]

= [−1.9091, 1.9091]

= [µ
1
, µ1].

(5.41)

µ2 = [µ
′

2
− µ

′

1

2
, µ

′

2 − µ
′

1

2
]

= [6.9409− 4.13792, 10.4854− 2.22882]

= [−10.1813, 5.5779]

= [µ
2
, µ2].

(5.42)

µ3 = [µ
′

3
− 3(µ

′

2)(µ
′

1) + 2µ
′

1

3
, µ

′

3 − 3(µ
′

2
)(µ

′

1
) + 2µ

′

1

3
]

= [23.0233− 3(10.4854)(4.1379) + 22.22883, 30.8086− 3(6.9409)(2.2288) + 24.13793]

= [−84.9960, 128.0991]

= [µ
3
, µ3].

(5.43)
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µ4 = [µ
′

4
− 4µ

′

3µ
′

1 + 6µ
′

2
µ

′

1

2 − 3µ
′

1

4
,

µ
′

4 − 4µ
′

3
µ

′

1
+ 6µ

′

2µ
′

1

2 − 3µ
′

1

4
]

= [79.8654− 4(30.8086)(4.1379) + 6(6.9409)(2.2288)2 − 3(4.1379)4,

98.9016− 4(23.0233)(2.2288) + 6(10.4854)(4.1379)2 − 3(2.2288)4]

= [−1102.7015, 896.8144]

= [µ
4
, µ4].

(5.44)

Coefficient of Skewness :-

The Coefficient of Skewness = β1 =
µ2
3

µ3
2

=
(−0.2963)2

(0.8889)3

= 0.124998

(5.45)

Therefore given distribution is negatively skewed as value of µ3 is negative and it‘s

sign is given to β1.

Coefficient of Kurtosis :-

The Coefficient of Kurtosis = β2 =
µ4

µ2
2

=
2.0741

(0.8889)2

= 2.624967

(5.46)

Since value of coefficient of kurtosis β2 is less than 3, the given distribution is

platykurtic.
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Lower and Upper Limits of Skewness :-

The Coefficient of Skewness = β1 =
[0, µ3

2]

[µ
2
3, µ2

3]

=
[0, (128.0991)2]

[(−10.1813)3, (5.5779)3]

=
[0, 16409.3794]

[−1055.3820, 173.5450]

= [−∞, 0/(−1055.3822)] ∪ [0/(173.5450),∞]

= [−∞, 0] ∪ [0,∞]

= [−∞,∞]

= [β
1
, β1].

(5.47)

Lower and Upper Limits of Kurtosis :-

The Coefficient of Kurtosis = β2 =
[µ

4
, µ4]

[0, µ2
2]

=
[−1102.7015, 896.8144]

[0, (5.5779)2]

=
[−1102.7015, 896.8144]

[0, 31.11297]

= [−∞, 896.8144/31.11297]

= [−∞, 28.8244]

= [β
2
, β2].

(5.48)

Remark:-

We know that sign of coefficient of skewness is dependent of sign of µ3. From

interval (it it contains positive as well as negative values ) for µ3, we can not

conclude about sign of µ3. Therefore we can not conclude about skewness of

probability distribution. But conclusion about given probability distribution is as:

Value of coefficient of skewness definitely lie in interval for coefficient of skewness.

Similar to coefficient of skewness, value of coefficient of kurtosis of probability

distribution definitely lie in interval for coefficient of kurtosis.
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From above two conclusions, we say that end points of intervals obtained for

coefficients skewness and kurtosis represents lower and upper limits of coefficients

of skewness and kurtosis. Similarly, from intervals corresponding to raw moments

and central moments, the endpoints of respective intervals are lower and upper

limits of respective raw and central moments.



Chapter 6

Support Functions and

Combination Rules

6.1 Introduction

In [16], we studied simple support functions based on cardinality of set and prob-

ability of set for two dimensions. In [15], we studied simple support functions for

three dimensions and hence k-dimensions. Also, in same paper, we studied these

simple support functions in which degree of support is replaced by probability of

set. In [17], we studied the cases A1 ∩ A2,∩A3 = ∅, pairwise disjoint and mixing

of these two cases, for three dimensions.

In this chapter, we propose a simple support function based on our defined basic

belief assignment ( 3.3). Also we study effect of this simple support function on

Bernaulli‘s combination rule, combination rule for heterogeneous evidences (non-

empty intersection) and combination rule for conflicting evidences (empty inter-

section), for two, three and hence k-dimensions.

146
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6.2 Simple Support Functions Based on Proba-

bility Mass Functions

In [28], detailed information about simple support functions is given. In this

section, we consider some particular cases and study corresponding changes.

6.2.1 Simple Support Function based on Cardinality of

Set

Let Θ be a frame of discernment. A function m : 2Θ → [0, 1] is basic belief

assignment ( or basic probability assignment ) if m(∅) = 0 and
∑

A⊆Θm(B) = 1.

Definition 6.1. If A ⊆ Θ and |A| and |Θ| are cardinalities of set A and the

frame of discernment Θ respectively. Let s =
|A|
|Θ|

is the degree of support for

A, where 0 ≤ s ≤ 1. The simple support function S : 2Θ → [0, 1] focused on

A have basic probability numbers m(A) =
|A|
|Θ|

,m(Θ) = 1 − |A|
Θ

and m(B) = 0,

for all A ̸= B ̸= Θ. This simple support function S focused on A and based on

cardinality of set A, is given by

S(B) =


0 if B does not contain A

s =
|A|
|Θ|

if B contains A but B ̸= Θ.

1 if B = Θ

(6.1)

Notes :-

1. If S is a simple support function focused on A then S is a belief function with

basic probability numbers m(A) = S(A), m(Θ) = 1−S(A) and m(B) = 0

for all other B ⊂ Θ.

2. Here all simple support functions based on same cardinality of set, focused

on A, are same. Therefore combination of such simple support functions,
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is repeated application of same simple support function with itself. By

Bernaulli‘s rule of combination of support functions, when same simple sup-

port function is combined n times with itself then resulting simple support

function have basic probability numbers m(A) = 1 − (1− s)n and m(Θ) =

(1− s)n, where s is degree of support for A. Also, S(A) = 1− (1− s)n. If n

is sufficiently large then S(A) tends to 1.

6.2.2 Simple Support Function Based on Probability Mass

Function of distributions

Let (Θ, p) be a probability space. The probability of subset A of Θ play the role

of degree of support.

Definition 6.2. Let p(A) be a probability mass function of set A ⊆ Θ by discrete

probability distribution i.e. 0 ≤ p(A) ≤ 1. The degree of support for A is s = p(A).

The simple support function S : 2Θ → [0, 1] focused on A and based on probability

of set A, is given by

S(B) =


0 if B does not contain A

s = p(A) if B contains A but B ̸= Θ.

1 if B = Θ

(6.2)

Notes :-

1. If S is a simple support function focused on A, then S is a belief function

with basic probability numbers m(A) = S(A) = p(A), m(Θ) = 1−S(A) =

1− p(A) and m(B) = 0 for all other B ⊂ Θ.

2. Here all simple support functions focused on A and based on same probability

mass function of discrete probability distribution, are same. By Bernaulli‘s

rule of combination of simple support functions, when same simple support

function focused on A, is combined n times with itself then resulting simple
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Figure 6.1: Bernaoulli rule of Combination for 3D

support function have basic probability numbers m(A) = 1 − (1− p(A))n

and m(Θ) = (1− p(A))n where s is degree of support for A. Also S(A) =

1− (1− p(A))n. If n is sufficiently large then S(A) tends to 1.

In [16], simple support functions are based on probability mass function of dis-

crete probability distributions and similar results are obtained about Bernaulli‘s

combination rule, combination rules for heterogeneous evidences and conflicting

evidences.

6.2.3 Simple Support Function Based on pmf for Three

Dimensions

A: Bernoulli‘s Rule of Combination:-

In [15], Bernaoulli‘s rule of Combination for 3D, is explained as: Suppose one

evidence body has precise supporting effect for A ⊂ Θ with degree s1. Another

completely separate evidence bodies have precise supporting effects for A with

s2 and s3 respectively. The degree of support for A, is obtained by pmf of first

distribution i.e. s1(A) = p1(A). Another completely separate evidence bodies have



Chapter 6. Support Functions and Combination Rules 150

precise supporting effect for A obtained by pmf of second and third distribution

are s2(A) = p2(A) and s3(A) = p3(A) respectively. Then degree of support for A

based on these three bodies of evidences together i.e. total evidence is

s(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A))

s(A) = s1(A) + s2(A)(1− s1(A)) + s3(A)(1− s1(A))(1− s2(A))

s(A) = s2(A) + s1(A)(1− s2(A)) + s3(A)(1− s1(A))(1− s2(A))

s(A) = s3(A) + s1(A)(1− s3(A)) + s2(A)(1− s1(A))(1− s3(A)).

Remarks:-

1. The degree of support for A based on the total evidence, is greater than its

degree of support for A based on either of the separate bodies of evidence

i.e s(A) > s1(A), s(A) > s2(A) and s(A) > s3(A).

2. “ Bernoulli‘s rule of combination is a special case of Dempster‘s rule of

combination.” This argument is justified as: A simple support function S1

has basic probability numbers m1(A) = s1(A) and m1(Θ) = 1 − s1(A).

Second simple support function S2 has basic probability numbers m2(A) =

s2(A) and m2(Θ) = 1 − s2(A). Third simple support function S3 has basic

probability numbers m3(A) = s3(A) and m3(Θ) = 1− s3(A).

By referring to figure of Bernaulli‘s rule of combination for three dimensions,

the only parallelepiped of measure (1− s1(A))(1− s2(A))(1− s3(A)) is not

related to A i.e. related to Θ. The orthogonal sum S = S1 ⊕ S2 ⊕ S3 has

basic probability numbers as:

m(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A))

m(Θ) = (1− s1(A))(1− s2(A))(1− s3(A))

and m(B) = 0 ifA ̸= B ̸= Θ.



Chapter 6. Support Functions and Combination Rules 151

The simple support function S is focused on A with

S(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A)).

In [15], for simple support functions, degrees of support are replaced by probabil-

ities of discrete probability distributions and similar result is obtained.

B: The Weight of Evidence:-

If w1, w2, w3 are the weights of evidence underlying the simple support functions

S1, S2, S3 respectively. The weight of evidence underlying their orthogonal sum is

w1 + w2 + w3.

i.e. If g(w1) = s1(A), g(w2) = s2(A), g(w3) = s3(A) then

g(w1 + w2 + w3) = 1− (1− s1(A))(1− s2(A))(1− s3(A)).

If f(wj) = 1− g(wj), j = 1, 2, 3 then

f(wj) = 1− sj(A), j = 1, 2, 3

⇒ f(w1 + w2 + w3) = 1 − g(w1 + w2 + w3) = (1 − s1)(1 − s2)(1 − s3) =

f(w1)f(w2)f(w3). Hence f(w1 + w2 + w3) = f(w1)f(w2)f(w3). Therefore f must

be exponential.

∴ f(wj) = e−wj and g(wj) = 1− e−wj , j = 1, 2, 3.

As f : [0,∞] → [0, 1] and g(wj) = 1− e−wj ⇒ sj(A) = 1− e−wj , j = 1, 2, 3.

Solving above equations for wj, j = 1, 2, 3, we get

wj = −ln(1− sj(A)), j = 1, 2, 3.

Note : - The weight of evidence can take any non-negative value, including zero

and infinity. If weight of evidence is zero then degree of support is zero and if
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Figure 6.2: Heterogeneous Evidences for 3D

weight of evidence is infinite then degree of support is one or certainty.

In [15], degrees of simple support functions are replaced by probabilities of discrete

probability distributions and similar result is obtained.

C: Heterogeneous Evidences :-

We combine evidence which points to a proposition A1 with evidences which does

not point to a proposition A1 but different propositions which are compatible with

proposition A1 viz. propositions A2, A3. Such combination provides a support not

only for A1, A2 and A3 separately but also for the conjunction A1 ∩ A2 ∩ A3.

Suppose A1 ∩ A2 ∩ A3 ̸= ∅. Let Sj, j = 1, 2, 3 be a simple support function

focused on Aj with Sj(A) = sj(A). We combine S1, S2 and S3. By Dempster‘s

rule, A1 ∩ A2 ∩ A3 is supported by the quantity s1(A1)s2(A2)s3(A3). By figure of

heterogeneous evidences, the orthogonal sum S = S1⊕S2⊕S3 has basic probability
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numbers as:

m(A1 ∩ A2 ∩ A3) = s1(A1)s2(A2)s3(A3),

m(A1 ∩ A2) = s1(A1)s2(A2)(1− s3(A3)),

m(A1 ∩ A3) = s1(A1)s3(A3)(1− s2(A2)),

m(A2 ∩ A3) = s2(A2)s3(A3)(1− s1(A1)),

m(A1) = s1(A1)(1− s2(A2))(1− s3(A3)),

m(A2) = s2(A2)(1− s1(A1))(1− s3(A3)),

m(A3) = s3(A3)(1− s1(A1))(1− s2(A2)),

m(Θ) = (1− s1(A1))(1− s2(A2))(1− s3(A3))

and m(B) = 0 if B is none of the above mentioned subsets of Θ.
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Therefore, orthogonal sum S = S1 ⊕ S2 ⊕ S3 is

S(C) =



0 if C does not contain A1 ∩ A2 ∩ A3

s1(A1)s2(A2)s3(A3) if C contains A1 ∩ A2 ∩ A3 but neither

A1 ∩ A2 nor A1 ∩ A3 nor A2 ∩ A3

s1(A1)s2(A2) if C contains A1 ∩ A2 but neither

A1 ∩ A3 nor A2 ∩ A3

s1(A1)s3(A3) if C contains A1 ∩ A3 but neither

A1 ∩ A2 nor A2 ∩ A3

s2(A2)s3(A3) if C contains A2 ∩ A3 but neither

A1 ∩ A2 nor A1 ∩ A3

s1(A1)s2(A2) + s1(A1)s3(A3) if C contains A1 ∩ A2 and

−s1(A1)s2(A2)s3(A3) A1 ∩ A3 but not A2 ∩ A3

s1(A1)s2(A2) + s2(A2)s3(A3) if C contains A1 ∩ A2 and

−s1(A1)s2(A2)s3(A3) A2 ∩ A3 but not A1 ∩ A3

s1(A1)s2(A3) + s2(A2)s3(A3) if C contains A1 ∩ A3 and

−s1(A1)s2(A2)s3(A3) A2 ∩ A3 but not A1 ∩ A2

s1(A1) if C contains A1 but neither A2 nor A3

s2(A2) if C contains A2 but neither A1 nor A3

s3(A3) if C contains A3 but neither A2 nor A3

s1(A1) + s2(A2)− s1(A1)s2(A2) if C contains A1 and A2 but not A3

s1(A1) + s3(A3)− s1(A1)s3(A3) if C contains A1 and A3 but not A2

s2(A2) + s3(A3)− s2(A2)s3(A3) if C contains A2 and A3 but not A1

1− (1− s1(A1))(1− s2(A2))(1− s3(A3)) if C contains A1, A2 and A3 but C ̸= Θ

1 if C = Θ

(6.3)

for all C ⊆ Θ.
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In other words, we write above support function S = S1 ⊕ S2 ⊕ S3 with basic

probability numbers:

m(∩Aj) =
∏

i = 13sj(Aj)(1− si(Ai)), i ̸= j, i, j = 1, 2, 3.

for j ∈ {1, 2, 3}, i ∈ {1, 2, 3}, i ̸= j and for any p ∈ {1, 2, 3} either p = i or p = j.

m(Θ) =
3∏

j=1

(1− sj(Aj)).

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

The orthogonal sum S = S1 ⊕ S2 ⊕ S3 is given by

S(C) =



0 if C does not contain ∩3
j=1Aj∑

I⊆{1,2,...,k≤3}
I ̸=∅

(−1)|I|+1si(∩i∈IAi) If C contains ∪j∈I⊆{1,2,...,k≤3}Aj

1−
∏3

j=1(1− sj(Aj)) if C contains subsets Aj, j = 1, 2, 3 but C ̸= Θ

1 if C = Θ

(6.4)

for all C ⊆ Θ .

In [17], we have replaced degrees of support sj(Aj), j = 1, 2, 3 by probabilities

of discrete probability distributions pj(Aj).

D: Conflicting Evidences [17]

For three dimensions, conflicting evidences have following cases:

I Evidences are pairwise disjoint.

II A1 ∩ A2 ∩ A3 = ∅.

III Mixing of above two cases.

Case I: Evidences are pairwise disjoint

Let simple support function S1 is focused on A1 with degree of support s1(A1).

Let simple support function S2 is focused on A2 with degree of support s2(A2).

Let simple support function S3 is focused on A3 with degree of support s3(A3).
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Figure 6.3: Conflicting Evidences for 3D

By figure of conflicting evidences for three dimensions, the parallelepipeds corre-

sponding to A1 ∩ A2, A1 ∩ A3, A2 ∩ A3 and A1 ∩ A2 ∩ A3 are related to ∅. For

application of Dempster‘s rule, we must eliminate corresponding parallelepipeds.

Therefore decrease the measures of the remaining parallelepipeds by quantity re-

ciprocal of 1− s1(A1)s2(A2)s3(A3)− s1(A1)s2(A2)(1− s3(A3))− s1(A1)s3(A3)(1−

s2(A2)− s2(A2)s3(A3)(1− s1(A1)). The orthogonal sum S of S1, S2 and S3, have

basic probability numbers

m(A1) = s1(A1)(1− s2(A2))(1− s3(A3))/K,

m(A2) = s2(A2)(1− s1(A1))(1− s3(A3))/K,

m(A3) = s3(A3)(1− s1(A1))(1− s2(A2))/K,

m(Θ) = (1− s1(A1))(1− s2(A2))(1− s3(A3))/K,

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

where K = 1− s1(A1)s2(A2)s3(A3)− s1(A1)s2(A2)(1− s3(A3))− s1(A1)s3(A3)(1−

s2(A2))− s2(A1)s3(A2)(1− s1(A1)) .

Also, sum of basic probability numbers corresponding to all parallelepipeds is one.

The orthogonal sum S = S1⊕S2⊕S3 is a separable support function and is given
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by

S(C) =



0 If C contains neither A1 nor A2 nor A3

s1(A1)(1− s2(A2))(1− s3(A3))

K
If C contains A1 but neither A2 nor A3 .

s2(A2)(1− s1(A1))(1− s3(A3))

K
If C contains A2 but neither A1 nor A3 .

s3(A3)(1− s1(A1))(1− s2(A2))

K
If C contains A3 but neither A1 nor A2 .

s1(A1)(1− s2(A2))(1− s3(A3))

K
If C contains A1 and A2 but not A3 .

+
s2(A2)(1− s1(A1))(1− s3(A3))

K
s1(A1)(1− s2(A2))(1− s3(A3))

K
If C contains A1 and A3 but not A2 .

+
s3(A3)(1− s1(A1))(1− s2(A2))

K
s2(A2)(1− s1(A1))(1− s3(A3))

K
If C contains A2 and A3 but not A1 .

+
s3(A3)(1− s1(A1))(1− s2(A2))

K
s1(A1)(1− s2(A2))(1− s3(A3))

K
If C contains A1, A2 and A3 but C ̸= Θ .

+
s2(A2)(1− s1(A1))(1− s3(A3))

K

+
s3(A3)(1− s1(A1))(1− s2(A2))

K

1 If C = Θ.

(6.5)

for all C ⊆ Θ .

In other words, the orthogonal sum S = S1(A1) ⊕ S2(A2) ⊕ S3(A3) have basic

probability numbers as

m(C) =
3∑

j=1

sj(Aj)
∏

i∈{1,2,3}

(1− si(Ai))/K, if C contains Aj, i ̸= j, i, j = 1, 2, 3

m(Θ) =
3∏

j=1

(1− sj(Aj))/K.

and m(B) = 0 if B is none of the above mentioned subsets of Θ.
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The orthogonal sum S = S1(A1)⊕ S2(A2)⊕ S3(A3) is given by

S(C) =


0 if C contains neither Aj, j = 1, 2, 3.∑

I⊆{1,2,...,k≤3}
I ̸=∅

(−1)|I|+1si(∩i∈IAi) If C contains ∪j∈I⊆{1,2,...,k≤3}Aj

1 if C = Θ.

