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Abstract

In daily life, uncertainty plays an important role. Many branches of Mathematics deal
with uncertainty. The Belief Function Theory is one of the important branches of
Mathematics dealing with uncertainty. This theory is pioneered by A.P. Dempster in
1966. He introduced concepts of lower and upper probabilities induced by multi-
variate mapping. Later on, lower and upper probabilities are known as the belief
function and plausibility function respectively. Hence, for any set, the belief function
and plausibility function are the lower and upper bounds of the probability function
of this set. There are two main branches of belief function theory viz. discrete belief
theory and continuous belief theory. There are several applications of continuous
belief theory in daily life. But to understand continuous belief function theory, we
must study discrete belief function theory as a process of learning from a finite set to
a countably infinite set and then to an uncountably infinite set. Most Mathematicians
and Statisticians have contributed to the development of belief function theory viz.
Glenn Shafer, Philippe Smets, F. Cuzzolin, C. E. Shannon, Dezart, Smarandache, T.
Deneoux, S. Ferson, H. E. Kyburg, J. Sudano, ]J. M. Vannobel, R. R. Yager, etc.

Glenn Shafer has proposed a basic belief assignment induced by the probability mass
function of a discrete probability distribution. In this case, the basic belief assignment
of the singleton set is equal to the probability of the singleton set and the basic belief
assignment of the non-singleton set is zero. In this basic belief assignment, the belief
function and plausibility function are equal. We have proposed a new basic belief
assignment induced by the probability mass function of a discrete probability
distribution. For this basic belief assignment, the belief function and plausibility
function are the lower and upper bounds of the probability function. Using these
functions, theorems in Shafer’s book [28], are modified. Some such modified
theorems are studied. Especially, some theorems mentioning the relationship
between the belief function, probability function, and plausibility function are
discussed.

It is customary that instead of having a single value of the statistical quantity, it is
always better to have an interval containing this single value of statistical quantity.
We have Dempster’s result: Belief function and plausibility function are lower and

upper bounds of the probability function respectively.
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We define an indexing function for a power set of the frame of discernment. Using
Dempster’s result, our defined basic belief assignment, and interval arithmetic, we
have obtained lower and upper bounds of statistical quantities viz. distribution
function, raw and central moments, coefficients of skewness, and kurtosis. Also, we
have obtained lower and upper bounds of statistical quantities for consonant focal
elements by using the indexing function for consonant focal elements in an

embedding.

Also, we have obtained formulae to calculate raw moments based on set functions
viz. probability function, belief function, and plausibility function. From these
formulae, Dempster’s result, and interval arithmetic, we have calculated the lower
and upper bounds of statistical quantities, if we know the probability mass function
of a discrete probability distribution. This approach is illustrated by an example of
binomial distribution.

Using Dempster’s rule of combination, Bernaulli has proposed his own combination
rules for the combination of simple support functions. Using our first new basic belief
assignment, we have proposed some simple support functions. By using Bernaulli’s
rule, we have obtained modified combination rules for our defined simple support
functions with heterogeneous pieces of evidence, and conflicting pieces of evidence
with cases in two dimensions, three dimensions, and k- dimensions.

The same approach is applied to obtain the new five basic belief assignments for
continuous spaces. Using Dempster’s result, these basic belief assignments, and
interval arithmetic, we have proposed an approach to obtain lower and upper

bounds of statistical quantities based on set functions viz. belief function, prob- ability
function, and plausibility function. We illustrate this approach with an example of

continuous uniform distribution.

The other main task is the indexing of subsets in the power set of frame of discern-
ment. The index number of a subset in the power set of the frame of discernment
should increase as the size and alphabetical letters are introduced. The indexing for
consonant focal elements is straightforward forward but indexing of subsets of

continuous frame of discernment is difficult.



To write this book, there are combinations of different branches of mathematics viz.
set function theory, discrete and continuous distribution theory, measure theory,
interval arithmetic, and discrete and continuous belief function theory. The binomial
distribution and continuous uniform distribution are considered particular cases.
Depending upon the situation, we can replace these probability distributions with
any other suitable discrete or continuous probability distribution. The main
challenging part is to choose appropriate discrete or continuous probability

distribution in a particular situation.