(6.6)

for all C ⊆ Θ.

Notes:-

1. Above mentioned orthogonal sum exists if and only if K ̸= 1.

2. Above combination rule had strengthened the hypothesis that each of the

two bodies of evidences reduces the effect of the remaining third body of

evidence.

e.g. Here the introduction of any two bodies of evidences reduce the degree

of support of the remaining body i.e for Aj, j = 1, 2, 3 degree of support

for AJ is reduced from sj(Aj) to
sj(Aj)

∏3
k ̸=j,
k=1

(1− sk(Ak))

K
. Therefore, the

greater the support for sk(Ak), gradually destroys the support for Aj, k ̸=

j, j, k = 1, 2, 3.

Here we denote the weights of evidences pointing to Aj by wj(Aj), j = 1, 2, 3.

We have relations

sj(Aj) = 1− e−wj(Aj), j = 1, 2, 3.

We obtain for j = 1, 2, 3

S(Aj) =
sj(Aj)

∏
k ̸=j,

k=1,2,3
(1− sk(Ak))

K

Solving above equations for wj(Aj), j = 1, 2, 3, we get

wj(Aj) =
1

1−
∑

i∈1,2,3 S(Ai)
. (6.7)
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These weights of evidences are required to produce degrees of support Sj(Aj), j =

1, 2, 3 for these three pairwise contradictory propositions Aj, j = 1, 2, 3.

Case II: A1 ∩ A2 ∩ A3 = ∅:

Let simple support function S1 is focused on A1 with degree of support s1(A1).

Let simple support function S2 is focused on A2 with degree of support s2(A2).

Let simple support function S3 which is focused on A3 with degree of support

s3(A3). By figure of conflicting evidence for three dimensions, the parallelepiped

which is related to A1 ∩ A2 ∩ A3 = ∅. For application of Dempster‘s rule, we

eliminate corresponding parallelepiped. Therefore decrease the measures of the

remaining parallelepipeds by quantity
1

1− s1(A1)s2(A2)s3(A3)
. The orthogonal

sum S = S1 ⊕ S2 ⊕ S3 have basic probability numbers

m(A1 ∩ A2 ∩ A3) = s1(A1)s2(A2)s3(A3)/K = m(∅),

m(A1 ∩ A2) = s1(A1)s2(A2)(1− s3(A3))/K,

m(A1 ∩ A3) = s1(A1)s3(A3)(1− s2(A2))/K,

m(A2 ∩ A3) = s2(A2)s3(A3)(1− s1(A1))/K,

m(A1) = s1(A1)(1− s2(A2))(1− s3(A3))/K,

m(A2) = s2(A2)(1− s1(A1))(1− s3(A3))/K,

m(A3) = s3(A3)(1− s1(A1))(1− s2(A2))/K,

m(Θ) = (1− s1(A1))(1− s2(A2))(1− s3(A3))/K,

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

where K = 1− s1(A1)s2(A2)s3(A3).

Also, sum of basic probability numbers corresponding to all parallelepipeds is one.

The orthogonal sum S = S1⊕S2⊕S3 is a separable support function and is given
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by

S(C) =



0 If C contains neither A1 ∩ A2 nor A1 ∩ A3

nor A2 ∩ A3

s1(A1)s2(A2)(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A1 ∩ A2 but neither A1 ∩ A3

nor A2 ∩ A3 .

s1(A1)s3(A3)(1− s2(A2))

1− s1(A1)s2(A2)s3(A3)
If C contains A1 ∩ A3 but neither A1 ∩ A2

nor A∩A3 .

s2(A2)s3(A3)(1− s1(A1))

1− s1(A1)s2(A2)s3(A3)
If C contains A2 ∩ A3 but neither A1 ∩ A2

nor A1 ∩ A3 .

s1(A1)(1− s2(A2))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A1 but neither A2 nor A3 .

s2(A2)(1− s1(A1))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A2 but neither A1 nor A3 .

s3(A3)(1− s1(A1))(1− s2(A2))

1− s1(A1)s2(A2)s3(A3)
If C contains A3 but neither A1 nor A2 .

s1(A1)(1− s2(A2))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A1 and A2 but not A3 .

+
s2(A2)(1− s1(A1))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
s1(A1)(1− s2(A2))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A1 and A3 but not A2 .

+
s3(A3)(1− s1(A1))(1− s2(A2))

1− s1(A1)s2(A2)s3(A3)
s2(A2)(1− s1(A1))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A2 and A3 but not A1 .

+
s3(A3)(1− s1(A1))(1− s2(A2))

1− s1(A1)s2(A2)s3(A3)
s1(A1)(1− s2(A2))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)
If C contains A1, A2 and A3 but C ̸= Θ .

+
s2(A2)(1− s1(A1))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)

+
s3(A3)(1− s1(A1))(1− s2(A2))

1− s1(A1)s2(A2)s3(A3)

1 If C = Θ.

(6.8)

for all C ⊆ Θ .
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In other words, the orthogonal sum S = S1(A1) ⊕ S2(A2) ⊕ S3(A3) have basic

probability numbers as

m(∩3
j=1Aj) =

3∏
j=1

sj(Aj)

(1− s1(A1)s2(A2)s3(A3))

i.e. m(∅) =
3∏

j=1

sj(Aj)

(1− s1(A1)s2(A2)s3(A3))

m(∩j∈{1,2,3}Aj) =
∏

j∈{1,2,3}

sj(Aj)
∏

i∈{1,2,3}

(1− si(Ai))

(1− s1(A1)s2(A2)s3(A3))
, i ̸= j,

i.e. for each p ∈ {1, 2, 3}, either p = i or p = j

and m(Θ) =
3∏

j=1

(1− sj(Aj))

(1− s1(A1)s2(A2)s3(A3))
.

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

The orthogonal sum S = S1(A1)⊕ S2(A2)⊕ S3(A3) is given by

S(C) =


0 if C contains neither Aj, j = 1, 2, 3.∑

I⊆{1,2,...,k≤3}
I ̸=∅

(−1)|I|+1si(∩i∈IAi) If C contains ∪j∈I⊆{1,2,...,k≤3}Aj

1 if C = Θ.

(6.9)

for all C ⊆ Θ.

Notes:-

1. Above mentioned orthogonal sum exists if and only if not all these three

sj(Aj), j = 1, 2, 3, are equal to one i.e. we can not combine certainty of Aj

with certainty of Ak with j ̸= k, j, k = 1, 2, 3.

2. Above rule had strengthened the hypothesis that each of the two bodies of

evidences reduces the effect of the remaining third body of evidence.

e.g. Here the introduction of any two body of evidences reduce the degree of

support the remaining body i.e for Aj, j = 1, 2, 3 degree of support for AJ is

reduced from sj(Aj) to
sj(Aj)

∏3
k ̸=j,
k=1

(1− sk(Ak))

1−
∏3

i=1 si(Ai)
. Therefore the greater the
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support for sk(Ak), gradually destroys the support for Aj, k ̸= j, j, k =

1, 2, 3.

Here we denote the weights of evidences pointing to Aj by wj(Aj), j = 1, 2, 3,

by relations

sj(Aj) = 1− e−wj(Aj), j = 1, 2, 3.

we obtain for j = 1, 2, 3

S(Aj) =
sj(Aj)

∏3
k ̸=j,
k=1

(1− sk(Ak))

1−
∏3

j=1 sj(Aj)

Solving above equations for wj(Aj), j = 1, 2, 3, we get

wj(Aj) =
1−

∏
i∈1,2,3
i ̸=j

S(Ai)

1−
∑

i∈1,2,3 S(Ai)
. (6.10)

These weights of evidence are required to produce degrees of support S(Aj), j =

1, 2, 3 for these three contradictory propositions Aj, j = 1, 2, 3.

Case III :- Mixing of Above Two Cases:

In this case, any two evidences may be heterogeneous or conflicting. If given two

evidences are heterogeneous i.e. their intersection is not related to ∅ then we

apply rule for combination of evidences according to heterogeneous evidences. If

given two evidences are conflicting i.e. their intersection is related to ∅ then we

apply rule for combination of evidences according to conflicting evidences. Such

combinations of evidences should be done for all possible pairs of given evidences.

Considering combination of given two evidences as a single separable support func-

tion, we combine it to another given support function according to conflicting ev-

idences. As Dempster‘s rule of combination is associative and commutative hence

Bernaulli‘s rule of combination, the order of combination of support functions is

not important.
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6.2.4 Generalizations of Above Results to k Dimensions

In [15], we studied Bernaulli‘s rule of combination, weights of evidence, heteroge-

neous evidences and conflicting evidences for k dimensions.

A: Bernaulli‘s Rule of Combination for k Dimensions :

Suppose that one body of evidence has the precise supporting effect for A ⊂ Θ

with degree s1. Similarly, another completely separate bodies of evidences have

the precise supporting effect for A with degrees s2, s3, . . . , sk respectively. The

degree of support A obtained by pmf of first distribution s1. Similarly, another

completely separate bodies of evidence has precise supporting effect for A obtained

by pmf of second, third and up to kth distributions are s2, s3, . . . , sk respectively.

Then degree of support for A based on these k bodies of evidences together i.e.

total evidence is m(A) as

s(A) = 1− (1− s1)(1− s2)(1− s3) · · · (1− sk)

s(A) = s1 + s2(1− s1) + s3(1− s1)(1− s2) + · · ·

+ sk(1− s1)(1− s2) · · · (1− sk−1)

s(A) = s2 + s1(1− s2) + s3(1− s1)(1− s2) + · · ·

+ sk(1− s1)(1− s2) · · · (1− sk−1)

s(A) = s3 + s1(1− s3) + s2(1− s1)(1− s3) + · · ·

+ sk(1− s1)(1− s2) · · · (1− sk−1)

...

s(A) = sj + s1(1− sj) + s2(1− s1)(1− sj) + · · ·

+ sj−1(1− s1)(1− s2) · · · (1− sj−2)(1− sj)

+ sj+1(1− s1)(1− s2) · · · (1− sj−1)(1− sj) + · · ·

+ sk(1− s1)(1− s2) · · · (1− sk−1)
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...

s = sk + s1(1− sk) + s2(1− s1)(1− sk) + s3(1− s1)(1− s2)(1− sk) + · · ·

+ sk−1(1− s1)(1− s2) · · · (1− sk−2)(1− sk)

with m(Θ) = (1− s1)(1− s2)(1− s3) · · · (1− sk)

and m(B) = 0 if B ̸= A and B ̸= Θ .

Remarks:-

1. Here we have similar argument as A‘s degree of support on the total evidence

is greater than its degree of support on either of the separate bodies of

evidence s(A) > sj(A), j = 1, 2, . . . , k.

2. “Bernoulli‘s rule of combination is a special case of Dempster‘s rule of com-

bination”. This can be justified as: Let simple support function S1 has

basic probability numbers m1(A) = s1(A) and m1(Θ) = 1 − s1(A). Let

simple support function S2 has basic probability numbers m2(A) = s2(A)

and m2(Θ) = 1− s2(A). Similarly, let simple support function Sk has basic

probability numbers mk(A) = sk(A) and mk(Θ) = 1− sk(A). The only par-

allelepiped of measure (1−s1(A))(1−s2(A))(1−s3(A)) · · · (1−sk(A)) is not

related to A i.e. related to Θ. The orthogonal sum S = S1 ⊕ S2 ⊕ · · · ⊕ Sk

has probability numbers

m(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))

and m(Θ) = (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

The orthogonal sum S = S1 ⊕ S2 ⊕ · · · ⊕ Sk is a simple support function

focused on A with

S(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))
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Thus we got generalized Bernaulli‘s rule of combination for k simple support func-

tions.

B: The Weight of Evidence :-

The weights wj, j = 1, 2, . . . , k of the evidences pointing to A can take any non-

negative value. The degree of support sj(A), j = 1, 2, . . . , k must lie between

zero and one. Hence we have a function g : [0,∞] → [0, 1] such that sj(A) =

g(wj), j = 1, 2, . . . , k.

If w1, w2, . . . , wk be the weights of evidences underlying the simple support function

S1, S2, . . . , Sk respectively then the weight of evidence underlying their orthogonal

sum S = S1 ⊕ S2 ⊕ · · · ⊕ Sk is w1 + w2 + · · ·+ wk.

i.e. g(w1) = s1(A), g(w2) = s2(A), . . . g(wk) = sk(A) then

g(w1 + w2 + · · ·+ wk) = 1− (1− s1(A))(1− s2(A)) · · · (1− sk(A))

If f(wj) = 1− g(wj), j = 1, 2, . . . , 3 then

f(wj) = 1− sj(A), j = 1, 2, . . . , k

⇒ f(w1+w2+· · ·+wk) = f(w1)f(w2) · · · f(wk). Therefore f must be exponential.

∴ f(wj) = e−wj and g(wj) = 1− e−wj , j = 1, 2, . . . , k,

Also, g(wj) = 1− e−wj ⇒ sj(A) = 1− e−wj , j = 1, 2, . . . , k.

Solving for wj, j = 1, 2, . . . , k, we get

wj = −ln(1− sj(A)), j = 1, 2, . . . , k.

C: Heterogeneous Evidences :-

Let evidence points to a proposition A1 is combined with evidences that does

not point to a proposition A1 but point to a different propositions A2, A3, . . . , Ak

which are compatible with A1. The combined evidence i.e. total evidence provides
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a support not only for A1, A2, . . . , Ak separately, but also for the conjunction

A1 ∩ A2 ∩ · · · ∩ Ak.

SupposeA1∩A2∩· · ·∩Ak ̸= ∅ and we combine simple support functions s1, s2, . . . , sk

where sj is a simple support function focused on Aj with degree of support

sj(A), j = 1, 2, . . . , k.

By Dempster‘s rule, the parallelepiped which is related to A1 ∩ A2 ∩ · · · ∩ Ak is

supported to the quantity s1(A1)s2(A2) · · · sk(Ak). WLOG, by figure of heteroge-

neous evidences for three dimensions, the orthogonal sum S = s1 ⊕ s2 ⊕ · · · ⊕ sk

has basic probability numbers

m(A1 ∩ A2 ∩ · · · ∩ Ak) = s1(A1)s2(A2) · · · sk(Ak).

For j ∈ {1, 2, . . . , k}, i ∈ {1, 2, . . . , k}, i ̸= j

and i.e. for any p ∈ {1, 2, . . . , k} either p = i or p ̸= i

m(∩Aj) =
∏

sj(Aj)(1− si(Ai))

m(Θ) = (1− s1(A1))(1− s2(A2)) · · · (1− sk(Ak))

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

Therefore, orthogonal sum S = S1⊕S2⊕· · ·⊕Sk have basic probability numbers:

m(∩Aj) =
∏

sj(Aj)(1− si(Ai)), j ∈ 1, 2, . . . , k, i ∈ 1, 2, . . . , k, i ̸= j

and for any p ∈ {1, 2, . . . , k} either p = i or p ̸= i

m(Θ) =
k∏

j=1

(1− sj(Aj))

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

(6.11)
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and the orthogonal sum S is given by

S(C) =



0 if C does not contain ∩k
j=1Aj∑

I⊆{1,2,...,q≤k}
I ̸=∅

(−1)|I|+1si(∩i∈IAi) If C contains ∪j∈I⊆{1,2,...,q≤k}Aj

1−
∏k

j=1(1− sj(Aj)) if C contains subset Aj, j = 1, 2, 3 but C ̸= Θ

1 if C = Θ.

(6.12)

for all C ⊆ Θ.

D: Conflicting Evidences [17]:

Similar to three dimensions, conflicting evidences have following cases:

I Evidences are pairwise disjoint.

II A1 ∩ A2 ∩ A3 = ∅.

III Mixing of above two cases.

Case I :Evidences are pairwise disjoint :-

By figure of conflicting evidence for three dimensions, we generalize the result to k

dimensions. The parallelepipeds corresponding to Ai∩Aj, i ̸= j, i, j ∈ {1, 2, . . . , k}

are related to ∅. For application of Dempster‘s rule, we eliminate corresponding

parallelepipeds and decrease the measures of the remaining parallelepipeds by

quantity
1

1−
∑

I⊆{1,2,...,k}
|I|≠1

s(∩i∈IAi)
. The orthogonal sum S of simple support

functions Sj focused on Aj with degree of support sj(Aj), j ∈ {1, 2, . . . , k}, is
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given by basic probability numbers

m(Aj) = sj(Aj)(1− s1(A1))(1− s2(A2)) · · · (1− s− j − 1(Aj−1))(1− s− j + 1(Aj+1))

· · · (1− sk(Ak))/K,

m(Θ) =
∏

j = 1k(1− sj(Aj))/K,

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

where K = 1 −
∑

I⊆{1,2,...,k}
|I|≠1

s(∩i∈IAi) . Also, sum of basic probability numbers

corresponding to all parallelepipeds is one.

The orthogonal sum S = S1 ⊕ S2 ⊕ S3 is a support function and is given by

S(C) =


0 if C contains neither Aj, j = 1, 2, . . . , k.∑

I⊆{1,2,...,q≤k}
I ̸=∅

(−1)|I|+1si(∩i∈IAi) If C contains ∪j∈I⊆{1,2,...,q≤k}Aj

1 if C = Θ.

(6.13)

for all C ⊆ Θ.

Here we denote the weights of evidences pointing to Aj by wj(Aj), j = 1, 2, . . . , k.

We have relations

sj(Aj) = 1− e−wj(Aj), j = 1, 2, . . . , k.

we obtain for j = 1, 2, . . . , k

S(Aj) =
sj(Aj)

∏
k ̸=j,

k=1,2,...,k
(1− sk(Ak))

K

Solving above equations for wj(Aj), j = 1, 2, . . . , k, we get

wj(Aj) =
1

1−
∑

i∈{1,2,...,k} S(Ai)
. (6.14)

These weights of evidences are required to produce degrees of support Sj(Aj), j =

1, 2, . . . , k for these pairwise contradictory propositions Aj, j = 1, 2, . . . , k.
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Case II: ∩k
j=1Ak = ∅ :

By figure of conflicting evidences for three dimensions, we generalize the result for

k dimensions. The parallelepipeds correspond to ∩k
j=1Aj is related to ∅. For appli-

cation of Dempster‘s rule, we eliminate corresponding parallelepiped and decrease

the measures of the remaining parallelepipeds by quantity K =
1

1− ∩k
j=1Aj

. The

orthogonal sum S of simple support functions Sj focused on Aj with degree of

support sj(Aj), j = 1, 2, . . . , k, is given by basic probability numbers as

m(∩k
j=1Aj) =

k∏
j=1

sj(Aj)/K

i.e. m(∅) =
k∏

j=1

sj(Aj)/K

m(∩j∈{1,2,...,k}Aj) =

∏
j∈{1,2,...,k} sj(Aj)

∏
i∈{1,2,...,k}(1− si(Ai))

K
, i ̸= j,

i.e. for each p ∈ {1, 2, 3, . . . , k}, either p = i or p ̸= i

and m(Θ) =
k∏

j=1

(1− sj(Aj))

K

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

(6.15)

The orthogonal sum S = S1(A1)⊕ S2(A2)⊕ S3(A3) is given by

S(C) =


0 if C contains neither Aj, j = 1, 2, 3, . . . , k.∑

I⊆{1,2,...,q≤k}
I ̸=∅

(−1)|I|+1si(∩i∈IAi) If C contains ∪j∈I⊆{1,2,...,q≤k}Aj

1 if C = Θ.

(6.16)

for all C ⊆ Θ.

Note:- Above mentioned orthogonal sum exists if and only if not all these

sj(Aj), j = 1, 2, . . . , k, are equal to one i.e. we can not combine certainty of

Aj with certainty of Ak with j ̸= k, j, k = 1, 2, . . . , k.
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Here we denote the weights of evidences pointing to Aj by wj(Aj), j = 1, 2, 3.

We have relations

sj(Aj) = 1− e−wj(Aj), j = 1, 2, . . . k.

We obtain for j = 1, 2, . . . , k

S(Aj) =
sj(Aj)

∏k
k ̸=j,
i=1

(1− si(Ai))

1−
∏k

j=1 sj(Aj)

Solving above equations for wj(Aj), j = 1, 2, . . . k, we get

wj(Aj) = ln
1−

∏
I⊆{1,2,...,k}

I ̸=∅
(−1)|I|+1S(∩i∈IAi)

1−
∑

I⊆{1,2,...,k}
I ̸=∅

(−1)|I|+1S(∩ i∈I
i̸=j

Ai)
. (6.17)

These weights of evidences are required to produce degrees of support S(Aj), j =

1, 2, . . . k for these k contradictory propositions Aj, j = 1, 2, . . . , k.

Case III :Mixing of Above Two Cases:-

This case can be resolved similar to the case of mixing of two cases for three

dimensions.

6.3 Simple Support Function Based on s =
p(A)

2n−1

Definition 6.3. Let |Θ| = n. For any A ⊆ Θ, let s =
p(A)

2n−1
be a degree of support

for A with 0 ≤ s ≤ 1. The degree of support for B ⊂ Θ focused on A, is given by

S(B) =


0 if B does not contain A

s if B contains A but B ̸= Θ.

1 if B = Θ

(6.18)
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Notes ;-

1. If S is a simple support function focused on A, then S is a belief function with

basic probability numbersm(A) = S(A) = s(A),m(Θ) = 1−S(A) = 1−s(A)

and m(B) = 0 for all other B ⊂ Θ.

2. Here degree of support s is obtained by probability mass function of appro-

priate discrete probability distribution.

A: Bernoulli‘s Rule of Combination

Let one body of evidence has the precise effect of supporting A ⊂ Θ to the degree

s1(A). Let another entirely separate body of evidence has the precise effect of

supporting A to the degree s2(A). The degree of support obtained by pmf of first

distribution is s1(A) = p1(A). The degree of support obtained by pmf of second

distribution is s2(A) = p2(A). Then degree of support focused on A, based on

these two bodies of evidence together i.e. total evidence have basic probability

numbers

m(A) = 1− (1− s1(A))(1− s2(A)) = 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
) (6.19)

= s1(A) + s2(A)(1− s1(A)) =
p1(A)

2n−1
+

p2(A)

2n−1
(1− p1(A)

2n−1
) (6.20)

= s2(A) + s1(A)(1− s2(A)) =
p2(A)

2n−1
+

p1(A)

2n−1
(1− p2(A)

2n−1
) (6.21)

with m(Θ) = (1− s1)(1− s2) = (1− p1(A)

2n−1
)(1− p2(A)

2n−1
).

and m(B) = 0 if B ̸= A and B ̸= Θ.

Remark:- Let simple support function S1 has basic probability numbers m1(A) =

s1(A) =
p1(A)

2n−1
and m1(Θ) = 1− s1(A) = 1− p1(A)

2n−1
. Let simple support function

S2 has basic probability numbers m2(A) = s2 =
p2(A)

2n−1
and m2(Θ) = 1 − s2 =

1− p2(A)

2n−1
. By figure of Bernaulli‘s combination rule for two dimensions, the only

upper right hand rectangle of measure (1− s1)(1− s2) = (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

fails to be committed to A. The orthogonal sum S = S1⊕S2 has basic probability
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numbers

m(A) = 1− (1− s1)(1− s2) = 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

m(Θ) = (1− s1)(1− s2) = (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

and m(B) = 0 if B ̸= A and B ̸= Θ.

The combined simple support function S is focused on A with

S(A) = 1− (1− s1)(1− s2) = 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

B: The Weight of Evidence:-

If w1 and w2 are weights of evidences for simple support function S1(A) =
P1(A)

2n−1

and S2(A) =
P2(A)

2n−1
, focused on A then the weight of evidence for their orthogonal

sum is w1 + w2.

i.e. g(w1) = s1 =
p1(A)

2n−1
and g(w2) = s2 =

p2(A)

2n−1
then

g(w1 + w2) = 1− (1− s1)(1− s2) = 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
).

If f(w) = 1− g(w) then

f(w1) = 1− s1 = 1− p1(A)

2n−1

f(w2) = 1− s2 = 1− p2(A)

2n−1

and

f(w1 + w2) = (1− s1)(1− s2)

= (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

= f(w1)f(w2).
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∴ f(w1 + w2) = f(w1)f(w2). Hence f must be exponential.

∴ f(w) = ecw

and g(w) = 1− ecw, where c is constant.

As f : [0,∞] → [0, 1], the constant c must be negative.

Also, g(w) = 1− ecw ⇒ s =
p(A)

2n−1
= 1− ecw.

Solving for w, we get

w =
1

c
ln(1− s) =

1

c
ln(1− p(A)

2n−1
).

C: Heterogeneous Evidences

Suppose A ∩ B ̸= ∅. Let S1 be a simple support function focused on A with

S1(A) = s1(A) =
p1(A)

2n−1
. Let S2 be a simple support function focused on B with

S2(B) = s2(B) =
p2(B)

2n−1
. By Dempster‘s rule, A ∩ B is supported to the extent

s1(A)s2(B) =
p1(A)

2n−1

p2(B)

2n−1
=

p1(A)p2(B)

2n−2
. The orthogonal sum S = S1 ⊕ S2 has

basic probability numbers

m(A ∩B) = s1(A)s2(B) =
p1(A)

2n−1

p2(B)

2n−1

m(A) = s1(A)(1− s2(B)) =
p1(A)

2n−1
(1− p2(B)

2n−1
)

m(B) = s2(B)(1− s1(A)) =
p2(B)

2n−1
(1− p1(A)

2n−1
)

m(Θ) = (1− s1(A))(1− s2(B)) = (1− p1(A)

2n−1
)(1− p2(B)

2n−1
)

and m(B) = 0 if B is none of the above mentioned subsets of Θ.
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Therefore, orthogonal sum S = S1 ⊕ S2 is given by

S(C) =



0 if C does not contain A ∩B

p1(A)

2n−1

p2(B)

2n−1
if C contains A ∩B but neither A nor B

p1(A)

2n−1
if C contains A but not B

p2(B)

2n−1
if C contains B but not A

1− (1− p1(A)

2n−1
)(1− p2(B)

2n−1
) if C contains both A and B but C ̸= Θ

1 if C = Θ

(6.22)

for all C ⊆ Θ.

In above, we assumed that neither A nor B contains the other. If A is subset of

B then the evidence is not so heterogeneous and the expression for the orthogonal

sum simplifies to

S(C) =



0 if C does not contain A

p1(A)

2n−1
if C contains A but not B

1− (1− p1(A)

2n−1
)(1− p2(B)

2n−1
) if C contains B but C ̸= Θ

1 if C = Θ

(6.23)

D: Conflicting Evidences

From figure of Bernaulli‘s rule for two dimensions, lower left rectangle as it is

committed to ∅. To apply Bermaulli‘s rule, we eliminate lower left rectangle

and decrease the measures of the remaining rectangles by factor
1

1− s1s2
=

1

1− p1(A)

2n−1

p2(B)

2n−1

=
1

1− p1(A)p2(B)

22n−2

. The simple support function S1 focused

on A have degree of support s1(A). Let simple support function S2 focused on B

have degree of support s2(B)). The orthogonal sum S = S1(A) ⊕ S2(B) have
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basic probability numbers

m(A) =
s1(1− s2)

1− s1s2
=

p1(A)(2
n−1 − p2(B))

22n−2 − p1(A)p2(B)
,

m(B) =
s2(1− s1)

1− s1s2
=

p2(B)(2n−1 − p1(A))

22n−2 − p1(A)p2(B)
,

m(Θ) =
(1− s1)(1− s2)

1− s1s2
=

(2n−1 − p1(A))(2
n−1 − p2(B))

22n−2 − p1(A)p2(B)

and m(C) = 0 if C is none of the above mentioned subsets of Θ.

Therefore, orthogonal sum S = S1(A)⊕ S2(B) is given by

S(C) =



0 if C contains neither A nor B

p1(A)(2
n−1 − p2(B))

22n−2 − p1(A)p2(B)
if C contains A but not B

p2(B)(2n−1 − p1(A))

22n−2 − p1(A)p2(B)
if C contains B but not A

p1(A)(2
n−1 − p2(B)) + p2(B)(2n−1 − p1(A))

22n−2 − p1(A)p2(B)
if C contains A and B but C ̸= Θ

1 if C = Θ

(6.24)

for all C ⊂ Θ.

Note:- We denote the weights of evidence pointing to A and B by w(A) and w(B)

respectively. We have relations
p1(A)

2n−1
= 1− e−w(A) and

p2(B)

2n−1
= 1− e−w(B). We have

S(A) =
s1(1− s2)

1− s1s2
=

e−cw(A) − 1

e−cw(A) + e−cw(B) − 1

and

S(B) =
s2(1− s1)

1− s1s2
=

e−cw(B) − 1

e−cw(A) + e−cw(B) − 1

Solving above equations for w(A) and w(B), we get

w(A) = ln(
1− S(B)

1− S(A)− S(B))
)
−
1

c (6.25)
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and

w(B) = ln(
1− S(A)

1− S(A)− S(B)
)
−
1

c (6.26)

These weights of evidence are required to produce degrees of support S(A) and

S(B) for two contradictory propositions A and B.

6.4 Generalizations of Results to 3D For s =
p(A)

2n−1

6.4.1 Bernoulli‘s Rule of Combination

Let one body of evidence has the precise effect of supporting A ⊂ Θ to the degree

s1(A). Let another entirely separate bodies of evidences has the precise effect of

supporting A to the degree s2(A) and s3(A). The degree of supporting A obtained

by pmf of first distribution is s1(A) =
p1(A)

2n−1
. The another entirely separate bodies

of evidence has precise effect of supporting A obtained by pmf of second and third

distributions are s2(A) =
p2(A)

2n−1
and s3(A) =

p3(A)

2n−1
respectively. The degree of

supporting A based on three bodies of evidences together i.e. total evidence is

s(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A))

= 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
)

s(A) = s1(A) + s2(A)(1− s1(A)) + s3(A)(1− s1(A))(1− s2(A))

=
p1(A)

2n−1
+

p2(A)

2n−1
(1− p1(A)

2n−1
) +

p3(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

s(A) = s2(A) + s1(A)(1− s2(A)) + s3(A)(1− s1(A))(1− s2(A))

=
p2(A)

2n−1
+

p1(A)

2n−1
(1− p2(A)

2n−1
) +

p3(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

s(A) = s3(A) + s1(A)(1− s3(A)) + s2(A)(1− s1(A))(1− s3(A))

=
p3(A)

2n−1
+

p1(A)

2n−1
(1− p3(A)

2n−1
) +

p2(A)

2n−1
(1− p1(A)

2n−1
)(1− p3(A)

2n−1
).
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withm(Θ) = (1−s1(A))(1−s2(A))(1−s3(A)) = (1−p1(A)

2n−1
)(1−p2(A)

2n−1
)(1−p3(A)

2n−1
).

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

Remark:- Let simple support function S1 has basic probability numbers m1(A) =

s1(A) =
p1(A)

2n−1
and m1(Θ) = 1− s1(A) = 1− p1(A)

2n−1
. Let simple support function

S2 has basic probability numbers m2(A) = s2(A) =
p2(A)

2n−1
. and m2(Θ) = 1 −

s2(A) = 1− p2(A)

2n−1
. Let simple support function S3 has basic probability numbers

m3(A) = s3(A) =
p3(A)

2n−1
and m3(Θ) = 1− s3(A) = 1− p3(A)

2n−1
.

By figure of Bernaulli‘s rule of combination for three dimensions, the only upper

right hand parallelepiped of measure (1 − s1(A))(1 − s2(A))(1 − s3(A)) = (1 −
p1(A)

2n−1
)(1 − p2(A)

2n−1
)(1 − p3(A)

2n−1
) fails to be committed to A. The orthogonal sum

S = S1 ⊕ S2 ⊕ S3 has basic probability numbers

m(A) = 1−(1−s1(A))(1−s2(A))(1−s3(A)) = 1−(1−p1(A)

2n−1
)(1−p2(A)

2n−1
)(1−p3(A)

2n−1
)

and m(Θ) = (1−s1(A))(1−s2(A))(1−s3(A)) = (1−p1(A)

2n−1
)(1−p2(A)

2n−1
)(1−p3(A)

2n−1
)

S is a simple support function focused on A with

S(A) = 1−(1−s1(A))(1−s2(A))(1−s3(A)) = 1−(1−p1(A)

2n−1
)(1−p2(A)

2n−1
)(1−p3(A)

2n−1
).

6.4.2 The Weight of Evidence

Let w1, w2 and w3 be the weights of evidences underlying the simple support

function S1, S2 and S3 respectively. The weight of evidence of their orthogonal

sum is w1 + w2 + w3.

i.e. g(w1) = s1(A) =
p1(A)

2n−1
, g(w2) = s2(A) =

p2(A)

2n−1
, g(w3) = s3(A) =

p3(A)

2n−1
then

g(w1 + w2 + w3) = 1− (1− s1(A))(1− s2(A))(1− s3(A))

= 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
).

(6.27)
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If f(wj) = 1− g(wj) j = 1, 2, 3 then

f(wj) = 1− sj(A) = 1− pj(A)

2n−1
, j = 1, 2, 3

⇒ f(w1 + w2 + w3) = f(w1)f(w2)f(w3). Hence f must be exponential.

∴ f(wj) = ecwj and g(wj) = 1− ecwj , where c is constant.

As f : [0,∞] → [0, 1], the constant c must be negative.

Also, g(wj) = 1− ecwj ⇒ s =
pj(A)

2n−1
= 1− ecwj .

Solving for w, we get

wj =
1

c
ln(1− sj) =

1

c
ln(1− pj(A)

2n−1
).

6.4.3 Heterogeneous Evidences

Suppose that A1 ∩ A2 ∩ A3 ̸= ∅. For j-1,2,3, let Sj be a simple support function

focused on Aj with Sj(Aj) = sj =
pj(Aj)

2n−1
.

By Dempster‘s rule, A1∩A2∩A3 is supported to the extent s1s2s3 =
p1(A1)

2n−1

p2(A2)

2n−1

p3(A3)

2n−1
=

p1(A1)p2(A2)p3(A3)

23n−3
. By figure of heterogeneous evidences for three dimensions,

the orthogonal sum S = S1 ⊕ S2 ⊕ S3 has basic probability numbers

m(A1 ∩ A2 ∩ A3) = s1s2s3 =
p1(A1)p2(A2)p3(A3)

23n−3
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m(A1) = s1(A1) + s2(A2)(1− s1(A1)) + s3(A3)(1− s1(A1))(1− s2(A2))

=
p1(A)

2n−1
+

p2(A2)

2n−1
(1− p1(A1)

2n−1
) +

p3(A3)

2n−1
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
)

m(A1) = s1(A1) + s3(A3)(1− s1(A1)) + s2(A2)(1− s1(A1))(1− s3(A3))

=
p1(A1)

2n−1
+

p3(A3)

2n−1
(1− p1(A1)

2n−1
) +

p2(A2)

2n−1
(1− p1(A1)

2n−1
)(1− p3(A3)

2n−1
)

m(A2) = s2(A2) + s1(A1)(1− s2(A2)) + s3(A3)(1− s1(A1))(1− s2(A2))

=
p2(A2)

2n−1
+

p1(A1)

2n−1
(1− p2(A2)

2n−1
) +

p3(A3)

2n−1
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
)

m(A2) = s2(A2) + s3(A3)(1− s2(A2)) + s1(A1)(1− s2(A2))(1− s3(A3))

=
p2(A2)

2n−1
+

p3(A3)

2n−1
(1− p2(A2)

2n−1
) +

p1(A1)

2n−1
(1− p2(A2)

2n−1
)(1− p3(A3)

2n−1
)

m(A3) = s3(A3) + s1(A1)(1− s3(A3)) + s2(A2)(1− s1(A1))(1− s3(A3))

=
p3(A3)

2n−1
+

p1(A1)

2n−1
(1− p3(A3)

2n−1
) +

p2(A2)

2n−1
(1− p1(A1)

2n−1
)(1− p3(A3)

2n−1
)

m(A3) = s3(A3) + s2(A2)(1− s3(A3)) + s1(A1)(1− s2(A2))(1− s3(A3))

=
p3(A3)

2n−1
+

p2(A2)

2n−1
(1− p3(A3)

2n−1
) +

p1(A1)

2n−1
(1− p2(A2)

2n−1
)(1− p3(A3)

2n−1
).

with m(Θ) = (1−s1(A1))(1−s2(A2))(1−s3(A3)) = (1−p1(A1)

2n−1
)(1−p2(A2)

2n−1
)(1−p3(A3)

2n−1
).

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

Therefore

S(C) =



0 if C does not contain A1 ∩ A2 ∩ A3∑
I⊆{1,2,...,k≤3}

I ̸=∅
(−1)|I|+1pi(∩i∈IAi)

2|I|(n−1)
If C contains ∪j∈I⊆{1,2,...,k≤3}Aj

1−
∏3

j=1(1−
pj(Aj)

2n−1
) if C contains Aj, j = 1, 2, 3 but C ̸= Θ

1 if C = Θ

(6.28)
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6.4.4 Conflicting Evidences A1 ∩ A2 ∩ A3 = ∅

By figure of conflicting evidences for three dimensions and Dempster‘s rule, we

eliminate parallelepiped committed to ∅. We decrease the measures of the remain-

ing parallelepipeds by factor
1

1− s1(A1)s2(A2)s3(A3)
=

1

1− p1(A1)

2n−1

p2(A2)

2n−1

p3(A3)

2n−1

=

1

1− p1(A1)p2(A2)p3(A3)

23n−3

. Let simple support function S1 is focused on A with

S1(A1) = s1(A1). Let simple support function S2 is focused on A2 with S2(A2) =

s2(A2). Let simple support function S3 is focused on A3 with S3(A3) = s3(A3).



Chapter 6. Support Functions and Combination Rules 181

The orthogonal sum S = S1 ⊕ S2 ⊕ S3 have basic probability numbers

m(A1) =
s1(A1)(1− s2(A2))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)

=

p1(A1)

2n−1
(1− p2(A2)

2n−1
)(1− p3(A3)

2n−1
)

1− p1(A1)

2n−1

p2(A2)

2n−1

p3(A3)

2n−1

=
p1(A1)(2

2n−2 − p2(A2)− p3(A3) + p2(A2)p3(A3))

23n−3 − p1(A1)p2(A2)p3(A3)
,

m(A2) =
s2(A2)(1− s1(A1))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)

=

p2(A2)

2n−1
(1− p1(A1)

2n−1
)(1− p3(A3)

2n−1
)

1− p1(A1)

2n−1

p2(A2)

2n−1

p3(A3)

2n−1

=
p2(A2)(2

2n−2 − p1(A1)− p3(A3) + p1(A1)p3(A3))

23n−3 − p1(A1)p2(A2)p3(A3)
,

m(A3) =
s3(A3)(1− s1(A1))(1− s2(A2))

1− s1(A1)s2(A2)s3(A3)

=

p3(A3)

2n−1
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
)

1− p1(A1)

2n−1

p2(A2)

2n−1

p3(A3)

2n−1

=
p3(A3)(2

2n−2 − p1(A1)− p2(A2) + p1(A1)p2(A2))

23n−3 − p1(A1)p2(A2)p3(A3)
,

and m(Θ) =
(1− s1(A1))(1− s2(A2))(1− s3(A3))

1− s1(A1)s2(A2)s3(A3)

=
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
)(1− p3(A3)

2n−1
)

1− p1(A1)

2n−1

p2(A2)

2n−1

p3(A3)

2n−1

=
(2n−1 − p1(A1))(2

n−1 − p2(A2))(2
n−1 − p3(A3))

23n−3 − p1(A1)p2(A2)p3(A3)
.

and m(B) = 0 if B is none of the above mentioned subsets of Θ.
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Therefore, The orthogonal sum S = S1 ⊕ S2 ⊕ S3 is

S(C) =



0 if C contains neither Aj, j = 1, 2, 3.∑
I⊆{1,2,...,k≤3}

I ̸=∅
(−1)|I|+1pi(∩i∈IAi)

2|I|(n−1)
If C contains ∪k≤3

j=1Aj∏
(1− pj(Aj)

2n−1
)

1−
∏ pj(Aj)

2n−1

if C contains Aj, j = 1, 2, 3 but C ̸= Θ

1 if C = Θ

(6.29)

for all C ⊂ Θ.