It is a great pleasure to publish this book as it is most applicable and appealing to
daily life, problems of human behavior, and problems of society. I hope that this book
is helpful to young researchers to introduce and implement their ideas regarding
belief function, probability function, and plausibility function. Also, it helps solve
problems in society and problems of accepting a value instead of a particular
expected value depending on the upper and lower bounds of the interval containing

this particular expected value.

27th April 2023 Dr. Dnyandeo Namdeo Kandekar
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Chapter 1

Introduction

1.1 Introduction

The notion of fuzzy sets is pioneered by Lofti Zadeh (1965), which emphasizes
the gap existing between mental representation of reality and usual mathemat-
ical representation which is based on binary logic, precise numbers, differential
equations etc. Mental representation exists through natural language such as high
temperature, young man, big size etc. The power of expressibility of real numbers

is far beyond the limited level of precision found in mental representation.

Fuzziness occurs due to vagueness, imprecision and uncertainty. Any notion is
said to be vague when its meaning is not fixed by a sharp boundaries. There is
gradual degradation between the situations to which vague notion is fully applied
and situation to which it does not apply at all. Imprecision pertain to so-called
measurable concepts and particularly metric properties. The imprecision stems
from the fact that any measurement yields results of limited accuracy. e.g. pV q
does not imply that whether p is true or ¢ is true. Uncertainty refers to the
agent‘s ability to claim whether a proposition holds or not. Partial belief is basi-
cally due to incomplete or conflicting information. In probability theory, partial
belief ranges over the unit interval. In propositional logic, uncertainty is three

valued. e.g. sure about proposition, sure about it‘s negation and not sure about

1



Chapter 1. Introduction 2

both. The type of uncertainty modeled by probability is different from the type
of uncertainty modeled by propositional logic. Probability theory usually models
uncertainty resulting from conflicting, precisely observed in the pieces of informa-
tion. Probability theory models objective uncertainty whereas fuzzy set theory
models subjective uncertainty. Probability theory is a special case of fuzzy set
theory. It is not clear that uncertainty should be represented in the same way for

inference purposes and for decision making purposes.

Possibility theory, coined by Lofti Zadeh (1978), is at cross roads between fuzzy
sets and probability theory. The possibility theory is an approach to model flexible
restrictions constructed from vague pieces of information described by means of
fuzzy sets. Also possibility theory is quantitative analysis of uncertainty in artifi-
cial intelligence based on fuzzy logic and fuzzy integral. Possibility theory equips
fuzzy set theory for sound comparison with probability theory viz. set functions,

conditioning, independence.

Given a universal set X and a non-empty family A of subsets of X, a fuzzy measure

on (X, A) is a function p : A — [0, 1] satisfying following conditions

1 (@) =0and p(X)=1.

2 Forall A,B € A, if AC B then pu(A) < u(B).

3 For any increasing sequence A; C Ay C A3 C --- C A, C --- in A if
<, A; € A, then
limsoet(As) = (U2, Ay).
4 For any decreasing sequence Ay O Ay D A3 D --- D A; O --- in A if

<1 A; € A, then

[e.9]

limn%oo,u(Ai) = M( i:lAi)'

A fuzzy measure is called necessity measure Nec if and only if Nec(N;e;A;) =

infierNec(A;), for any family {A;|i € I} in A such that N;e;A; € A, where [ is an
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arbitrary indexing set. A fuzzy measure is called possibility measure Pos if and
only if Pos(U;erA;) = supierPos(A4;), for any family {A;|i € I} in A such that

UserA; € A, where [ is an arbitrary indexing set.

If X is finite then A = {A; C X|i € I}, where [ is an indexing set of power
set of X. The condition for necessity measure Nec becomes Nec(NierA;) =
min.{Nec(A;)|i € I'}. The condition for possibility measure Pos becomes Pos(U;cr4;) =

max.{Pos(A;)|i € I}.

Note that Nec(A) + Nec(A) < 1, Pos(A) + Pos(A) > 1, Nec(A) + Pos(A) =

1, min{Nec(A), Nec(A)} = 0, mazx.{Pos(A),Pos(A)} = 1, Nec(A) > 0 =
Pos(A) =1 and Pos(A) < 1= Nec(A) =0.

The concept ”Chance” is mathematically expressed by Kolmogorov whereas con-
cept ” evidence” is mathematically expressed by Shafer (1976). A chance function
q: X —[0,1] is a set function satisfying 0 < g(z) <1 and ) .y q(z) = 1, where
X is set of all outcomes x. The chance ¢(z) is equal to the proportion of times

that x occurs.

1.2  Probability Distribution Theory and Belief

Function Theory

The Probability Distribution Theory studies various laws of probability dis-
tribution depending upon probability describing the situations. The books written
by Kendall and Stuart [22], Johnson, Kotz and Balakrishnan (two volumes ) [14]
give detailed information regarding discrete and continuous distributions. Each
and every incident occurring in nature follows some probability distribution. Some
of the distributions are known by names of researchers, while some by prominent
property or characteristic of defining function. The choice of suitable and appro-

priate distribution(s) is an important part in application of distribution theory.
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We have some indicators for choice of probability distribution depending on char-
acteristics of concerned probability distribution i.e. waiting time distributions and

normal distributions etc.

Regardless of these indicators, whether it is possible to find a measure which mea-
sures our belief related to given probability distribution. In belief function theory,
the axioms of basic belief assignment are too much similar to probability function.
But by observing it carefully, we see that there are some differences between prob-
ability function and basic belief assignment i.e. firstly, probability of whole sample
space is one whereas basic belief assignment of whole sample space is less than or
equal to one. Belief function of whole frame of discernment ( whole sample space )
O is one. Belief of a set is sum of basic belief assignments of all its subsets, whereas
probability of set is sum of probabilities of its all exhaustive subsets. The relation
between belief functions and probability functions is Bel(A) < P(A), VA C ©
[28].

Other functions like possibility functions ( at least one membership grade equals
to one), plausibility functions and necessity functions also play role of measures

and relation between these measures are given in following figure.

The ideas of belief functions, commonality and plausibility functions is initially
described in detail by A.P. Dempster in his papers [5, 7]. The properties of belief,
commonality and plausibility functions are discussed in detail in the book “ The
Mathematical Theory of Evidence ” by Glenn Shafer [28]. Belief functions and
necessity functions are super-additive and plausibility and possibility functions are
sub-additive in nature. A branch of evidence theory which deals with consonant
(nested) focal elements only is necessity and possibility theory. Hence for con-
sonant focal elements, belief functions and plausibility functions are reduced to

necessity functions and possibility functions respectively.

As our problem is related to belief functions and its related functions, we will
concentrate mainly on belief functions. Many researchers have proposed trans-

formations from belief functions to probability functions hence applied results of
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Fuzzy Measures

Plausibility Measures
Belief Measures T
' Probability
5 Measures

Possibility
Measures

Probability
Measures

* Mathematical Theory of Evidence

FIGURE 1.1: Relations Between measures

probability theory. Only few researchers proposed transformation from probability
theory to belief function theory and applied results of belief function theory. In
relation to our problem, firstly we concentrated on transformations which converts

probability functions to belief functions and vice-versa.

Smets [31, 32] proposed classical pignistic probability which transfers positive mass
of belief of each non- specific element into the singletons involved in that element
split by the the cardinality of the proposition when working with normalized basic

belief assignments. The classical pignistic probability is given by

Betp() =0, and VX € 2°,

XnY| m(Y) (1.1)
Z Y| 1 —m(0)

Betp(X) =

Y €29, Y#()

where 2° is the power set of the finite discrete frame of discernment ©. The
classical pignistic probability is generalized in DSmT' framework for normalized

bba and is proposed by Jean Dezart and Florentin Smarandache [9] and is given
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by

Betp()) =0, andVX €G® by,

1.2
Betp(X)= Y %(;)Y) (12

where G© corresponds to the hyper-power set including all the integrity constraints

of the model and Cy(Y') denotes DSm cardinality of set Y.

In 2007, a transformation has been proposed by Fabio Cuzzolin [4] and is given
by,
Vo, € ©, CuzzP(6;) = m(6;) + ﬂTNSM (1.3)
L Z U Al) '

where A(6;) = PU(0;) — m(6;) and TNSM =3~ 400 451 M(A).