Note:- For j = 1, 2, 3, the weights of evidences pointing to Aj are w(Aj). By

relations, we have
pj(Aj)

2n−1
= 1− e−cw(Aj), j = 1, 2, 3.

we obtain for j = 1, 2, 3

S(Aj) =

pj(Aj)

2n−1

∏3
k ̸=j,
k=1

(1− pk(Ak)

2n−1
)

1−
∏3

i=1

pi(Ai)

2n−1

Solving above equations for w(Aj), j = 1, 2, 3, we get

w(Aj) = ln(
1−

∏3
k ̸=j,
k=1

S(Ak)

1−
∑3

k ̸=j,
k=1

S(Ak))
)

−
1

c
(6.30)

These weights of evidence are required to produce degrees of support S(Aj) for

three contradictory propositions Aj, j = 1, 2, 3.
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6.5 Generalizations of Results to k- Dimensions

For s =
p(A)

2n−1

6.5.1 Bernaulli‘s rule of combination

Let one body of evidence has the precise effect of supporting A ⊂ Θ to the degree

s1(A). Let another entirely separate bodies of evidences has the precise effect of

supporting A to the degree s2(A), s3(A), . . . , sk(A). The degree of supporting A ob-

tained by pmf of first distribution is s1(A) =
p1(A)

2n−1
. The another entirely separate

bodies of evidence has precise effect of supporting A obtained by pmf of second and

third up to kth distribution are s2(A) =
p2(A)

2n−1
, s3(A) =

p3(A)

2n−1
, . . . , sk(A) =

pk(A)

2n−1
.

The degree of supporting A based on these k bodies of evidence together i.e. total

evidence is

s(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))

= 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
) · · · (1− pk(A)

2n−1
)

s(A) = s1(A) + s2(A)(1− s1(A)) + s3(A)(1− s1(A))(1− s2(A)) + · · ·

+ sk(A)(1− s1(A))(1− s2(A)) · · · (1− sk−1(A))

=
p1(A)

2n−1
+

p2(A)

2n−1
(1− p1(A)

2n−1
) +

p3(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
)

+ · · ·+ pk(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pk−1(A)

2n−1
)

s(A) = s2(A) + s1(A)(1− s2(A)) + s3(A)(1− s1(A))(1− s2(A)) + · · ·

+ sk(A)(1− s1(A))(1− s2(A)) · · · (1− sk−1(A))

=
p2(A)

2n−1
+

p1(A)

2n−1
(1− p2(A)

2n−1
) +

p3(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) + · · ·

+
pk(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pk−1(A)

2n−1
)
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s(A) = s3(A) + s1(A)(1− s3(A)) + s2(A)(1− s1(A))(1− s3(A)) + · · ·

+ sk(A)(1− s1(A))(1− s2(A)) · · · (1− sk−1(A))

=
p3(A)

2n−1
+

p1(A)

2n−1
(1− p3(A)

2n−1
) +

p2(A)

2n−1
(1− p1(A)

2n−1
)(1− p3(A)

2n−1
) + · · ·

+
pk(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pk−1(A)

2n−1
)

...

s(A) = sj(A) + s1(A)(1− sj(A)) + s2(A)(1− s1(A))(1− sj(A)) + · · ·

+ sj−1(A)(1− s1(A))(1− s2(A)) · · · (1− sj−2(A))(1− sj(A))

+ sj+1(A)(1− s1(A))(1− s2(A)(A)) · · · (1− sj−1)(1− sj(A)) + · · ·

+ sk(A)(1− s1(A))(1− s2(A)) · · · (1− sk−1(A))

=
pj(A)

2n−1
+

p1(A)

2n−1
(1− pj(A)

2n−1
) +

p2(A)

2n−1
(1− p1(A)

2n−1
)(1− pj(A)

2n−1
) + · · ·

+
pj−1(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pj−2(A)

2n−1
)(1− pj(A)

2n−1
)

+
pj+1(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pj−1(A)

2n−1
)(1− pj(A)

2n−1
) + · · ·

+
pk(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pk−1(A)

2n−1
)

...

s(A) = sk(A) + s1(A)(1− sk(A)) + s2(A)(1− s1(A))(1− sk(A))

+ s3(A)(1− s1(A))(1− s2(A))(1− sk(A)) + · · ·

+ sk−1(A)(1− s1(A))(1− s2(A)) · · · (1− sk−2(A))(1− sk(A))

=
pk(A)

2n−1
+

p1(A)

2n−1
(1− pk(A)

2n−1
) +

p2(A)

2n−1
(1− p1(A)

2n−1
)(1− pk(A)

2n−1
) + · · ·

+
pk−1(A)

2n−1
(1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pk−2(A)

2n−1
)(1− pk(A)

2n−1
)

with m(Θ) = (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))

= (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
) · · · (1− pk(A)

2n−1
).

Remark:- Let simple support function S1 has basic probability numbers m1(A) =

s1(A) =
p1(A)

2n−1
andm1(Θ) = 1−s1(A) = 1−p1(A)

2n−1
. Let simple support function S2

has basic probability numbers m2(A) = s2(A) =
p2(A)

2n−1
and m2(Θ) = 1− s2(A) =

1 − p2(A)

2n−1
· · · . Let simple support function Sk has basic probability numbers
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mk(A) = sk(A) =
pk(A)

2n−1
and mk(Θ) = 1 − sk(A) = 1 − pk(A)

2n−1
. By figure of

Bernaulli‘s rule of combination for three dimensions, the only upper right hand

of parallelepiped of measure (1 − s1(A))(1 − s2(A))(1 − s3(A)) · · · (1 − sk(A)) =

(1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
) · · · (1− pk(A)

2n−1
) fails to be committed to A. The

orthogonal sum S = S1 ⊕ S2 ⊕ · · · ⊕ Sk has basic probability numbers

m(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))

= 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
) · · · (1− pk(A)

2n−1
)

and m(Θ) = (1− s1)(1− s2)(1− s3) · · · (1− sk)

= (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
) · · · (1− pk(A)

2n−1
).

and m(B) = 0 if B ̸= A and B ̸= Θ.

Now S is a simple support function focused on A with

S(A) = 1− (1− s1(A))(1− s2(A))(1− s3(A)) · · · (1− sk(A))

= 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
)(1− p3(A)

2n−1
) · · · (1− pk(A)

2n−1
)

(6.31)

Thus we got generalized Bernaulli‘s rule of combination for k simple support func-

tions.

6.5.2 The Weight of Evidence

let w1, w2, . . . , wk be the weights of evidences underlying the simple support func-

tion S1, S2, . . . , Sk respectively. The weight of evidence for their orthogonal sum

is w1 + w2 + · · ·+ wk.

i.e. g(w1) = s1 =
p1(A)

2n−1
, g(w2) = s2 =

p2(A)

2n−1
, . . . g(wk) = sk =

pk(A)

2n−1
then

g(w1 + w2 + · · ·+ wk) = 1− (1− s1(A))(1− s2(A)) · · · (1− sk(A))

= 1− (1− p1(A)

2n−1
)(1− p2(A)

2n−1
) · · · (1− pk(A)

2n−1
).

(6.32)
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If f(wj) = 1− g(wj), j = 1, 2, . . . , k then

f(wj) = 1− sj(A) = 1− pj(A)

2n−1
, j = 1, 2, . . . , k

⇒ f(w1 + w2 + · · ·+ wk) = f(w1)f(w2) · · · f(wk). Hence f must be exponential.

∴ f(wj) = ecwj and g(wj) = 1− ecwj , where c is constant.

As f : [0,∞] → [0, 1], the constant c must be negative.

Also, g(wj) = 1− ecwj ⇒ sj =
pj(A)

2n−1
= 1− ecwj .

Solving for w, we get

wj =
1

c
ln(1− sj) =

1

c
ln(1− pj(A)

2n−1
).

6.5.3 Heterogeneous Evidences

Suppose that A1 ∩ A2 ∩ · · · ∩ Ak ̸= ∅. We combine simple support functions

S1, S2, . . . , Sk focused on Aj with Sj(A) = sj(Aj) =
pj(Aj)

2n−1
, j = 1, 2, . . . , k.

By Dempster‘s rule, A1∩A2∩· · ·∩Ak is supported to the extent s1(A1)s2(A2) · · · sk(Ak) =
p1(A1)

2n−1

p2(A2)

2n−1
· · · p1(A)

2n−1
. By figure of heterogeneous evidences for three dimen-

sions, the orthogonal sum S = S1 ⊕ S2 ⊕ · · · ⊕ Sk has basic probability numbers

m(A1 ∩ A2 ∩ · · · ∩ Ak) = s1(A1)s2(A2) · · · sk(Ak) =
p1(A1)

2n−1

p2(A2)

2n−1
· · · pk(Ak)

2n−1
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m(Aj) = sj(Aj) + s1(A1)(1− sj(Aj)) + s2(A2)(1− s1(A1))(1− sj(Aj)) + · · ·

+ sj−1(Aj1)(1− s1(A1))(1− s2(A2)) · · · (1− sj−2(Aj−2))(1− sj(Aj))

+ sj+1(Aj+1)(1− s1(A1))(1− s2(A2)) · · · (1− sj−1(Aj−1))(1− sj(Aj)) + · · ·

+ sk(Ak)(1− s1(A1))(1− s2(A2)) · · · (1− sk−1(Ak−1))

=
pj(Aj)

2n−1
+

p1(A1)

2n−1
(1− pj(Aj)

2n−1
) +

p2(A2)

2n−1
(1− p1(A1)

2n−1
)(1− pj(Aj)

2n−1
) + · · ·

+
pj−1(Aj−1)

2n−1
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
) · · · (1− pj−1(Aj−1)

2n−1
)(1− pj(Aj)

2n−1
)

+
pj+1(Aj+1)

2n−1
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
) · · · (1− pj−1(Aj−1)

2n−1
)(1− pj(Aj)

2n−1
)

+
pk(Ak)

2n−1
(1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
) · · · (1− pk−1(Ak−1)

2n−1
), j = 1, 2, . . . , k.

with m(Θ) = (1− s1(A1))(1− s2(A2)) · · · (1− sk(Ak))

= (1− p1(A1)

2n−1
)(1− p2(A2)

2n−1
) · · · (1− pk(Ak)

2n−1
).

and m(B) = 0 if B is none of the above mentioned subsets of Θ.

Therefore

S(C) =



0 if C does not contain A1 ∩ A2 ∩ · · · ∩ Ak∑
I⊆{1,2,...,q≤k}

I ̸=∅
(−1)|I|+1pi(∩i∈IAi)

2|I|(n−1)
If C contains ∪j∈I⊆{1,2,...,q≤k}Aj

1−
∏k

j=1(1−
pj(Aj)

2n−1
) if C contains Aj, j = 1, 2, . . . , k but C ̸= Θ

1 if C = Θ

(6.33)

for all C ⊂ Θ. In above, we assumed that neither Aj nor Ai, i ̸= j contains

the other. If for some j, Aj is subset of Ai, i ̸= j then the evidence is not so



Chapter 6. Support Functions and Combination Rules 188

heterogeneous and the expression for the orthogonal sum simplifies to

S(C) =



0 if C does not contain any subset Aj, j = 1, 2, . . . , k

pj(Aj)

2n−1
if C contains Aj but not Ai, i ̸= j i, j = 1, 2, . . . , k

1−
∏k

j=1(1−
pj(Aj)

2n−1
) if C contains Aj, j = 1, 2, . . . , k but C ̸= Θ

1 if C = Θ

(6.34)

6.6 Conclusion

In this chapter, we generalized some cases such as Bernaulli‘s rule of combination,

weights of evidences, heterogeneous evidences and conflicting evidences. This pro-

vides us a new tool for combining evidences depending upon situations either

pairwise disjoint, only intersection of all evidences is empty set and mixing of

these two cases.



Chapter 7

Basic Belief Assignment Induced

by Probability Density Function

7.1 Introduction

In this chapter, we propose five basic belief assignments (bba‘s) on continuous

frame of discernment Ω. With these bba‘s, results from Dempster‘s articles [5, 7]

and interval arithmetic [26], we propose an approach to obtain lower and upper

bounds of statistical quantities viz. distribution function, mean, variance, raw

and central moments and coefficients of skewness and kurtosis. In [19], we studied

indexing of subsets and first, second and third basic belief assignments and an

approach to obtain lower and upper bounds of statistical quantities. In this chap-

ter, we consider continuous probability distribution (Ω, f) and its focal elements

only. Since probability of empty set is zero with respect to continuous probability

density function hence empty set is not a focal element with respect to continuous

probability density function. Therefore condition for empty set is dropped from

conditions of basic belief assignment. Hence to prove basic belief assignment, it

is equivalent to prove second condition of basic belief assignment. Also, we re-

fer formulae to calculate belief, commonality and plausibility functions from [32].

189
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In this chapter, A consist of intervals [xi, yi] and xi‘s as well as yi‘s are ordered.

Finally, this approach is illustrated by an example.

7.2 First Basic Belief Assignment For Continu-

ous Space

In [32], Smets has proposed basic belief assignment based on only finite number

of focal elements. By using this, we propose our first new basic belief assignment.

Theorem 7.1. [19] Let A = {Ai = [xi, yi]|i = 1, 2, . . . , n} be set of focal elements

of Ω = [a, b] with respect to continuous probability density function f , which are

not necessarily disjoint. If m : A → [0, 1] is defined by

m([xi, yi]) =
f([xi, yi])∑n
i=1 f([xi, yi])

(7.1)

then m is a basic belief assignment.

Proof. As [xi, yi] is focal element of Ω, it implies that f([xi, yi]) > 0 hencem([xi, yi]) =
f([xi, yi])∑

[xi,yi]∈A f([xi, yi])
> 0. Also

n∑
i=1

m([xi, yi]) =
n∑

i=1

f([xi, yi])∑n
i=1 f([xi, yi])

=

∑
[xi,yi]∈A f([xi, yi])∑
[xi,yi]∈A f([xi, yi])

= 1.

Therefore, m is a basic belief assignment.

With this new basic belief assignment m and by using definitions of belief function

Bel, commonality function Q and plausibility function Pl fromA to [0, 1], we have,
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for any [c, d] ∈ A,

Bel([c, d]) =
∑

[xi,yi]⊆[c,d]

m([xi, yi])

=
∑

[xi,yi]⊆[c,d]

f([xi, yi])∑n
i=1 f([xi, yi])

=
1∑n

i=1 f([xi, yi])

∑
[xi,yi]⊆[c,d]

∫ yi

z=xi

f(z)dz.

(7.2)

Q([c, d]) =
∑

[xi,yi]⊇[c,d]

m([xi, yi])

=
∑

[xi,yi]⊇[c,d]

f([xi, yi])∑n
i=1 f([xi, yi])

=
1∑n

i=1 f([xi, yi])

∑
[xi,yi]⊇[c,d]

∫ yi

z=xi

f(z)dz.

(7.3)

Pl([c, d]) =
∑

[xi,yi]∩[c,d]̸=∅

m([xi, yi])

=
∑

[xi,yi]∩[c,d]̸=∅

f([xi, yi])∑n
i=1 f([xi, yi])

=
1∑n

i=1 f([xi, yi])

∑
[xi,yi]∩[c,d]̸=∅

∫ yi

z=xi

f(z)dz.

(7.4)

7.2.1 Lower and Upper Limits of Distribution Function

We have distribution function F (x) = f(X ≤ x) = f([a, x]). Also we have result

(1.6): For any subset A of Ω, Bel(A) ≤ f(A) ≤ Pl(A). The subset [a, x] of Ω

is general set for distribution function. If [a, x] can not be expressed as union of

subsets A then in this case, we can not find probability, belief and plausibility

function of subset [a, x]. Therefore, we assume that [a, x] is expressed as union of

subsets of Ω. The lower and upper bounds of distribution function for subset [a, x]

is

Bel([a, x]) ≤ f([a, x]) ≤ Pl([a, x]) (7.5)

.
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7.2.2 Lower and Upper Limits of Raw Moments

We have rth raw moment based on probability of set E(xr)p = µ
′

(r,p), belief of set

E(xr)Bel = µ
′

(r,Bel) and plausibility of set E(xr)Pl = µ
′

(r,P l) with respect to this

basic belief assignment as :

µ
′

(r,p) = E(xr)p

=
n∑

i=1

irf(Ai)

=
n∑

i=1

irf([xi, yi])

=
n∑

i=1

ir
∫ yi

z=xi

f(z)dz

(7.6)

µ
′

(r,Bel) = E(xr)Bel

=
n∑

i=1

irBel(Ai)

=
n∑

i=1

irBel([xi, yi])

=
n∑

i=1

ir
1∑n

i=1 f([xi, yi])

∑
[ui,vi]∈A,[ui,vi]⊆[xi,yi]

∫ vi

z=ui

f(z)dz

(7.7)

µ
′

(r,P l) = E(xr)Pl

=
n∑

i=1

irPl(Ai)

=
n∑

i=1

irPl([xi, yi])

=
n∑

i=1

ir
1∑n

i=1 f([xi, yi])

∑
[ui,vi]∈A,[ui,vi]∩[xi,yi] ̸=∅

∫ y

z=x

f(z)dz

(7.8)

Note that µ
′

(r,Bel) ≤ µ
′

(r,p) ≤ µ
′

(r,P l). Therefore we get lower and upper limits of raw

moments by using result :

µ
′

(r,Bel)

µ
′
(r,p)

· µ′

r ≤ µ
′

r ≤
µ

′

(r,P l)

µ
′
(r,p)

· µ′

r. (7.9)

where µ
′
r is the rth raw moment of continuous probability distribution.
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7.2.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments, lower and upper limits of raw

moments and interval arithmetics (Section 2.4), we obtain lower and upper limits

of central moments.

µr =
r∑

k=0

(
r

k

)
µ

′

r−kµ
′

1

k
. (7.10)

Using lower and upper limits of central moments and interval arithmetics (Section

2.4), we obtain lower and upper limits of coefficients of skewness and kurtosis.

γ1 =
√
(
µ2
3

µ3
2

) and γ2 =
µ4

µ2
2

. (7.11)

7.3 Second Basic Belief Assignment For Con-

tinuous Space

In above section 7.2, we have proposed new basic belief assignment. Now, we

propose second new basic belief assignment.

Theorem 7.2. [19] Let A = {[a, x]|x ∈ Ω = [a, b]} be set of focal elements of Ω,

which are not necessarily disjoint. If m : A → [0, 1] is defined by

m([a, x]) =
f([a, x])∫

[a,x]∈A f([a, x])dx
(7.12)

with
∫
[a,x]∈A m([a, x])dx exists then m is a basic belief assignment.
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Proof. As [a, x] is focal element of Ω, it implies that f([a, x]) > 0 hence m([a, x]) =
f([a, x])∫

[a,x]∈A f([a, x])dx
> 0. Also

∫
[a,x]∈A

m([a, x]) =

∫
[a,x]∈A

f([a, x])∫
[a,x]∈A f([a, x])dx

=

∫
[a,x]∈A f([a, x])dx∫
[a,x]∈A f([a, x])dx

= 1.

Therefore, m is a basic belief assignment.

With this new basic belief assignment m and by using definitions of belief function

Bel, commonality function Q and plausibility function Pl from A to [0, 1] we have

Bel([a, c]) =

∫
[a,x]⊆[a,c]

m([a, x])

=

∫
[a,x]⊆[a,c]

f([a, x])∫
[a,x]∈A f([a, x])dx

=
1∫

[a,x]∈A f([a, x])dx

∫
[a,x]⊆[a,c]

∫ x

z=a

f(z)dz

(7.13)

Q([a, c]) =

∫
[a,x]⊇[a,c]

m([a, x])

=

∫
[a,x]⊇[a,c]

f([a, x])∫
[a,x]∈A f([a, x])dx

=
1∫

[a,x]∈A f([a, x])dx

∫
[a,x]⊇[a,c]

∫ x

z=a

f(z)dz

(7.14)

Pl([a, c]) =

∫
[a,x]∩[a,c] ̸=∅

m([a, x])

=

∫
[a,x]∩[a,c] ̸=∅

f([a, x])∫
[a,x]∈A f([a, x])dx

=
1∫

[a,x]∈A f([a, x])dx

∫
[a,x]∩[a,c]̸=∅

∫ x

z=a

f(z)dz.

(7.15)



Chapter 7. Basic Belief Assignment Induced by Probability Density Function 195

7.3.1 Lower and Upper Limits of Distribution Function

As proceeding in above section 7.2, for :Lower and Upper Limits of Distribution

Function, we have Bel([a, x]) ≤ f([a, x]) ≤ Pl([a, x]) where

Bel([a, k]) =

∫
[a,x]⊆[a,k]

m([a, x])

=

∫ k

x=a

m([a, x])dx

=

∫ k

x=a

f([a, x])∫
[a,x]∈A f([a, x])dx

dx

=
1∫

[a,x]∈A f([a, x])dx

∫ k

x=a

f([a, x])dx

=
1∫

[a,x]∈A f([a, x])dx

∫ k

x=a

∫ x

z=a

f(z)dzdx

(7.16)

Pl([a, k]) =

∫
[a,x]∩[a,k] ̸=∅

m([a, x])

=

∫
[a,x]∩[a,k] ̸=∅

f([a, x])∫
[a,x]∈A f([a, x])

=
1∫

[a,x]∈A f([a, x])

∫
[a,x]∩[a,k] ̸=∅

f([a, x])

=
1∫

[a,x]∈A f([a, x])

∫
[a,x]∈A

f([a, x])

= 1.

(7.17)

7.3.2 Lower and Upper Limits of Raw Moments

We have rth raw moment based on probability of set E(xr)p = µ
′

(r,p), belief of set

E(xr)Bel = µ
′

(r,Bel) and plausibility of set E(xr)Pl = µ
′

(r,P l) with respect to this

basic belief assignment as :

µ
′

(r,p) =

∫ b

x=a

xrf([a, x])dx

=

∫ b

x=a

xr

∫ x

z=a

f(z)dz.

(7.18)
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µ
′

(r,Bel) =

∫ b

x=a

xrBel([a, x])dx

=

∫ b

x=a

xr

∫ x

y=a

m([a, y])dydx

=

∫ b

x=a

xr

∫ x

y=a

f([a, y])∫
[a,y]∈A f([a, y])dy

dydx

=

∫ b

x=a

xr

∫ x

y=a

(
1∫

[a,y]∈A f([a, y])dy
)f([a, y])dydx

=

∫ b

x=a

xr

∫ x

y=a

(
1∫

[a,y]∈A f([a, y])dy
)

∫ y

z=a

f(z)dzdydx.

(7.19)

µ
′

(r,P l) =

∫ b

x=a

xrPl([a, x])dx

=

∫ b

x=a

xr · 1dx

=

∫ b

x=a

xrdx

= [
xr+1

r + 1
]
b

a

=
1

r + 1
[br+1 − ar+1].

(7.20)

7.3.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits

of raw moments and interval arithmetics (Section 2.4), we obtain lower and upper

limits of central moments. Using lower and upper limits of central moments and

interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).
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7.4 Third Basic Belief Assignment For Contin-

uous Space

Now, we propose third new basic belief assignment.

Theorem 7.3. [19] Let A = {[x, y]|x, y ∈ Ω = [a, b], x ≤ y} ⊂ 2Ω be set of focal

elements of Ω, which need not be disjoint. If m : A → [0, 1] is defined by

m([x, y]) =
f([x, y])∫

[x,y]∈A f([x, y])dxdy
(7.21)

with
∫
[x,y]⊆Ω

m([x, y])dxdy exists, then m is a basic belief assignment.

Proof.

Here A = {[x, y]|x, y ∈ Ω = [a, b], x ≤ y}

= {[x, y]|[x, y] ⊆ Ω = [a, b]}

⊂ 2Ω

As [x, y] is focal element of Ω, it implies that f([x, y]) > 0 hence m([x, y]) =
f([x, y])∫

[x,y]⊆Ω
f([x, y])dxdy

> 0. Also,

∫
[x,y]⊆Ω

m([x, y])dxdy =

∫
[x,y]⊆Ω

f([x, y])∫
[x,y]⊆Ω

f([x, y])dxdy
dxdy

=

∫
[x,y]⊆Ω

f([x, y])dxdy∫
[x,y]⊆Ω

f([x, y])dxdy
= 1.

Therefore, m is a basic belief assignment.
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With this new basic belief assignment m and by using definitions of belief function

Bel, commonality function Q and plausibility function Pl from A to [0, 1], we have

Bel([c, d]) =

∫
[x,y]⊆[c,d]

m([x, y])

=

∫
[x,y]⊆[c,d]

f([x, y])∫
[x,y]∈A f([x, y])dxdy

=
1∫ b

x=a

∫ b

y=x

∫ y

z=x
f(z)dzdxdy

∫ d

x=c

∫ d

y=x

∫ y

z=x

f(z)dzdxdy

(7.22)

Q([c, d]) =

∫
[x,y]⊇[c,d]

m([x, y])

=

∫
[x,y]⊇[c,d]

f([x, y])∫
[x,y]∈A f([x, y])dxdy

=
1∫ b

x=a

∫ b

y=x

∫ y

z=x
f(z)dzdxdy

∫ c

x=a

∫ b

y=d

∫ y

z=x

f(z)dzdxdy

(7.23)

Pl([c, d]) =

∫
[x,y]∩[c,d] ̸=∅

m([x, y])

=

∫
[x,y]∩[c,d] ̸=∅

f([x, y])∫
[x,y]∈A f([x, y])dxdy

=
1∫ b

x=a

∫ b

y=x

∫ y

z=x
f(z)dzdxdy

{
∫ c

x=a

∫ b

y=c

∫ y

Z=x

f(z)dzdxdy

+

∫ d

x=c

∫ b

y=x

∫ y

z=x

f(z)dzdxdy}

(7.24)

7.4.1 Lower and Upper Limits of Distribution Function

As proceeding in section 7.3.1, for: Lower and Upper Limits of Distribution Func-

tion, we have

Bel([a, x]) ≤ f([a, x]) ≤ Pl([a, x])

where

Bel([a, k]) =

∫ k

x=a

∫ k

y=x

m([x, y])dxdy

and

Pl([a, k]) =

∫ b

x=a

∫ k

y=x

m([x, y])dxdy.
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7.4.2 Lower and Upper Limits of Raw Moments

With indexing of subsets [x, y] of continuous frame of discernment Ω (see Appendix

B), we replace index (x, y) by x+(1/2)[(x−a)(y−a)]. We proceed as above section

7.3.2 for calculation of lower and upper limits of raw moments based on probability,

belief and plausibility of set. Consider

µ
′

(r,p) =

∫ b

x=a

∫ b

y=x

(x, y)rf([x, y])dxdy

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r
∫ y

z=x

f(z)dzdydx.

(7.25)

µ
′

(r,Bel) =

∫ b

x=a

∫ b

y=x

(x, y)rBel([x, y])dxdy

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r
∫ y

p=x

∫ y

q=p

m([p, q])dqdpdxdy

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r
∫ y

p=x

∫ y

q=p

f([p, q])∫
[p,q]⊆Ω

f([p, q])dpdq
dqdpdxdy

=
1∫

[x,y]⊆Ω
f([x, y])dxdy

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r∫ y

p=x

∫ y

q=p

∫ q

z=p

f(z)dzdqdpdxdy

=
1∫ b

x=a

∫ b

y=x

∫ y

z=x
f(z)dzdxdy

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r∫ y

p=x

∫ y

q=p

∫ q

z=p

f(z)dzdqdpdxdy.

(7.26)
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µ
′

(r,P l) =

∫ b

x=a

∫ b

y=x

(x, y)rPl([x, y])dxdy

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r{
∫ x

p=a

∫ b

q=x

m([p, q])dqdp

+

∫ y

p=x

∫ b

q=p

m([p, q])dqdp}dxdy

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r{
∫ x

p=a

∫ b

q=x

f([p, q])∫
[p,q]⊆Ω

f([p, q])dpdq
dqdp

+

∫ y

p=x

∫ b

q=p

f([p, q])∫
[p,q]⊆Ω

f([p, q])dpdq
dqdp}dxdy

=
1∫

[p,q]⊆Ω
f([p, q])dpdq

∫ b

x=a

∫ b

y=x

(x+ (1/2)[(x− a)(y − a)])r{
∫ x

p=a

∫ b

q=x

∫ q

z=p

f(z)dzdqdp

+

∫ y

p=x

∫ b

q=p

∫ q

z=p

f(z)dzdqdp}dxdy.

(7.27)

7.4.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits of

raw moments and interval arithmetics (Section 2.4), we can obtain lower and upper

limits of central moments. Using lower and upper limits of central moments and

interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).

7.5 Fourth Basic Belief Assignment For Contin-

uous Space

Now, we propose fourth new basic belief assignment. In this section, consider set

of Ω, which is union of exactly n disjoint intervals of frame of discernment Ω. Here

xi‘s as well as yi‘s are ordered.
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Theorem 7.4. Let A = {A = ∪n
i=1[xi, yi]|xi, yi ∈ Ω = [a, b] xi ≤ yi yi < xi+1}

be set of focal elements of Ω, which are not necessarily disjoint. If m : A → [0, 1]

defined by

m(A) =
f(A)∫

A∈A f(A)
. (7.28)

with
∫
A∈A f(A) exists then m is a basic belief assignment.

Proof. As A = ∪n
i=1[xi, yi] is focal element of Ω, it implies that f(A) > 0 hence

m(A) =
f(A)∫

A∈A f(A)
> 0. Also

∫
A∈A

m(A) =

∫
A∈A

f(A)∫
A∈A f(A)

=

∫
A∈A f(A)∫
A∈A f(A)

= 1.

Therefore, m is a basic belief assignment.

With this new basic belief assignment m and definitions of belief function Bel,

commonality function Q and plausibility function Pl from A to [0, 1], we have

Bel(A) =

∫
B⊆A

m(B)

=

∫
∪n
1=1[pi,qi]⊆∪n

i=1[xi,yi]

m(∪n
i=1[pi, qi])

Where A = ∪n
i=1[xi, yi], B = ∪n

i=1[pi, qi] i = 1, 2, . . . , n

By indexing of subsets of A,

A = [x, y] ⊆ [
√
na,

√
nb] have index (x, y),

B = [p, q] ⊆ [
√
na,

√
nb] have index (p, q),
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Bel(A) =

∫
[p,q]⊆[x,y]

m([p, q])

=

∫
[p,q]⊆[x,y]

f([p, q])∫
A∈A f(A)

=
1∫

A∈A f(A)

∫
[p,q]⊆[x,y]

f([p, q])

=
1∫

A∈A f(A)

∫ y

p=x

∫ y

q=x

f([p, q])dxdy

=
1∫

A∈A f(A)

∫ y

p=x

∫ y

q=x

∫ q

z=p

f(z)dzdxdy.

(7.29)

Remark: From fig 7.1, we have Bel(A) =
∑n

i=1Bel([xi, yi]).

Q(A) =

∫
B⊇A

m(B)

=

∫
∪n
i=1[pi,qi]⊇∪n

i=1[xi,yi]

m(∪n
i=1[pi, qi])

Where A = ∪n
i=1[xi, yi], B = ∪n

i=1[pi, qi] i = 1, 2, . . . , n

By indexing of subsets of A,

A = [x, y] ⊆ [
√
na,

√
nb] have index (x, y),

B = [p, q] ⊆ [
√
na,

√
nb] have index (p, q),

Q(A) =

∫
[p,q]⊇[x,y]

m([p, q])

=

∫
[p,q]⊇[x,y]

f([p, q])∫
A∈A f(A)

=
1∫

A∈A f(A)

∫
[p,q]⊇[x,y]

f([p, q])

=
1∫

A∈A f(A)

∫ x

p=
√
na

∫ √
nb

q=y

f([p, q])dxdy

=
1∫

A∈A f(A)

∫ x

p=
√
na

∫ √
nb

q=y

∫ q

z=p

f(z)dzdxdy

(7.30)
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Remark: From fig 7.1, we have Q(A) = Q([x1, yn]).

Pl(A) =

∫
A∩B ̸=∅

m(B)

=

∫
∪n
i=1[piqi]∩∪n

i=1[xi,yi]̸=∅

f(∪n
i=1[xi, yi])∫

B∈A f(B)

Where B = ∪n
i=1[xi, yi], A = ∪n

i=1[pj, qj]

with for at least one i, 1 ≤ i ≤ n, [pjqj] ∩ [xi, yi] ̸= ∅

By indexing of subsets of A,

A = [x, y] ⊆ [
√
na,

√
nb] have index (x, y),

B = [p, q] ⊆ [
√
na,

√
nb] have index (p, q),

and (x, y) =
n∑

i=1

(xi, yi) hence
√
na < x < y <

√
nb.

P l(A) =

∫
∪n
i=1[piqi]∩∪n

i=1[xi,yi]̸=∅

f(∪n
i=1[xi, yi])∫

B∈A f(B)

=

∫
[p,q]∩[x,y] ̸=∅

f([x, y])∫
B∈A f(B)

=
1∫

B∈A f(B)

∫
[p,q]∩[x,y]̸=∅

f([x, y])

=
1∫

B∈A f(B)
{
∫ p

x=
√
na

∫ √
nb

y=p

f([x, y])dxdy +

∫ q

x=p

∫ √
nb

y=x

f([x, y])dxdy}.

(7.31)

Remark: From fig. 7.1, we have

Pl(A) = Pl(∪n
i=1[xi, yi])

=

∫ b

u=a

∫ b

v=u

m((u, v))dudv − {
∫ x1

u=a

∫ x1

v=u

m((u, v))dudv

+

∫ b

u=yn

∫ b

v=u

m((u, v))dudv +
n∑

i=2

∫ xi

u=yi−1

∫ xi

v=u

m((u, v))dudv}

Above conclusion can be obtained by using result : For any subset A of Ω =

[a, b], P l(A) = 1 − Bel(Ā). The belief, commonality and plausibility of subset

A = ∪n
i=1[xi, yi] are shown by red colour in figure ( fig: Bel, q and Pl of subset

A = ∪n
i=1[xi, yi] of Continuous Frame of Discernment Ω).
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Figure 7.1: Bel, q and Pl of subset A = ∪n
i=1[xi, yi] of Continuous Frame of

Discernment Ω.

7.5.1 Lower and Upper Limits of Distribution Function

We have distribution function F (x) = f(X ≤ x) = f([a, x]). Also we have

result: For any subset A of Ω, Bel(A) ≤ f(A) ≤ Pl(A). If [a, x] is not union

of exactly n disjoint intervals of Ω then in this case, we can not find probability,

belief and plausibility of subset [a, x]. Therefore we assume that subset [a, x]

is union of exactly n disjoint intervals of Ω. Let [a, k] = ∪n
j=1[pj, qj] and A =

∪n
i=1[xi, yi]. Using above result for general set [a, x] for distribution function, we

have Bel([a, x]) ≤ f([a, x]) ≤ Pl([a, x]) where

Bel([a, k]) =

∫
A⊆[a,k]

m(A)

=

∫
∪n
i=1[xi,yi]⊆∪n

j=1[pj ,qj ]

m(∪n
i=1[xi, yi])

=

∫
∪n
i=1[xi,yi]⊆∪n

j=1[pj ,qj ]

f(∪n
i=1[xi, yi])∫

A∈A f(A)

By indexing of elements of A,

A = ∪n
i=1[xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

[a, x] = ∪n
j=1[pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)
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Bel([a, k]) =

∫
[x,y]⊆[p,q]

f([x, y])∫
A∈A f(A)

=

∫ q

x=p

∫ q

y=x

f([x, y])∫
A∈A f(A)

dxdy

=
1∫

A∈A f(A)

∫ q

x=p

∫ q

y=x

f([x, y])dxdy

=
1∫

A∈A f(A)

∫ q

x=p

∫ q

y=x

∫ y

z=x

f(z)dzdxdy

(7.32)

and Pl([a, k]) =

∫
A∈A, A∩[a,k]̸=∅

m(A)

=

∫
∪n
i=1[xi,yi]∩∪n

j=1[pj ,qj ]̸=∅
m(∪n

i=1[xi, yi])

=

∫
∪n
i=1[xi,yi]∩∪n

j=1[pj ,qj ]̸=∅

f(∪n
i=1[xi, yi])∫

A∈A f(A)

By indexing of elements of A,

A = ∪n
i=1[xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

[a, k] = ∪n
j=1[pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)

Pl([a, k]) =

∫
[x,y]∩[a,k] ̸=∅

f([x, y])∫
A∈A f(A)

=
1∫

A∈A f(A)

∫
[x,y]∩[a,k]̸=∅

f([x, y])

=
1∫

A∈A f(A)

∫ k

x=
√
na

∫ √
nb

y=x

f([x, y])dydx

=
1∫

A∈A f(A)

∫ k

x=
√
na

∫ √
nb

y=x

∫ y

z=x

f(z)dzdydx

(7.33)

Remark:- We have T = {A = (x, y)|x, y ∈ [
√
na,

√
nb]}. A set A have index

(x, y) =
∑

( xi, yi) as:

x =

∑n
i=1 xi +

∑n
i=1 yi√

n
−

√
(−

∑n
i=1 xi +

∑n
i=1 yi√

n
)
2

− 4(
∑n

i=1 xiyi)

2

y =

∑n
i=1 xi +

∑n
i=1 yi√

n
+

√
(−

∑n
i=1 xi +

∑n
i=1 yi√

n
)
2

− 4(
∑n

i=1 xiyi)

2
.
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(For explanation see Appendix B (Section 2)). Also, index (x, y) have enumeration

x+ (1/2)(x−
√
na)(y −

√
nb) being a subset of [

√
na,

√
nb].

This type of indexing suffices to solve the problem of number of disjoint focal

elements involved in forming element of A. It is a good practice to convert subsets

inA into subset in T and do further calculations. Note that the points (
√
na,

√
na)

and (
√
nb,

√
nb) can not be considered as focal elements of our interest as focal

elements must be union of exactly n disjoint subsets of Ω. Here points (
√
na,

√
na)

and (
√
nb,

√
nb) correspond to focal elements which are repeatations of (a, a) and

(b, b) subsets of Ω, exactly n number of times.

7.5.2 Lower and Upper Limits of Raw Moments

We have rth raw moments for continuous probability distribution as E(xr) =∫ b

X=a
xrf(x)dx. Now we have rth raw moment based on probability of set µ

′

(r,p),

belief of set µ
′

(r,Bel) and plausibility of set µ
′

(r,P l) as :

µ
′

(r,p) =

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)rf([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)r
∫ y

z=x

f(z)dzdxdy

(7.34)

µ
′

(r,Bel) =

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)rBel([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)r
∫ y

p=x

∫ y

q=p

m([p, q])dqdpdxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)r
∫ y

p=x

∫ y

q=p

m([p, q])dqdpdxdy

(7.35)
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µ
′

(r,P l) =

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)rPl([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(

∑n
i=1 xi√
n

+ (1/2)[
n∑

i=1

(xi − a)(yi − a)])

r

{
∫ x

u=
√
na

∫ √
nb

w=x

m((u,w))dudw

+

∫ y

u=x

∫ √
nb

w=u

m((u,w))dudw}dxdy

(7.36)

Remark :- In above formula, we substitute value of Pl([x, y]) = Pl(∪n
i=1[xi, yi] as∫ b

u=a

∫ b

v=u
m((u, v))dudv − {

∫ x1

u=a

∫ x1

v=u
m((u, v))dudv

+
∫ b

u=yn

∫ b

v=u
m((u, v))dudv +

∑n
i=2

∫ xi

u=yi−1

∫ xi

v=u
m((u, v))dudv}.

Note that µ
′

(r,Bel) ≤ µ
′

(r,p) ≤ µ
′

(r,P l). Therefore we get lower and upper limits of raw

moments by using result ( 7.9)

7.5.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits

of raw moments and interval arithmetics (Section 2.4), we obtain lower and upper

limits of central moments. Using lower and upper limits of central moments and

interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).