There are some important transformations such as :

1 John Sudano [34] has developed some transformations for approximating any
quantitative belief mass m(-) by a subjective probability measures based on
functions proportional to plausibility, to the normalized plausibility and to

all plausibilities.

2 A transformation known as probabilistic information content based on Shan-
non entropy of discrete probability measure, as a metric depicting the strength

of a critical decision by a specific probability distribution.

In the world of uncertainty, instead of having single result value, we should always
prefer to an interval containing this result value. The same approach is applied
in medical field as several counts of medical parameters are given as intervals and
they check that observed count of concerned medical parameter lies in the re-
spective interval. If value of medical parameter or characteristic lies in respective
interval then we accept that medical parameter or characteristic is present at de-
sired level otherwise we reject it. In statistics, we accept or reject the hypothesis

on the basis of degrees of freedom or tolerance. As the degrees of freedom or
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tolerance are changed, respective interval also changes proportionally. The ques-
tion is that whether we can obtain interval for corresponding statistical
quantity with highest degrees of freedom or tolerance. Many researchers
have obtained lower and upper bounds for several parameters as well as statistical
quantities viz. Dempster A. P. [5-7], Thierry Deneoux and Aregue Astride [1],
Ferson S., Kreinovitch V., Ginzburg L., Myers D. S., Sentz K. [12], Kyburg H.
E. [24], Jean Dezart and Florentin Smarandache [9]. This is one of the approach
to obtain lower and upper bounds of statistical quantities based on our proposed

basic belief assignment.
We give brief summary of the succeeding chapters, as follows:

In chapter 2, we summarize the preliminaries of discrete and continuous belief func-
tions, simple and separable support functions with combination rules, statistical
quantities viz. distribution function, mean, variance, raw and central moments

and coeflicients of skewness and kurtosis and rules of interval arithmetics.

Glenn Shafer [28], proposed a transformation from probability functions to belief

functions with basic belief assignment m : 2© — [0, 1] defined by

m({0}) = p({0}), Vo eo.

and m(A) = 0, for all non-singleton subsets of ©.

(1.4)

This proposed transformation is claimed to be unique. Also, Bel(A) = p(A) =
PI(A), A C ©. In chapter 3, we propose a transformation in discrete frame of
discernment which transforms probability function to belief function with basic

belief assignment

m(A) = VAC®O. (1.5)

From our proposed basic belief assignment, we obtain belief function Bel with

Bel(A) < p(A) < PI(A), YACO, (1.6)

Calculations justifying our new transformation, are given in this chapter 3. We

study some theorems about belief function, commonality function and plausibility
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functions.

In chapter 4, with the help of our newly defined transformation (1.5), result (1.6)
and interval arithmetic [26], we obtain lower and upper bounds of statistical quan-
tities viz. distribution function, mean, variance, raw and central moments and

coeflicients of skewness and kurtosis.

In chapter 5, with help of our newly defined transformation (1.5), result (1.6) and
interval arithmetic [26], we obtain lower and upper bounds of statistical quantities

as in chapter 4, for consonant focal elements.

In chapter 6, we propose three simple support functions based on cardinality of
set and probability of set. With these simple support functions, Bernaulli‘s rule
of combination, combination rules for heterogeneous and conflicting evidences are
modified. Also we generalize these combination rules to three dimensions and

hence k& -dimensions.

In chapter 7, we propose five basic belief assignments on continuous frame of dis-
cernment. From these basic belief assignments, we obtain belief functions, com-
monality function and plausibility functions. With results from interval arithmetic
[26] and (1.6), we propose an approach to obtain lower and upper limits of statisti-
cal quantities viz. distribution function, mean, variance, raw and central moments

and coefficients of skewness and kurtosis.

Though the transformations are very simple but it may be helpful in obtaining

solutions of problems consisting of uncertainty.

Finally we provide list of references.



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we provide preliminary concepts regarding discrete and continuous
belief function theory, interval analysis. We also give formulae about series and

their partial sums and statistical concepts. The terminology used is mostly from

Shafer‘s book [28].