7.6 Fifth Basic Belief Assignment For Continu-

ous Space

Now, we propose fifth new basic belief assignment.

Theorem 7.5. Let A ⊆ Ω, which is union of at most k2 ≤ n, disjoint in-

tervals of frame of discernment Ω. Let A = {A = ∪k2≤n
i=1 [xi, yi]|xi, yi ∈ Ω =

[a, b] xi ≤ yi yi < xi+1} be set of focal elements of Ω, which are not necessarily
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disjoint. Now define m : A → [0, 1] by

m(A) =
f(A)∫

A∈A f(A)
. (7.37)

with
∫
A∈A f(A) exists then m is a basic belief assignment.

Proof. As A = ∪k2≤n
i=1 [xi, yi] is focal element of Ω, it implies that f(A) > 0 hence

m(A) =
f(A)∫

A∈A f(A)
> 0. Also

∫
A∈A

m(A) =

∫
A∈A

f(A)∫
A∈A f(A)

=

∫
A∈A f(A)∫
A∈A f(A)

= 1.

Therefore, m is a basic belief assignment.

With this new basic belief assignmentm, we have belief function Bel, commonality

function Q and plausibility function Pl from A to [0, 1] as :

Bel(A) =

∫
B⊆A

m(B)

=

∫
∪k1≤n
j=1 [pj ,qj ]⊆∪k2≤n

i=1 [xi,yi]

m(∪k1≤n
j=1 [pj, qj])

Where A = ∪k2≤n
i=1 [xi, yi], B = ∪k1≤n

j=1 [pj, qj]

with for each j, 1 ≤ j ≤ k1, [pj, qj] ⊆ [xi, yi] for some i, 1 ≤ i ≤ k2

By indexing of elements of A,

A = ∪k2≤n
i=1 [xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

B = ∪k1≤n
j=1 [pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)
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Bel(A) =

∫
[pq]⊆[x,y]

m([p, q])

=

∫
[pq]⊆[x,y]

f([p, q])∫
A∈A f(A)

=

∫ y

p=x

∫ y

q=p

f([p, q])∫
A∈A f(A)

dqdp

=
1∫

A∈A f(A)

∫ y

p=x

∫ y

q=p

f([p, q])dqdp

=
1∫ √

nb

p=
√
na

∫ √
nb

q=p
f([p, q])dqdp

∫ y

p=x

∫ y

q=p

f([p, q])dqdp

=
1∫ √

nb

p=
√
na

∫ √
nb

q=p

∫
z = pqf(z)dzdqdp

∫ y

p=x

∫ y

q=p

∫ q

z=p

f(z)dzdqdp

(7.38)

Remark: From figure 7.1, we observe thatBel(∪k2≤n[xi, yi]) =
∑

k2≤nBel([xi, yi]).

Q(A) =

∫
B⊇A

m(B)

=

∫
∪k3≤n
j=1 [pj ,qj ]⊇∪k2≤n

i=1 [xi,yi]

m(∪k3≤n
j=1 [pj, qj])

Where A = ∪k2≤n
i=1 [xi, yi], B = ∪k3≤n

j=1 [pj, qj]

with for each i, 1 ≤ i ≤ k2, [pj, qj] ⊇ [xi, yi] for at least one j, 1 ≤ j ≤ k3

By indexing of elements of A,

A = ∪k2≤n
i=1 [xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

B = ∪k3≤n
j=1 [pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)

Q(A) =

∫
∪k3≤n
j=1 [pj ,qj ]⊇∪k2≤n

i=1 [xi,yi]

f(∪k3≤n
j=1 [pj, qj])∫
A∈A f(A)

=

∫
[p,q]⊇[x,y]

f([p, q])∫
A∈A f(A)

=

∫ x

p=
√
na

∫ √
nb

q=y

f([p, q])∫
A∈A f(A)

dqdp

=
1∫

A∈A f(A)

∫ x

p=
√
na

∫ √
nb

q=y

f([p, q])dqdp

=
1∫

A∈A f(A)

∫ x

p=
√
na

∫ √
nb

q=y

∫ q

z=p

f(z)dzdqdp
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Remark:- From figure 7.1, Q(A) = Q(∪k2≤n
i=1 [xi, yi]) = Q([x1, yn]).

Pl(A) =

∫
A∩B ̸=∅

m(B)

=

∫
∪k2≤n
j=1 [pj ,qj ]∩∪

k4≤n
i=1 [xi,yi]̸=∅

f(∪k4≤n
i=1 [xi, yi])∫
B∈A f(B)

Where B = ∪k4≤n
i=1 [xi, yi], A = ∪k2≤n

j=1 [pj, qj]

with for at least one i and at least one j, 1 ≤ i, j ≤ n, [pj, qj] ∩ [xi, yi] ̸= ∅

By indexing of elements of A,

A = ∪k2≤n
j=1 [pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)

B = ∪k4≤n
i=1 [xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

=
1∫

B⊆Ω
f(B)

∫
∪k2≤n
j=1 [pj ,qj ]∩∪

k4≤n
i=1 [xi,yi]̸=∅

f(∪k4≤n
i=1 [xi, yi])

=
1∫

B⊆Ω
f(B)

∫
[p,q]∩[x,y]̸=∅

f([x, y])

=
1∫

B⊆Ω
f(B)

{
∫ p

x=
√
na

∫ q

q=
√
na

f([x, y])dydx+

∫ q

x=p

∫ √
nb

y=p

f([x, y])dydx

=
1∫

B⊆Ω
f(B)

{
∫ p

x=
√
na

∫ q

q=
√
na

∫ y

z=x

f(z)dzdydx+

∫ q

x=p

∫ √
nb

y=p

∫ y

z=x

f(z)dzdydx

(7.39)

Remark: From figure 7.1, Pl(A) = Pl(∪k2≤n
i=1 [xi, yi]) is

=

∫ b

u=a

∫ b

v=u

m((u, v))dudv − {
∫ x1

u=a

∫ x1

v=u

m((u, v))dudv

+

∫ b

u=yn

∫ b

v=u

m((u, v))dudv +
n∑

i=2

∫ xi

u=yi−1

∫ xi

v=u

m((u, v))dudv}

The belief, commonality and plausibility of subset A = ∪k2≤n
i=1 [xi, yi] are shown

by red colour in figure 7.1 by replacing n by k2( fig: Bel, q and Pl of subset

A = ∪n
i=1[xi, yi] of continuous frame of discernment Ω).
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7.6.1 Lower and Upper Limits of Distribution Function

We have distribution function F (x) = f(X ≤ x) = f([a, x]). Also we have result:

For any subset A of Ω, Bel(A) ≤ f(A) ≤ Pl(A). If [a, x] is not union of at

most k2 ≤ n disjoint intervals of Ω then in this case, we can not find probability,

belief and plausibility of subset [a, x]. Therefore we assume that subset [a, x] is

union of at most n disjoint intervals of Ω. Let [a, k] = ∪k1≤n
j=1 [pj, qj] and A =

∪k2≤n
i=1 [xi, yi]. Using this result for general set [a, x] for distribution function, we

have Bel([a, x]) ≤ f([a, x]) ≤ Pl([a, x]), where

Bel([a, k]) =

∫
A⊆[a,k]

m(A)

=

∫
∪k2≤n
i=1 [xi,yi]⊆∪k1≤n

j=1 [pj ,qj ]

m(∪k2≤n
i=1 [xi, yi])

By indexing of elements of A,

[a, k] = ∪k1≤n
j=1 [pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)

A = ∪k2≤n
i=1 [xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

Bel([a, k]) =

∫
∪k2≤n
i=1 [xi,yi]⊆∪k1≤n

j=1 [pj ,qj ]

m(∪k2≤n
i=1 [xi, yi])

=

∫
[x,y]⊆[p,q]

m([x, y])

=

∫ q

x=p

∫ q

y=x

m([x, y])dydx

=

∫ q

x=p

∫ q

y=x

f([x, y])∫
B∈A f(B)

dydx

=
1∫

B∈A f(B)

∫ q

x=p

∫ q

y=x

f([x, y])dydx

=
1∫

B∈A f(B)

∫ q

x=p

∫ q

y=x

∈y
z=x f(z)dzdydx

(7.40)
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and Pl([a, k]) =

∫
A∩[a,k] ̸=∅

m(A)

=

∫
∪k2≤n
i=1 [xi,yi]∩∪

k1≤n
j=1 [pj ,qj ]̸=∅

m(∪k2≤n
i=1 [xi, yi])

By indexing of elements of A,

[a, k] = ∪k1≤n
j=1 [pj, qj] = [p, q] ⊆ [

√
na,

√
nb], have index (p, q)

A = ∪k2≤n
i=1 [xi, yi] = [x, y] ⊆ [

√
na,

√
nb], have index (x, y)

Pl([a, k]) =

∫
∪k2≤n
i=1 [xi,yi]∩∪

k1≤n
j=1 [pj ,qj ]̸=∅

m(∪k2≤n
i=1 [xi, yi])

=

∫
[x,y]∩[p,q] ̸=∅

m(A)

=

∫
[x,y]∩[p,q] ̸=∅

f([x, y])∫
B∈A f(B)

=
1∫

B∈A f(B)

∫
[x,y]∩[p,q]̸=∅

f([x, y])

=
1∫

B∈A f(B)
{
∫ p

x=
√
na

∫ √
nb

y=p

f([x, y])dydx+

∫ q

x=p

∫ √
nb

y=x

f([x, y])dydx}

=
1∫

B∈A f(B)
{
∫ p

x=
√
na

∫ √
nb

y=p

∫ y

z=x

f(z)dzdydx+

∫ q

x=p

∫ √
nb

y=x

∫ y

z=x

f(z)dzdydx}

(7.41)

Remark:- We have T = {A = ∪k2≤n
i=1 [xi, yi] = [x, y])|

√
na ≤ x, y ≤

√
nb}. Here

[x, y] have index (x, y) where

x =
1

2(
√
n)

{
∑k2≤n

i=1 xi +
∑k2≤n

i=1 yi + (n− k2)a√
n

−

√√√√(−
∑k2≤n

i=1 xi +
∑k2≤n

i=1 yi + (n− k2)a√
n

)

2

− 4(
√
n)(

√
n

k2≤n∑
i=1

xiyi)}

y =
1

2(
√
n)

{
∑k2≤n

i=1 xi +
∑k2≤n

i=1 yi + (n− k2)a√
n

+

√√√√(−
∑k2≤n

i=1 xi +
∑k2≤n

i=1 yi + (n− k2)a√
n

)

2

− 4(
√
n)(

√
n

k2≤n∑
i=1

xiyi)}

(For simplification, see Appendix B (Section 3: Subsection 2)).
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7.6.2 Lower and Upper Limits of Raw Moments

We have rth raw moments for continuous probability distribution as E(xr) =∫ b

X=a
xrf(x)dx. Now we have rth raw moment based on probability of set µ

′

(r,p),

belief of set µ
′

(r,Bel) and plausibility of set µ
′

(r,P l) as :

µ
′

(r,p) =

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)rf([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)r
∫ y

z=x

f(z)dzdydx.

(7.42)

µ
′

(r,Bel) =

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)rBel([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)r
∫ y

p=x

∫ y

q=p

m([x, y])dqdpdydx

(7.43)

µ
′

(r,P l) =

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)rPl([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

(x, y)r{
∫ x

p=
√
na

∫ √
nb

q=x

m([x, y])dqdpdydx

+

∫ y

p=x

∫ √
nb

q=p

m([x, y])dqdpdydx}

(7.44)

Remark :- From figure 7.1, we can substitute value of Pl([x, y]) as∫ b

u=a

∫ b

v=u
m([u, v])dudv − {

∫ x1

u=a

∫ x1

v=u
m([u, v])dudv

+
∫ b

u=yn

∫ b

v=u
m([u, v])dudv +

∑n
i=2

∫ xi

u=yi−1

∫ xi

v=u
m([u, v])dudv}.

By using result (7.9), we have µ
′

(r,Bel) ≤ µ
′

(r,p) ≤ µ
′

(r,P l). Therefore we get lower

and upper limits of raw moments.
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7.6.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits

of raw moments and interval arithmetics (Section 2.4), we obtain lower and upper

limits of central moments. Using lower and upper limits of central moments and

interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).

7.7 Illustrative Example

In this section, we illustrate above approach by considering continuous uniform

distribution. Let Ω = [a, b] be a continuous frame of discernment.. The probability

density function of continuous uniform distribution is

f(x) =
1

b− a
∀x ∈ [a, b]. (7.45)

The probability of subset [c, d] of Ω is

f([c, d]) =

∫ d

x=c

f(x)dx =
d− c

b− a
. (7.46)

The distribution function at x = k is

F (k) = f([a, k]) =
k − a

b− a
. (7.47)

7.7.1 First Basic Belief Assignment For Continuous Frame

of Discernment Ω = [a, b]

Let A = {Ai = [xi, yi]|i = 1, 2, . . . , n} where Ai are not necessarily disjoint.

For calculation of probabiity, Bel,Q and Pl, we consider only subsets Ai, i =
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1, 2, . . . , n. Therefore by (7.2), (7.3), (7.4) and (7.1) we have

Bel([c, d]) =
∑

[xi,yi]⊆[c,d]

m([xi, yi])

=
∑

[xi,yi]⊆[c,d]

f([xi, yi])∑n
i=1 f([xi, yi])

=
∑

[xi,yi]⊆[c,d]

(yi − xi)/(b− a)∑n
i=1(yi − xi)/(b− a)

=
∑

[xi,yi]⊆[c,d]

(yi − xi)/(b− a)

(
∑n

i=1 yi −
∑n

i=1 xi)/(b− a)

=
∑

[xi,yi]⊆[c,d]

(yi − xi)

(
∑n

i=1 yi −
∑n

i=1 xi)

(7.48)

Q([c, d]) =
∑

[xi,yi]⊇[c,d]

m([xi, yi])

=
∑

[xi,yi]⊇[c,d]

f([xi, yi])∑n
i=1 f([xi, yi])

=
∑

[xi,yi]⊇[c,d]

(yi − xi)/(b− a)∑n
i=1(yi − xi)/(b− a)

=
∑

[xi,yi]⊇[c,d]

(yi − xi)/(b− a)

(
∑n

i=1 yi −
∑n

i=1 xi)/(b− a)

=
∑

[xi,yi]⊇[c,d]

(yi − xi)

(
∑n

i=1 yi −
∑n

i=1 xi)

(7.49)

Pl([c, d]) =
∑

[xi,yi]∩[c,d]̸=∅

m([xi, yi])

=
∑

[xi,yi]∩[c,d]̸=∅

f([xi, yi])∑n
i=1 f([xi, yi])

=
∑

[xi,yi]∩[c,d]̸=∅

(yi − xi)/(b− a)∑n
i=1(yi − xi)/(b− a)

=
∑

[xi,yi]⊇[c,d]

(yi − xi)/(b− a)

(
∑n

i=1 yi −
∑n

i=1 xi)/(b− a)

=
∑

[xi,yi]∩[c,d]̸=∅

(yi − xi)

(
∑n

i=1 yi −
∑n

i=1 xi)

(7.50)
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Lower and Upper Bounds of Distribution function:-

Here [a, k] is a general subset required for distribution function. If [a, k] is not

union of elements A then we can not find probability, belief and plausibility of

[a, k]. Therefore, we assume that [a, k] is union of elements of A. By result (2.5),

(7.2), (7.3) and (7.4) we have ,

Bel([a, k]) ≤ p([a, k]) ≤ Pl([a, k])

i.e.

∑
[xi,yi]⊆[a,k]

m([xi, yi]) ≤ p([a, k])
k − a

b− a
≤

∑
[xi,yi]∩[a,k]̸=∅

m([xi, yi])

∑
[xi,yi]⊆[a,k]

(yi − xi)

(
∑n

i=1 yi −
∑n

i=1 xi)
≤ p([a, k])

k − a

b− a
≤

∑
[xi,yi]∩[a,k]̸=∅

(yi − xi)

(
∑n

i=1 yi −
∑n

i=1 xi)
.

(7.51)

Which gives lower and upper limits ( bounds) of distribution function.

Lower and Upper Bounds of Raw Moments:-

We have rth raw moment of continuous uniform distribution as

µ
′

r =

∫ b

x=a

xrf(x)dx

=

∫ b

x=a

xr 1

b− a
dx

=
1

(b− a)(r + 1)
[br+1 − ar+1].

(7.52)
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Now we calculate raw moments based on probability, belief and plausibility of

subsets of Ω = [a, b] by (7.6), (7.7) and (7.8) as

µ
′

(r,p) =
n∑

i=1

irf(Ai)

=
n∑

i=1

irf([xi, yi])

=
1

b− a

n∑
i=1

ir(yi − xi)

(7.53)

(7.54)

µ
′

(r,Bel) =
n∑

i=1

irBel(Ai)

=
n∑

i=1

ir
∑

[c,d]⊆[xi,yi]
[c,d]∈A

m([c, d])

=
n∑

i=1

ir
∑

[c,d]⊆[xi,yi]
[c,d]∈A

f([c, d])∑n
i=1 yi −

∑n
i=1 xi

b− a

=
n∑

i=1

ir
∑

[c,d]⊆[xi,yi]
[c,d]∈A

(d− c)/(b− a))

(
∑n

i=1 yi −
∑n

i=1 xi)/(b− a)

=
n∑

i=1

ir
∑

[c,d]⊆[xi,yi]
[c,d]∈A

d− c∑n
i=1 yi −

∑n
i=1 xi

(7.55)
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µ
′

(r,P l) =
n∑

i=1

irPl(Ai)

=
n∑

i=1

ir
∑

[c,d]∩[xi,yi] ̸=∅
[c,d]∈A

m([c, d])

=
n∑

i=1

ir
∑

[c,d]∩[xi,yi] ̸=∅
[c,d]∈A

f([c, d])∑n
i=1 yi −

∑n
i=1 xi

b− a

=
n∑

i=1

ir
∑

[c,d]∩[xi,yi] ̸=∅
[c,d]∈A

(d− c)/(b− a))

(
∑n

i=1 yi −
∑n

i=1 xi)/(b− a)

=
n∑

i=1

ir
∑

[c,d]∩[xi,yi] ̸=∅
[c,d]∈A

d− c∑n
i=1 yi −

∑n
i=1 xi

(7.56)

Therefore the lower and upper bounds for raw moments are given by equation

(7.9). Using interval arithmetics (Section 2.4), relation between raw and central

moments (7.10) and lower and upper bounds of raw moments, we obtain lower and

upper bounds of central moments. By using lower and upper bounds of central

moments, interval arithmetics (Section 2.4) and formulae of coefficients of skewness

and kurtosis (7.11), we obtain lower and upper bounds for coefficients of skewness

and kurtosis for continuous uniform distribution [19].

7.7.2 Second Basic Belief Assignment For Continuous frame

of Discernment Ω = [a, b]

Let A = {A = [a, k]|k ∈ Ω = [a, b]}. The second basic belief assignment for

continuous uniform distribution (7.12) is

m([a, x]) =
f([a, x])∫ b

x=a
f([a, x])dx

.
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Here
∫ b

x=a
f([a, x])dx =

∫ b

x=a

x− a

b− a
dx =

b− a

2
. Therefore second basic belief as-

signment for continuous uniform distribution becomes

m([a, x]) =
f([a, x])∫ b

x=a
f([a, x])dx

=
2(x− a)

(b− a)2
. (7.57)

Calculation of belief, commonality and plausibility function :-

If c > a then Bel([c, d]) = 0 as there is no focal element [a, x] contained in [c, d].

For a = c and by (7.13), (7.14) and (7.15), we have

Bel([a, d]) =

∫
[a,x]⊆[a,d]

m([a, x])dx

=

∫ d

x=a

2(x− a)

(b− a)2
dx

=
(d− a)

(b− a)

2

.

(7.58)

Q([a, d]) =

∫
[a,x]⊇[c,d]

m([a, x])dx

=

∫ b

x=d

2(x− a)

(b− a)2
dx

=
[b(b− 2a)− d(d− 2a)]

(b− a)2
.