2.2 Discrete Belief Function Theory

Dictionary meaning of Frame of Discernment is frame of good judgment in-
sight. The word discern means recognize or find out or hear with difficulty. If

frame of discernment © is

62{917‘927~--79n} (21)

then every element of © is a proposition. The propositions of interest are in one
to one correspondence with the subsets of ©. The set of all propositions of our

interest corresponds to the set of all subsets of ©, denoted by 2°.

If © is frame of discernment, then a function m : 2° — [0,1] is called basic
belief assignment or basic probability assignment whenever m(()) = 0 and

9
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> ace™(A) = 1. The quantity m(A) is called A’s basic probability number
and it is a measure of the belief committed exactly to A. The total belief
committed to A is sum of m(B), for all proper and improper subsets B of A.
A function Bel : 2° — [0, 1] is called belief function or belief measure over ©

and is given by Bel(A) =z, m(B).

If © is a frame of discernment, then a function Bel : 2° — [0,1] is belief function

if and only if it satisfies following conditions

1. Bel(0) = 0.

2. Bel(©) = 1.

3. For every positive integer n and every collection Ay, As, ..., A, of subsets of
C)

Bel(AJUA,U...UA) > > (=) Bel((A4).  (22)

1c{1,2,~n} iel
A subset A of a frame © is called a focal element of a belief function Bel over
© if m(A) > 0. The union of all the focal elements of a belief function is called its
core . The quantity Q(A) = > pcg 4cpm(B) is called commonality number
for A which measures the total probability mass that can move freely to every
point of A. A function Q : 2° — [0, 1] is called commonality function for Bel.

Suppose C is the core and () is the commonality function of a belief function over

©. An element 6 € O is in C if and only if Q({6}) >0 .

Degree of doubt :

Dou(A) = Bel(A) and PI(A) =1 — Dou(A) =1 — Bel(A) = Z m(B) (2.3)
ANB#£D

which expresses the extent to which one finds A credible or plausible [28].

A set function p : 29 — [0, 0] is a measure if it satisfies following three condi-

tions:

1. u(A) €0,00], forall ACO.
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2. p(0) =0.

3. Additive Property : For collection A, Ay,...  A,, ...,

pUZA) = Y (=) (e A (2.4)
Ic{1,2,..., n,...}
I#0

The measure is finite or infinite as u(0) < oo or u(O) = co. It is probability
measure if ¢(0) = 1 [2]. In the context of probability measure, belief function
and plausibility function are initially named as lower probability function and
upper probability function respectively [5, 7]. Therefore, the relationship between

belief function, probability function and plausibility function is given by
Bel(A) <p(A) < PI(A), YACO (2.5)

In Shafer‘s book [28], we have Bayesian belief function as: If © is frame of dis-

cernment then a function Bel : 2° — [0, 1] is called Bayesian belief function
if

1 Bel(0) =0,

2 Bel(0) =1,

3 Bel(AU B) = Bel(A) + Bel(B) whenever A, B C © and AN B = .
Suppose Bel : 2° — [0, 1] is belief function. Then following statements are equiv-
alent:

1 Bel is Bayesian.

2 All of Bel's focal elements are singletons.

3 Bel awards a zero commonality number to any subset containing more than

one element.

4 Bel(A) =1— Bel(A) for all A C ©.
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Some other basic belief assignments are Classical Pignistic Probability [31, 32],
Sudano’s Probabilities [33-35], Cuzzolin’s Intersection Probability [4], Shannon
Entropy [30], the Probability Information Content [34].

2.2.1 Dempster‘s Combination Rule

Suppose Bel; and Belsy are belief functions over the same frame of discernment O,
with basic probability assignments m; and ms and focal elements Ay, A, ..., A;
and By, Bs, ..., B, respectively. If ZAimig-j:@ my(A;)ma(B;) < 1, then the function
m : 29 — [0, 1] defined by m() = 0 and

o D MAdmaB)
m(A) = 1-— ZA.mi;g’ » m (A;)ma(B;) (2.6)

@ =

for all non-empty A C O, is a basic belief assignment. The core of the belief

function given by m, is equal to the intersection of the cores of Bel; and Bels [28].