(7.59)

and

Pl([a, d]) =

∫
[a,x]∩[c,d]̸=∅

m([a, x])dx

=

∫ b

x=c

2(x− a)

(b− a)2
dx

=
[b(b− 2a)− c(c− 2a)]

(b− a)2
.

(7.60)



Chapter 7. Basic Belief Assignment Induced by Probability Density Function 220

Lower and Upper Bounds of Distribution function:-

Here [a, k] is general element required for distribution function. By result (2.5)

and (7.16), we have

Bel([a, k]) ≤ p([a, k]) ≤ Pl([a, k])

i.e.
(d− a)

(b− a)

2

≤ p([a, k]) ≤ [b(b− 2a)− c(c− 2a)]

(b− a)2
. (7.61)

Which gives lower and upper limits ( bounds) of distribution function.

Calculation of Lower and Upper Bounds of Raw Moments :-

Now we calculate raw moments based on probability, belief and plausibility of

subsets of Ω = [a, b] by using (7.18), (7.19) and (7.20) as

µ
′

(r,p) =

∫ b

x=a

xrf([a, x])dx

=

∫ b

x=a

xrx− a

b− a
dx

=
1

b− a
[
br+2

r + 2
− abr+1

r + 1
− ar+2

r + 2
− ar+2

r + 1
].

(7.62)

µ
′

(r,Bel) =

∫ b

x=a

xrBel([a, x])dx

=

∫ b

x=a

xr(
x− a

b− a
)
2

dx

=
1

(b− a)2
[
br+3

r + 3
− 2abr+2

r + 2
+

a2br+1

r + 1

− ar+3

r + 3
− 2ar+3

r + 2
+

ar+3

r + 1
]

(7.63)

µ
′

(r,P l) =

∫ b

x=a

xrPl([a, x])dx

=

∫ b

x=a

xr1dx Since Pl([a, x]) = 1 ∀x

=
1

r + 1
[br+1 − ar+1].

(7.64)

Therefore the lower and upper bounds for raw moments are given by equation

(7.9). Using interval arithmetics (Section 2.4), relation between raw and central
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moments (7.10) and interval arithmetics, we obtain lower and upper bounds of

central moments. Using lower and upper bounds of central moments, interval

arithmetics (Section 2.4) and formulae for coefficients of skewness and kurtosis

(7.11), we obtain lower and upper bounds for coefficients of skewness and kurtosis

for continuous uniform distribution [19].

7.7.3 Third Basic Belief Assignment For Continuous frame

of Discernment Ω = [a, b]

Let A = {A = [x, y]|x, y ∈ [a, b]} subsets of Ω = [a, b]. The third basic belief

assignment for continuous uniform distribution (7.21) is

m([x, y]) =
f([x, y])∫ b

x=a

∫ b

y=x
f([x, y])dydx

.

Now consider

I =

∫ b

x=a

∫ b

y=x

f([x, y])dydx

=

∫ b

x=a

∫ b

y=x

y − x

b− a
dydx

=
[b− a]2

6

(7.65)

Therefore third basic belief assignment becomes

m([x, y]) =
f([x, y])∫ b

x=a

∫ b

y=x
f([x, y])dydx

=
6(y − x)

[b− a]3
. (7.66)
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Now we calculate belief, commonality and plausibility functions based on this third

basic belief assignment by using (7.22), (7.23) and (7.24). Therefore

Bel([c, d]) =

∫ d

x=c

∫ d

y=x

m([x, y])dydx

=

∫ d

x=c

∫ d

y=x

6(y − x)

[b− a]3
dydx

=
[d− c]

[b− a]

3

.

(7.67)

Q([c, d]) =

∫ c

x=a

∫ b

y=d

m([x, y])dydx

=

∫ c

x=a

∫ b

y=d

6(y − x)

[b− a]3
dydx

=
1

[b− a]3
[3bc(b− c)− 3dc(d− c)− 3ab(b− a) + 3ad(d− a)]

(7.68)

We have Pl([c, d]) =
∫ c

x=a

∫ b

y=c
m([x, y])dydx +

∫ d

x=c

∫ b

y=x
m([x, y])dydx = I1 + I2.

Therefore

I1 =

∫ c

x=a

∫ b

y=c

m([x, y])dydx

=

∫ c

x=a

∫ b

y=c

6(y − x)

[b− a]3
dydx

=
1

[b− a]3
[3bc(b− c)− 3ab(b− a) + 3ac(c− a)].

(7.69)

I2 =

∫ d

x=c

∫ b

y=x

m([x, y])dydx

=

∫ d

x=c

∫ b

y=x

6(y − x)

[b− a]3
dydx

=
1

[b− a]3
[d3 − c3 + 3bd(b− d)− 3bc(b− c)].

(7.70)

Hence

Pl([c, d]) = I1 + I2 =
[d3 − c3 + 3ac(c− a)− 3ab(b− a) + 3bd(b− d)]

[b− a]3
. (7.71)
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Lower and Upper Bounds of Distribution Function :-

Lower and Upper Bounds of Distribution Function are obtained by using (2.5),

(7.67) -(7.71). We have Bel([a, k]) ≤ p([a, k]) ≤ Pl([a, k]).i.e

[k − a]

[b− a]

3

≤ p([a, k]) ≤ [k3 − a3 − 3ab(b− a) + 3bk(b− k)]

[b− a]3
. (7.72)

Calculation of Lower and Upper Bounds of Raw Moments :-

Now we calculate raw moments based on probability, belief and plausibility of

subsets of Ω = [a, b] by using (7.25), (7.26) and (7.27) as

µ
′

(r,p) =

∫ b

x=a

∫ b

y=x

(x, y)rf([x, y])dydx

=

∫ b

x=a

∫ b

y=x

(x, y)r
y − x

b− a
dydx

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)(x− a)(y − a))r
y − x

b− a
dydx

(7.73)

µ
′

(r,Bel) =

∫ b

x=a

∫ b

y=x

(x, y)rBel([x, y])dydx

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)(x− a)(y − a))r
y − x

b− a

3

dydx

(7.74)

µ
′

(r,P l) =

∫ b

x=a

∫ b

y=x

(x, y)rPl([x, y])dydx

=

∫ b

x=a

∫ b

y=x

(x+ (1/2)(x− a)(y − a))rPl([x, y])dydx

(7.75)

Therefore the lower and upper bounds for raw moments are given by equation

(7.9). Using lower and upper bounds of raw moments, interval arithmetics (Section

2.4), relation between raw and central moments (7.10), we obtain lower and upper

bounds of central moments. By using lower and upper bounds of central moments,

interval arithmetics (Section 2.4) and formulae for coefficients of skewness and

kurtosis (7.11), we can obtain lower and upper bounds for coefficients of skewness

and kurtosis for continuous uniform distribution [19].
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7.7.4 Fourth Basic Belief Assignment For Continuous frame

of Discernment Ω = [a, b]

Let A = {A = ∪n
i=1[xi, yi]|xi, yi ∈ Ω = [a, b], yi < xi+1}. The points [

√
na,

√
na]

and [
√
nb,

√
nb] do not lie in A. The fourth basic belief assignment (7.28) for

continuous uniform distribution is: For any A ∈ A is ,

m(A) =
f(A)∫

A∈A f(A)
.

By using indexing of subsets, A have index (x, y) where

x =

∑n
i=1 xi +

∑n
i=1 yi√

n
−

√
(−

∑n
i=1 xi +

∑n
i=1 yi√

n
)
2

− 4(
∑n

i=1 xiyi)

2

y =

∑n
i=1 xi +

∑n
i=1 yi√

n
+

√
(−

∑n
i=1 xi +

∑n
i=1 yi√

n
)
2

− 4(
∑n

i=1 xiyi)

2

with x, y ∈ [
√
na,

√
nb]. The index (x, y) have enumeration x+(1/2)(x−

√
na)(y−

√
nb). With this indexing (See Appendix B, Section 2), we have

I =

∫
A⊆A

f(A)

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

f([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

y − x√
n(b− a)

dxdy

=
n(b− a)2

6
.

(7.76)

Therefore fourth basic belief assignment becomes

m([x, y]) =
f([x, y])∫
A⊆A f(A)

=
6(y − x)

(
√
n(b− a))

3 .

(7.77)
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Putting values of x and y in this indexing andm([x, y]) as given above, we calculate

belief, commonality and plausibility functions by using (7.29), (7.30) and (7.31)

as:

Bel([c, d]) =

∫ d

x=c

∫ d

y=x

m([x, y])dxdy

=
(d− c)3

(
√
n(b− a))

3 .

(7.78)

Q([c, d]) =

∫ c

x=
√
na

∫ √
nb

yd

m([x, y])dxdy

=
[3
√
nbc(

√
n(b− c)− 3dc(d− c)− 3n

√
nab(b− a) + 3

√
nad(d− sqrtna)]

(
√
n(b− a))

3 .

(7.79)

Pl([c, d]) =

∫ c

x=
√
na

∫ √
nb

yd

m([x, y])dxdy

=
[3
√
nac(

√
n(c−

√
na)− 3nab(b− a) + 3

√
nbd(

√
nb− d) + d3 − c3]

(
√
n(b− a))

3 .

(7.80)

Lower and Upper Bounds of Distribution Function :-

Lower and Upper Bounds of Distribution Function are obtained by using (7.32)

and (7.33). We have Bel([a, k]) ≤ p([a, k]) ≤ Pl([a, k]) .i.e

[k − a]

[b− a]

3

≤ p([a, k]) ≤ [k3 − a3 − 3ab(b− a) + 3bk(b− k)]

[b− a]3
. (7.81)
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Calculation of Lower and Upper Bounds of Raw Moments :-

Now we calculate raw moments based on probability, belief and plausibility of

subsets of Ω = [a, b] by using (7.34), (7.35) and (7.36) as

µ
′

(r,p) =

∫ b

x=a

∫ b

y=x

(x, y)rf([x, y])dydx

=

∫ b

x=a

∫ b

y=x

(x, y)r
y − x√
n(b− a)

dydx

(7.82)

µ
′

(r,Bel) =

∫ b

x=a

∫ b

y=x

(x, y)rBel([x, y])dydx

=

∫ b

x=a

∫ b

y=x

(x, y)r(
y − x√
n(b− a)

)
3

dydx

(7.83)

µ
′

(r,P l) =

∫ b

x=a

∫ b

y=x

(x, y)rPl([x, y])dydx

=

∫ b

x=a

∫ b

y=x

(x, y)r
[3
√
nax(

√
n(x−

√
na)− 3nab(b− a) + 3

√
nby(

√
n(b− y) + y3 − x3]

(
√
n(b− a))

3 .

(7.84)

Therefore the lower and upper bounds for raw moments are given by (7.9). Using

lower and upper bounds of raw moments, interval arithmetics ( Section 2.4), rela-

tion between raw and central moments (7.10), we obtain lower and upper bounds

for central moments. The lower and upper bounds of coefficients of skewness and

kurtosis are obtained by using equation (7.11), lower and upper bounds of cen-

tral moments and interval arithmetics (Section 2.4). Thus we obtain lower and

upper bounds of statistical quantities based on fourth basic belief assignment, for

continuous uniform distribution.

7.7.5 Fifth Basic Belief Assignment For Continuous frame

of Discernment Ω = [a, b]

Let A = {A = ∪k2≤n
i=1 [xi, yi]|xi, yi ∈ [a, b], yi < xi+1}, union of at most k2 subsets

of Ω = [a, b]. The fifth basic belief assignment for continuous uniform distribution
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(7.37) is: For any A ∈ A,

m(A) =
f(A)∫

A∈A f(A)
.

By indexing of subsets (See Appendix B, Section 3), subset A have index (x, y)

with

x =
1

2(
√
n)

{
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a

−

√√√√(−
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a)

2

− 4(
√
n)(

√
n(

k2≤n∑
i=1

xiyi))}

y =
1

2(
√
n)

{
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a

+

√√√√(−
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a)

2

− 4(
√
n)(

√
n(

k2≤n∑
i=1

xiyi))}

Where x, y ∈ [
√
na,

√
nb] and (x, y) have enumeration x+(1/2)(x−

√
na)(y−

√
nb).

With this indexing, we have

I =

∫
A⊆A

f(A)

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

f([x, y])dxdy

=

∫ √
nb

x=
√
na

∫ √
nb

y=x

y − x√
n(b− a)

dxdy

=
n(b− a)2

6
.

(7.85)

Therefore fifth basic belief assignment becomes

m([x, y]) =
f([x, y])∫
A⊆Ω

f(A)

=
6(y − x)

(
√
n(b− a))

3 .

(7.86)

As proceeding in above subsection, with this indexing, just obtained m([x, y])

and putting values of x and y as given above, we calculate belief, commonality

and plausibility functions of elements in A. Hence lower and upper bounds of



Chapter 7. Basic Belief Assignment Induced by Probability Density Function 228

distribution function and raw moments are given by

[k − a]

[b− a]

3

≤ p([a, k]) ≤ [k3 − a3 − 3ab(b− a) + 3bk(b− k)]

[b− a]3
. (7.87)

µ
′

(r,Bel)

µ
′
(r,p)

µ
′

r ≤ µ
′

r ≤
µ

′

(r,P l)

µ
′
(r,p)

µ
′

r. (7.88)

Lower and Upper Bounds of Central Moments and Coefficients of Skew-

ness and Kurtosis :-

Using interval arithmetics (Section 2.4), lower and upper bounds of raw moments,

relation between raw and central moments (7.10), we obtain lower and upper

bounds for central moments. The lower and upper bounds of coefficients of skew-

ness and kurtosis are obtained by using equation (7.11), lower and upper bounds

of central moments and interval arithmetics (Section 2.4) for continuous uniform

distribution.

Future Scope :

All belief functions based on these basic belief assignments, are dependent on

probability of subsets. Therefore approximately all calculations are based on con-

tinuous probability density functions. This approach of obtaining basic belief

assignments can be generalized for countably infinite focal elements of continuous

frame of discernment.

7.8 Applications

In real life, continuous probability distributions have lot of applications. This

approach is helpful to obtain lower and upper limits of statistical quantities based

on continuous probability distributions. While obtaining these bounds, one should

be careful about interval arithmetics as it gives too much wide bounds.
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7.9 Conclusion

In past, approximately all authors have assumed that subset [x, y] of continuous

frame of discernment [a, b], as (x, y) as bivariate continuous probability distribu-

tion. This is one of the approach to obtain beliefs induced by univariate continuous

probability distributions. All belief functions based on these basic belief assign-

ments are probability functions approximately as all calculations are based on

continuous probability density functions.



Appendix A

Indexing of Subsets of Frame of

Discernment Θ

V Subset of Θ V Subset of Θ V Subset of Θ V Subset of Θ

0 ∅ 16 {e} 32 {f} 48 {e,f}

1 {a} 17 {a,e} 33 {a,f} 49 {a,e,f}

2 {b} 18 {b,e} 34 {b,f} 50 {b,e,f}

3 {a,b} 19 {a,b,e} 35 {a,b,f} 51 {a,b,e,f}

4 {c} 20 {c,e} 36 {c,f} 52 {c,e,f}

5 {a,c} 21 {a,c,e} 37 {a,c,f} 53 {a,c,e,f}

6 {b,c} 22 {b,c,e} 38 {b,c,f} 54 {b,c,e,f}

7 {a,b,c} 23 {a,b,c,e} 39 {a,b,c,f} 55 {a,b,c,e,f}

8 {d} 24 {d,e} 40 {d,f} 56 {d,e,f}

9 {a,d} 25 {a,d,e} 41 {a,d,f} 57 {a,d,e,f}

10 {b,d} 26 {b,d,e} 42 {b,d,f} 58 {b,d,e,f}

11 {a,b,d} 27 {a,b,d,e} 43 {a,b,d,f} 59 {a,b,d,e,f}

12 {c,d} 28 {c,d,e} 44 {c,d,f} 60 {c,d,e,f}

13 {a,c,d} 29 {a,c,d,e} 45 {a,c,d,f} 61 {a,c,d,e,f}

14 {b,c,d} 30 {b,c,d,e} 46 {b,c,d,f} 62 {b,c,d,e,f}

15 {a,b,c,d} 31 {a,b,c,d,e} 47 {a,b,c,d,f} 63 {a,b,c,d,e,f}
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Appendix B

Indexing of Subsets of Continuous

Frame of Discernment

In this Appendix B, we index mainly three types of subsets of continuous frame

of discernment Ω = [a, b] viz. subset [x, y] i.e. only one interval of Ω, subset as

union of exactly n disjoint subsets of Ω and subset as union of at most n disjoint

subsets of Ω.

B.1 Indexing of Subsets [x, y] of Ω

The subsets of Ω of our interest are of the type [x, y]. Let A = {[x, y]|[x, y] ⊆

Ω, x ≤ y}. Now we define a mapping A to T = {(x, y)|a ≤ x ≤ y ≤ b} such

that for each element [x, y] of A, we associate a number v = (x, y) ∈ T . The

enumeration of (x, y) is sum of x and area of triangle shaded in yellow colour in T .

i.e the enumeration of (x, y) is equal to sum of x and half of the area of rectangle

with sides x−a and y−a. Thus enumeration of (x, y) is x+(1/2)[(x−a)(y−a)].
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Figure B.1: Indexing of subsets [x, y] of Continuous Frame of Discernment Ω.

B.2 Indexing of Subsets A = ∪n
i=1[xi, yi] in A

The subsets of Ω of our interest are of the type A = ∪n
i=1[xi, yi]. :Let A = {A =

∪n
i=1[xi, yi]|fori ̸= j[xi, yi] ∩ [xj, yj] = ∅} i.e A have elements of the type which

are union of exactly n disjoint intervals of Ω = [a, b]. Now we define mapping A

to T = {(x, y)|
√
na ≤ x ≤ y ≤

√
nb} such that for each subset A = ∪n

i=1[xi, yi]

of A, we associate a number v = (x, y) =
∑n

i=1(xi, yi) ∈ T . The enumeration of

(x, y) is sum of

∑n
i=1 xi√
n

. The enumeration of (x, y) is equal to sum of

∑n
i=1 xi√
n

and

half of the areas of rectangles with sides xi − a and yi − a. Thus enumeration of

(x, y) is x+ (1/2)(x−
√
na)(y −

√
na) and enumeration of

∑
(xi, yi) is

∑n
i=1 xi√
n

+

(1/2)[
∑n

i=1(xi − a)(yi − a)]. Which on simplification gives

x =

∑n
i=1 xi +

∑n
i=1 yi√

n
−

√
(−

∑n
i=1 xi +

∑n
i=1 yi√

n
)
2

− 4(
∑n

i=1 xiyi)

2

y =

∑n
i=1 xi +

∑n
i=1 yi√

n
+

√
(−

∑n
i=1 xi +

∑n
i=1 yi√

n
)
2

− 4(
∑n

i=1 xiyi)

2

Justification:

Now we obtain a single pair (x, y) for A =
∑n

i=1(xi, yi) where each (xi, yi) have

enumeration as xi+(1/2)(xi−a)(yi−a) by generalizing the approach as discussed
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Figure B.2: Indexing of subsets A = ∪n
i=1[xi, yi] of Continuous Frame of

Discernment Ω.

in above section 1. The some part of second term viz.
∑n

i=1(xi − a)(yi − a) is

equivalent to sum of areas of right angled triangles with sides xi−a and yi−a and

which is equated to area of right angled triangle with sides x− a
′
and y− a

′
with

x ≤ y. Here we have distinct values a and a
′
as constant terms, are not necessarily

equal on both sides, in following equality. Therefore we have

(1/2)
n∑

i=1

(xi − a)(yi − a) = (1/2)(x− a
′
)(y − a

′
)

⇒
n∑

i=1

(xi − a)(yi − a) = (x− a
′
)(y − a

′
).

(B.1)

Which on simplification gives

n∑
i=1

xiyi − a(
n∑

i=1

xi +
n∑

i=1

yi) + na2 = xy − a
′
(x+ y) + a

′2
. (B.2)

On comparing, we get

n∑
i=1

xiyi = xy, a(
n∑

i=1

xi +
n∑

i=1

yi) = a
′
(x+ y), na2 = a

′2
. (B.3)

on solving, we get

na2 = a
′2 ⇒ a

′
=

√
na. (B.4)

Putting value of a
′
, we get

(
n∑

i=1

xi +
n∑

i=1

yi) =
√
n(x+ y). (B.5)
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Therefore we have

x+ y =

∑n
i=1 xi +

∑n
i=1 yi√

n
and xy =

n∑
i=1

xiyi. (B.6)

Hence

x =

∑n
i=1 xi +

∑n
i=1 yi√

n
− y

and

∑n
i=1 xi +

∑n
i=1 yi√

n
− y]y =

n∑
i=1

xiyi.