2.2.2 Simple and Separable Support Functions

2.2.2.1 Simple and Separable Support Functions

We have embedding of belief functions as:

stmple separable
support belie f
support C support C C (2.7)
function function
function function

An evidence supports many propositions discerned by frame of discernment © but
in different degrees. Suppose an evidence points precisely and ambiguously to a
single non-empty subset A of ©. The effect of evidence is to provide certain degree

of support s for A with 0 < s < 1.
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1.
ma(©) ANn@=A ONo=0
52
ma(A) AnA=A OnA=A
0 5 1
malA) m:(©)

FIGURE 2.1: Bernoulli rule of Combination.

Let s be a degree of support for A with 0 < s < 1. The simple support function
S :29 — [0,1] is defined as

0 if B does not contain A
S(B)=1qs if B contains A but B # ©. (2.8)

1 itB=0

\

Here S(B) is degree of support for B C ©. The function S is a simple sup-
port function focused on A. We convert S into belief function by assigning basic

Probability numbers

(
S(A) fC=A4
m(C)=41-5(4) ifC=0 (2.9)
0 otherwise.
\

2.2.2.2 Bernoulli‘s Rule of Combination

Suppose one body of evidence have precisely supporting effect for set A C © with
degree s; and the another completely separate body of evidence have precisely

supporting effect A to degree s,. Then degree of supporting A by these two



Chapter 2.  Preliminaries 14

1-s; Committed to A Uncommitted
Sy Committed to ANB] Committed to B
S1 1-5

FIGURE 2.2: Heterogeneous Evidences.

bodies of evidences together is 1 — (1 — s1)(1 — s2) with m(©) = (1 — s1)(1 — s2).

Bernaulli‘s combination rule is special case of Dempster‘s combination rule.

The degree of support for various propositions discerned by a frame © must be
determined by the weights of the items of evidence attesting to those various
propositions. If evidence points precisely and ambiguously to a single subset A C
O then the degree of support for A must be completely determined by weight of
that evidence. The degree of support for A must be function of weight of evidence
pointing to A. The relation between the weight of evidence (w) which supports A

and the degree of support s for A in the corresponding simple support function, is

s=1—e", (2.10)

where ¢ is negative constant (usually taken as ¢ = —1). Here 0 < s < 1 and

0<w< .

2.2.2.3 Heterogeneous Evidences

Suppose ANB # (). Let S; be a simple support function focused on A with S;(A) =
s1. Let Sy be another simple support function focused on B with Sy(B) = s5. The
orthogonal sum S = S; @ Sy focused on A U B, have basic probability numbers
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1-5; Committed to A Uncommitted

sy Committed to ¢ * Committed to B

S1 1-51

F1cUrE 2.3: Conflicting Evidences.

m(ANB) = 5159, m(A) = s1(1—52),m(B) = s2(1—s1) and m(©) = (1—s7)(1—s2).

Therefore

0 if C' does not contain AN B
5189 if C contains A N B but neither A nor B
S(0) $1 if C contains A but not B
- S9 if C' contains B but not A

1 —(1—s1)(1—sy) if C contains both A and B and C' # ©

1 ifC=6
(2.11)
for all C' C ©. Note that 1 — (1 — s1)(1 — s2) = 51 + S9 — $159.

2.2.2.4 Conflicting Evidences

If AN B # ) then the combination of evidences pointing to A and evidences
pointing to B is simple as compared to AN B = () i.e. the bodies of evidence are
heterogeneous as well as conflicting and effect of one body of evidence decreases the
effect of other body of evidence. While applying Dempster‘s rule of combination,
we eliminate lower-left rectangle ( see the figure of conflicting evidences ) and
: .. D 1

increase the measures of remaining rectangles by multiplying factor ————. Let

— 5159 .
S1 be a simple support function focused on A with S;(A) = s;. Let Sy be a
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simple support function focused on B with S3(B) = s;. The orthogonal sum

S =51 @ 5, focused on AU B have basic probability numbers:

;

0 ifC =10
M if 0= A
m(C) = 70152 (2.12)
s2(1 — 1) ifC =8B
1— 5152
L) =) jpn_ g,
\ 1— 5152

The orthogonal sum S of simple support functions S; and Sy focused on A U B,

is given by
(
0 if C' contains neither A nor B
%:zz) if C' contains A but not B
S(C) = % if C' contains B but not A (2.13)
sallzs)tsallos) f O contains A and B but C' # ©
\ 1 itC=0
for all C' C ©.

Note that above orthogonal sum does not exist if and only if s; = so = 1. By intro-

]_ _
ducing second body of evidence, degree of support for A is reduced to s; 52

— S1592 )
The weights of evidence pointing to A and B are w(A) and w(B) respectively. We
have relations

—w(A) —w(B)

si=1—c¢€ and so, =1 —c¢

. Solving above equations for w(A) and w(B), we get

1 - S(B)

wld) = 5oy 5 m)

) (2.14)

and

). (2.15)
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2.2.2.5 Separable Support Functions

A belief function is called separable support function if it is a simple support

function or equal to the orthogonal sum of two or more simple support functions.
S=51® 85D, - ,BS,.

where n > 1 and each S; is a simple support function. This representation is

unique since Dempster‘s rule of combination is commutative and associative.

In [16], simple support functions S;, i = 1,2, are based on probability of discrete
probability distributions for Bernaulli‘s rule of combination for two evidences.
In [15], generalization for Bernaulli‘s combination rule, weights of evidences and
heterogeneous evidences with simple support functions based on probabilities of

discrete probability distributions are studied.

A belief function is said to be consonant if its focal elements are nested i.e. if its
focal elements can be arranged in order such that each is contained in the following

one.

Theorem 2.1. [28] Suppose © is a finite set. Then a function S : 2° — [0,1] is

a consonant support function if and only if S obeys these three rules:

3 S(AN B) =min(S(A),S(B)) for all A,B C ©.

2.3 Continuous Belief Function Theory

While discussion, we use following notations : Q = [a,b] = Continuous frame of
Discernment,

f(z) = Probability Density Function of continuous probability distribution,
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flp,d] = J,—, f(z)dz = Probability of interval [p, g,
F(z) = Distribution Function at z = f[a,z] = [ f(z)dz,
= f;:a 2" f(x)dx = r'" raw moment

and 1, = f;:a (z — py) f(x)dx = r*" central moment.

Note that ©Q = [a,b] can be replaced by any interval of real line (—oo, 00) or of
(—00, 00)U{—00, 00}. For continuous frame of discernment, we replace summation
by integration as number of subsets are uncountably infinite. Also integration over

point interval is zero.

In Smets article [32], Smets proposed theory about continuous frame of discern-
ment as:

Let © = [a,b] be continuous frame of discernment. Let A = {A;}7; be a finite
collection of subintervals of Q = [a,b]. Let m : A — [0, 1] be a basic belief assign-
ment with > m(A;) = 1. Focal elements A; of m have m(A;) > 0. For every
(r,y) € T ={(x,y)|lz <y, z,y € [a,b]} C R? the probability density function
f7 :]a,b] — R* defined by

i=1
where § is Dirac‘s delta function: 6(z — ;) is a function which is 0 everywhere
except at its centre o where it is infinite with [ f(2)d(z — zo)dz = f(x).
Also f;:aé(x — b)dr = 1 whereas f:;; 0(z —b)de =0, Ve > 0. It gives link

between belief functions on R and probability distribution functions on R2.

In [3, 27, 31, 32|, continuous frame of discernment 2 is (—o0, 00). Some quantity
may be assigned to () by assigning INT = [~ yo; m([z,y])dydz < 1. Hence
m(0) =1 — INT. For normalized basic belief density (i.e m(0) = 0& INT = 1),

Smets [32] have considered f7 = m([a,b]), for a < b and f7 = 0 for a > b. Some
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related functions to basic belief assignment m, are as follows :

Bel([a, b)) = / i /y ;m([x,y])dxdy, Bel(0) = 0 (2.17)
((a, b)) = / b_oo /y oom o meadedy, PO =0 (2.18)
(0, 8]) / - /y mi(rgdedy. ) =1 (2.19)

and b([a, b]) = Bel([a,b]) + m((), b(0) = m(0). (2.20)

The relation from [5, 7], is also applicable here as :

For each subset A C ), Bel(A) < p(A) < PI(A).