⇒ y2 − [

∑n
i=1 xi +

∑n
i=1 yi√

n
]y +

n∑
i=1

xiyi = 0.

(B.7)

Which is quadratic in y. Therefore by quadratic roots, we have

y =

∑n
i=1 xi +

∑n
i=1 xi√

n
±

√
(−

∑n
i=1 xi +

∑n
i=1 xi√

n
)
2

− 4(
∑n

i=1 xiyi)

2
(B.8)

Above two values of y gives values of x and y. But x ≤ y implies that

x =

∑n
i=1 xi +

∑n
i=1 xi√

n
−

√
(−

∑n
i=1 xi +

∑n
i=1 xi√

n
)
2

− 4(
∑n

i=1 xiyi)

2
.

(B.9)

y =

∑n
i=1 xi +

∑n
i=1 xi√

n
+

√
(−

∑n
i=1 xi +

∑n
i=1 xi√

n
)
2

− 4(
∑n

i=1 xiyi)

2
.

(B.10)

Here we will consider smaller value as x and larger value as y.

Note:- For n = 1, we get enumeration of (x, y) as explained in third basic belief

assignment.

B.3 Indexing of Subsets A = ∪k2≤n
i=1 [xi, yi] in A

The subset of our interest is A = {∪k2≤n
i=1 [xi, yi]} ⊆ Ω which is union of at most

k2 ≤ n disjoint intervals of Ω = [a, b]. Now we obtain a single pair (x, y) for
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A =
∑k2≤n

i=1 (xi, yi) which is union of at most k2 ≤ n disjoint intervals of Ω = [a, b],

by same approach discussed in above section 2. Here each (xi, yi) have enumeration

xi + (1/2)(xi − a)(yi − a). The second term is equivalent to sum of areas of right

angled triangles with sides xi − a and yi − a. The sum of enumerations of (xi, yi)

is (x, y). The sum of areas of right angled triangles with sides equal to xi − a and

yi − a, is equated to area of right angled triangle with sides x− a
′
and y− a

′
with

x ≤ y. Here we have distinct values a and a
′
, as constant terms are not necessarily

equal on both sides, in following equality. Therefore we have

(1/2)

k2≤n∑
i=1

(xi − a)(yi − a) = (1/2)(x− a
′
)(y − a

′
)

i.e.
≤n∑
i=1

(xi − a)(yi − a) = (x− a
′
)(y − a

′
)

Here values a, a
′
, xi, yi are known to us. Therefore we have to find values of x and

y only.

B.3.1 For k2 = 1

Consider (x1 − a)(y1 − a) = (x−
√
na)(y −

√
na). which on simplification gives

x1y1 − a(x1 + y1) + a2 = xy −
√
na(x+ y) + na2 (B.11)

On comparison, we get

x1y1 = xy, a(x1 + y1) + a2 =
√
na(x+ y) + na2 (B.12)

i.e. x = (x1y1)/y and (x1 + y1) + a =
√
n(x+ y) + na. Combining, we get

(x1 + y1) + a =
√
n((x1y1)/y + y) + na (B.13)
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On simplification, we get

√
ny2 − (x1 + y1 − (n− 1)a)y +

√
nx1y1 = 0 (B.14)

Which is quadratic equation in y. Therefore we have

y =
x1 + y1 − (n− 1)a±

√
(x1 + y1 − (n− 1)a)2 − 4(

√
n)(

√
nx1y1)

2(
√
n)

(B.15)

These two values of y gives values of x and y where x ≤ y and value of x as small

as possible. Therefore we have

x =
x1 + y1 − (n− 1)a−

√
(x1 + y1 − (n− 1)a)2 − 4(

√
n)(

√
nx1y1)

2(
√
n)

(B.16)

y =
x1 + y1 − (n− 1)a+

√
(x1 + y1 − (n− 1)a)2 − 4(

√
n)(

√
nx1y1)

2(
√
n)

(B.17)

Note:- For n = 1, we get enumeration of (x, y) as explained in third basic belief

assignment.

B.3.2 For k2 ≤ n

Consider
∑k2≤n

i=1 (xi − a)(yi − a) = (x −
√
na)(y −

√
na). which on simplification

gives

k2≤n∑
i=1

xiyi − a(

k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi) + k2a
2 = xy −

√
na(x+ y) + na2. (B.18)

On comparing, we get

k2≤n∑
i=1

xiyi = xy, a(

k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi) + k2a
2 =

√
na(x+ y) + na2. (B.19)

on solving, we get
k2≤n∑
i=1

xiyi = xy ⇒ x =

∑k2≤n
i=1 xiyi
y

. (B.20)
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Therefore we have

k2≤n∑
i=1

xi + yi =
√
n(

∑k2≤n
i=1 xi +

∑k2≤n
i=1 yi

y
+ y) + na (B.21)

On simplification, we get

√
ny2 − ((

k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi)− (n− k2)a)y +
√
n(

k2≤n∑
i=1

xiyi) = 0. (B.22)

Which is quadratic in y. Therefore by quadratic roots, we have

y =
1

2(
√
n)

{ k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a

±

√√√√(−
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a)

2

− 4(
√
n)(

√
n(

k2≤n∑
i=1

xiyi))
} (B.23)

Above two values of y gives values of x and y. But x ≤ y implies that

x =
1

2(
√
n)

{ k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a

−

√√√√(−
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a)

2

− 4(
√
n)(

√
n(

k2≤n∑
i=1

xiyi))
} (B.24)

y =
1

2(
√
n)

{ k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a

+

√√√√(−
k2≤n∑
i=1

xi +

k2≤n∑
i=1

yi − (n− k2)a)

2

− 4(
√
n)(

√
n(

k2≤n∑
i=1

xiyi))}

(B.25)

Here we will consider smaller value as x and larger value as y.

Note:- For n = 1, we get enumeration of (x, y) as explained in third basic belief

assignment.



Bibliography

[1] A. Aregui and T. Denoeux, Consonant belief function induced by a con-

fidence set of pignistic probabilities, in Proceedings of the 9th European Con-

ference on Symbolic and Quantitative Approaches to Reasoning with Un-

certainty (ECSQARU 2007), Hammamet, Tunitia, Springer Verlag, October;

November 2007, pp. 344–3555.

[2] P. Billingsley, Probability and Measures, Wiley India Pvt. Ltd, 2008.

[3] F. Caron, B. Ristic, E. Duflos, and P. Vanheeghe, Least commit-

ted basic belief density induced by a multivariate guassian pdf, International

Journal of Approximate Reasoning, 2 (2008), pp. 419–436.

[4] F. Cuzzolin, On the properties of intersection probability, Artificial Intelli-

gence, (2007). submitted to Arificial Intelligence.

[5] A. P. Dempster, Lower and upper probabilities induced by a multi-valued

mapping, The Annals of Mathematical Statistics, (1966), pp. 325–339.

[6] , Upper and lower probabilities induced by multivariate mapping, Annuals

of Mathematical Statistics, 2 (1967), pp. 325–339.

[7] , Upper and lower probabilities generated by a random closed interval,

Annuals of Mathematical Statistics, 3 (1968), pp. 957–966.

[8] T. Deneoux, Reasoning with imprecise belie structures, International Jour-

nal of Approximate Reasoning, 20(1) (1999), pp. 79–111.

238



Bibliography 239

[9] J. Dezart and F. Smarandache, Applications and Advances of DSmt

for Information Fusion (Collected works), vol. 2, American Research Press,

Rehoboth, 2006.

[10] P. E. Dore and A. Martin, About using beliefs induced by probabilities,

in Workshop on the Theory of Belief Functions, Brest, France, 2010.

[11] P. E. Dore, A. Martin, and A. Khenchaf, Constructing consonant

belief function induced by a multi-modal probability, In Proceedings of COG-

nitive system with Interactive Sensors (COGIS 2009), Espace Hamelin, Paris,

(2009).

[12] S. Ferson, V. Kreinovtch, L. Ginnzburg, D. S. Myers, and

K. Sentz, Constructing probability boxes and dempster-shafer structures,

Technical Report, SAND2002-4015, Sandia National Laboratory, Albu-

querque, Nm, (2003).

[13] H. S. Hall and S. R. Knight, Higher Algebra, MacMilan & Co., New

York, 1891.

[14] N. Johnson, S. Kotz, and N. Balkrishanan, Continuous Univariate

Distributions, vol. 1, John Wiley & Sons. INC., 1994.

[15] D. Kandekar, A discussion on simple support functions, Bulletin of Society

for Mathematical Services & Standards, 3(2) (2014), pp. 29–40. I.F. = 3.406,

ISSN: 2277-8020.

[16] D. Kandekar, R. Sonawane, V. Nikumbh, and M. Wavare, A com-

ment on simple support function, In Proceedings of National Confrerence on

Recent Trends in Mathematics and Their Applications, Latur, Maharashra,

India, (2014), pp. 207–215. ISBN 978-81-926910-4-6.

[17] D. N. Kandekar, A discussion on generalization of support functions based

on discrete probability distributions, The Research Journal of the Ness Wadia

College of Commerce, Pune, 2(1) (2016), pp. 127–147. ISSN 2277-4823.



Bibliography 240

[18] , Lower and upper limits of mean of statistical distribution, International

J. of Pure & Engg. Mathematics (IJPEM), 5(3) (2017), pp. 9–37. ISSN 2348-

3881.

[19] , New basic belief assignments for continuous space, International J. of

Multidispl. Research & Advcs. in Engg.(IJMRAE), 9(3) (2017), pp. 25–46.

ISSN 0975-7074.

[20] , New belief function induced by probability mass function, International

J. of Multidispl. Research & Advcs. in Engg.(IJMRAE), 9(3) (2017), pp. 1–24.

ISSN 0975-7074.

[21] , New consonant belief function inducedd by probability mass function,

International J. of Pure & Engg. Mathematics (IJPEM), 5(3) (2017), pp. 46–

62. ISSN 2348-3881.

[22] M. Kedall and Stuart, Advanced Theory of Statistics, vol. 2, Charles

Griffin and Co. Ltd., London, 4 ed., 1979.

[23] E. Krieglar and H. Held, Utilizing belief functions for the estimation

of nature climate change, International Journal of Approximate Reasoning,

39(2-3) (2005), pp. 185–209.

[24] H. E. Kyburg, Baysian and non-bayesian updating, Artificial Intelligence,

31 (1987), pp. 271–294.

[25] B. Lal and S. Arora., Mathematical Statistics, Satya Prakashan, New

Delhi, September 1989.

[26] R. E. Moore, K. R. Baker, and M. J. Cloud, Introduction to Interval

Analysis, Society for Industrial and Applied Mathematics, Philadephia, PA,

USA, 2009.

[27] B. Ristic and P. Smets, Belief function theory on the continuous space

with an application to model based classification, Information Processing and

Management of Uncertainty, (2004), pp. 1119–1126.



Bibliography 241

[28] G. Shafer, A Mathematical Theory of Evidence, Princeton University Press,

NJ, 1976.

[29] G. Shafer, Allocation of probability, Annals of Probability, 7(5) (1979),

pp. 827–839.

[30] C. E. Shannon, A mathematical theory of communication, Bell Syst. Tech.

J., 27 (1948), pp. 379–423.

[31] P. Smets, Constructing the pignistic probability function in a context of un-

certainty, Uncertainty in Artificial Intelligence, 5 (1990), pp. 29–39.

[32] , Belief functions on real numbers, International Journal of Approximate

Reasoning, 40 (2005), pp. 181–223.

[33] J. Sudano, Pignistic probability transforms for mixes of low- and high-

probability events, in Proceedings of Fusion 2001 International Conference

on Information Fusion, Montreat, Canada, U.S.A., August 2002.

[34] , system probability information content (pic) relationship contributing

components, combining independent multi-source beliefs, hybrid and pedigree

pignistic probabilities, in Proceedings of Fusion 2002 International Confer-

ence on Information Fusion, Annapolis, Maryland, U.S.A., vol. 2, July 2002,

pp. 1277–1283.

[35] , Yet another paradigm illustrating evidence fusion (yapief), In Proceed-

ings of Fusion 2006 International Conference on Information Fusion, Italy,

(2006).

[36] J.-M. Vannobel, Continuous belief functions : singletons plausibility func-

tion in conjunctive and disjunctive combination operations of consonant bbds,

Proceedings of Workshop on the Theory of Belief Functions (Breast, France),

(2010).

[37] R. R. Yager, Dempster-shafer belief structures with interval valued focal

weights, International Journal of Intelligent Systems, 16(4) (2001), pp. 497–

512.



Dr. Dnyandeo Namdeo Kandekar.
Age: 49 Years
Educational Qualification: 
B.Sc. (Stats.), M. Sc. (Maths.), 
B. Ed., PGDIM, SET, NET, Ph. D.
Associate Professor & Head,
Department of Mathematics.
Dadapatil Rajale Shikshan Sanstha`
Dada Patil Rajale Arts & Science College
Adinathnagar. Tal. :Pathardi ,Dist.: Ahmedngar (Ms) 
Pin .: 414505
Teaching Experience: 20 Years
He has attended 6 seminars, 2 conferences and 8 workshops. He has
presented 8 research papers at university, state, national and
international level seminars, conferences and workshops. He has
published 10 research papers in UGC Approved journals, Scopus
journals and Web of science journals. He has served as resource
person. He has organized seminar, webinar and workshop at
university and state level.

© A.R. Research Publication, 2023

About Author


	1 Introduction
	1.1 Introduction
	1.2  Probability Distribution Theory and Belief Function Theory 

	2  Preliminaries
	2.1 Introduction
	2.2  Discrete Belief Function Theory 
	2.2.1  Dempster`s Combination Rule 
	2.2.2 Simple and Separable Support Functions
	2.2.2.1 Simple and Separable Support Functions
	2.2.2.2  Bernoulli`s Rule of Combination
	2.2.2.3  Heterogeneous Evidences 
	2.2.2.4  Conflicting Evidences 
	2.2.2.5 Separable Support Functions


	2.3  Continuous Belief Function Theory
	2.4 Interval Arithmetics
	2.5  Some Statistical Quantities

	3 Basic Belief Assignment Induced by Probability Mass Function
	3.1 Introduction
	3.2  A New Basic Belief Assignment induced by Probability Mass Function
	3.2.1  Prerequisites in obtaining a new transformation 

	3.3 Some Results about Calculating Belief functions, Commonality functions and Plausibility functions 
	3.4 Conclusion

	4 Lower and Upper Limits of Statistical Quantities
	4.1  Introduction
	4.2  Indexing of Subsets of 
	4.3  Lower and Upper Limits (or Bounds) of Distribution Function 
	4.4  Lower and Upper Limits of Statistical Quantity of Probability Distribution 
	4.5 Calculation of Statistical Quantities based on Probability of set
	4.5.1  Calculation of  Vp(V)  Kandekar19a
	4.5.2  Calculation of  V2 p(V)  Kandekar19a
	4.5.3  Calculation of  V3 p(V) 
	4.5.4  Calculation of  V4 p(V) 

	4.6 Calculation of Statistical Quantities based on Belief of set
	4.6.1  Calculation of  V Bel(V)  Kandekar19a
	4.6.2  Calculation of  V2Bel(V)  Kandekar19a
	4.6.3  Calculation of  V3Bel(V) 
	4.6.4  Calculation of  V4Bel(V) 

	4.7 Calculation of Statistical Quantities based on Plausibility of set
	4.7.1  Calculation of  V Pl(V)  
	4.7.2  Calculation of  Vr Pl(V)  

	4.8 Illustrative Example
	4.9  Future Scope 
	4.10  Conclusion

	5 Lower and Upper Bounds of Statistical Quantities for Consonant Focal Elements
	5.1 Introduction
	5.2 Basic Belief Assignment and Related Functions 
	5.2.1  Belief Function 
	5.2.2  Commonality Function
	5.2.3  Plausibility Function 

	5.3  Lower and Upper Bounds 
	5.3.1  Raw Moments based on Probability of Set 
	5.3.2  Raw Moments based on Belief of set
	5.3.3  Raw Moment based on Plausibility of set
	5.3.4  Upper and Lower Bounds of Raw Moments
	5.3.5 Central Moments
	5.3.6  Coefficient of Skewness and Kurtosis 

	5.4 Illustrative Example

	6 Support Functions and Combination Rules
	6.1 Introduction
	6.2  Simple Support Functions Based on Probability Mass Functions 
	6.2.1  Simple Support Function based on Cardinality of Set 
	6.2.2  Simple Support Function Based on Probability Mass Function of distributions 
	6.2.3 Simple Support Function Based on pmf for Three Dimensions 
	6.2.4  Generalizations of Above Results to k Dimensions 

	6.3  Simple Support Function Based on s =  360 p(A)   2n-1   
	6.4  Generalizations of Results to 3D For  s=  360p(A) 2n-1   
	6.4.1  Bernoulli`s Rule of Combination
	6.4.2  The Weight of Evidence
	6.4.3 Heterogeneous Evidences 
	6.4.4  Conflicting Evidences A1 A2 A3 = 

	6.5  Generalizations of Results to k- Dimensions For  s=  360p(A) 2n-1   
	6.5.1 Bernaulli`s rule of combination 
	6.5.2  The Weight of Evidence
	6.5.3 Heterogeneous Evidences 

	6.6 Conclusion

	7 Basic Belief Assignment Induced by Probability Density Function
	7.1 Introduction
	7.2  First Basic Belief Assignment For Continuous Space 
	7.2.1  Lower and Upper Limits of Distribution Function 
	7.2.2  Lower and Upper Limits of Raw Moments 
	7.2.3  Lower and Upper Limits of Central Moments, Skewness and Kurtosis 

	7.3  Second Basic Belief Assignment For Continuous Space 
	7.3.1  Lower and Upper Limits of Distribution Function 
	7.3.2  Lower and Upper Limits of Raw Moments 
	7.3.3  Lower and Upper Limits of Central Moments, Skewness and Kurtosis 

	7.4  Third Basic Belief Assignment For Continuous Space 
	7.4.1  Lower and Upper Limits of Distribution Function 
	7.4.2  Lower and Upper Limits of Raw Moments 
	7.4.3  Lower and Upper Limits of Central Moments, Skewness and Kurtosis 

	7.5  Fourth Basic Belief Assignment For Continuous Space 
	7.5.1  Lower and Upper Limits of Distribution Function 
	7.5.2  Lower and Upper Limits of Raw Moments 
	7.5.3  Lower and Upper Limits of Central Moments, Skewness and Kurtosis 

	7.6  Fifth Basic Belief Assignment For Continuous Space 
	7.6.1  Lower and Upper Limits of Distribution Function 
	7.6.2  Lower and Upper Limits of Raw Moments 
	7.6.3  Lower and Upper Limits of Central Moments, Skewness and Kurtosis 

	7.7 Illustrative Example 
	7.7.1  First Basic Belief Assignment For Continuous Frame of Discernment =[a, b] 
	7.7.2  Second Basic Belief Assignment For Continuous frame of Discernment =[a, b] 
	7.7.3  Third Basic Belief Assignment For Continuous frame of Discernment =[a, b] 
	7.7.4  Fourth Basic Belief Assignment For Continuous frame of Discernment =[a, b] 
	7.7.5  Fifth Basic Belief Assignment For Continuous frame of Discernment =[a, b] 

	7.8 Applications
	7.9  Conclusion 

	A Indexing of Subsets of Frame of Discernment   
	B Indexing of Subsets of Continuous Frame of Discernment
	B.1 Indexing of Subsets [x, y] of 
	B.2 Indexing of Subsets  A=i=1n [xi, yi]  in A 
	B.3 Indexing of Subsets  A=i=1 k2 n [xi, yi]  in A 
	B.3.1  For k2=1 
	B.3.2  For  k2 n  


	Bibliography