Many of the authors, had done research on consonant continuous basic belief
assignment and discovered important results [3, 10, 11, 27, 31, 36]. Dore and
Martin [10, 11] modeled belief functions induced by probabilities with indexing
from set of all focal elements to 7 C R? hence modeled belief functions on Borel
sigma algebra B(R™). Here belief functions and plausibility functions of A are
obtained by integrating over set of image sets contained in A and over set of
image set having non-empty intersection with A respectively with respect to credal

measure u? of subset of index set.

In [6, 7], a special case of upper and lower probabilities has been introduced by
Dempster. Here existence of mapping is assumed, which is one to many mapping
m from finite space X to frame of discernment ©. The lower probability of A
subset of X is equal to the probability of the largest subset of © such that its
image under m is included in A. The upper probability of A in space X such that
the image under m of all elements having a non-empty intersection with A. In [29],
belief functions on a system of sets of an infinite or finite universe are represented

by a probability measure or probability charge.

Other pairs of lower and upper bounds of probability functions are confidence

bands [24], distribution band [23], probability box [12], imprecise belief structures
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[8] and imprecise belief structures in which the masses of focal elements lie in
some known interval, allowing us to model realistically situation in which the

basic probability assignments can not be precisely identified [37].

2.4 Interval Arithmetics

Interval arithmetic operations are useful to do calculations with intervals. We have
interval arithmetic [26] as:

Let X = [X,X] and Y = [Y,Y] be any intervals, in set of real numbers. Here
X =inf{r:z € X}and X = sup{r : v € X}. Therefore X and X are lower and

upper bounds of X respectively. The computations with intervals are as:
1 X+Y=[X+Y X+Y].
2 X-Y=[X-Y,X-Y]

3 XY =[Min.S,Mazx.S], where S ={XY, XY, XY XY}

4
(o —
X, X[1/7,1/Y] {0 ¢y, 7]
[—00, 00] if 0 € [X,X]and 0 € [Y,Y]
(X /Y, o] if X <0andY =0
[—00, X/Y]U[X /)Y, 00] ifX<O0andY <0<Y
Xy - [—00, X /Y] if X <0andY =0
[—00, o0 fX<0<XandY <0<Y
[—o0, X /Y] if X>0andY =0
[—00, X/Y|U[X/Y,00] ifX>0andY <0<Y
[(X/Y, o] if X>0andY =0
U if0Z[X <0< X]andY =0
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2.5 Some Statistical Quantities

In statistics, some concepts viz. distribution function, expectation, variance, stan-
dard deviation, skewness and kurtosis play important roles in determination of na-
ture of probability distributions. We have result about belief function, probability
function and plausibility function (2.5) as : Bel(A) < p(A) < PI(A), VAC©
[5, 7]. Now we introduce variable V' whose values corresponds to subsets of ©.
Applying these concepts for basic belief assignments induced by probability mass
function, values of above statistical quantities are obtained similar to concepts in
statistics. Finally we draw conclusions in terms of subsets of © instead of values
of variable V. Here we find that the quantities obtained with help of basic belief
assignment m(V') are proportional to quantities obtained with help of probability

mass function p(V') for probability distributions.

In discrete probability distributions, to calculate distribution function F'(z), raw
moments ., central moments u, and coefficients of skewness and kurtosis based
on central moments, we refer Billingsley [2] and Bansi Lal and Sanjay Arora book
[25]. We have some statistical quantities with formulae as :

1 Distribution Function= P(z) = p[X <z] =>"%_,p(X).

2 Mean=Expectation of X = E(X) = "%_, Xp(X).

3 7t raw moment = p, = E(X") = > %_, X"p(X).

4 r'" central moment = p, = E((X — E(X))") = > %_, (X — B(X))"p(X).

5 Variance = Var(X) = E(X?) — (E(X))%.

6 Standard Deviation = oy = /Var(X).

7 Coefficient of Skewness = v, =

8 Coefficient of Kurtosis = v, = — — 3.
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Note that, for continuous frame of discernment, we replace summation »_ by

integration |.

Necessary series results are referred from Hall‘s book [13].



Chapter 3

Basic Belief Assignment Induced

by Probability Mass Function

3.1 Introduction

In this chapter, we propose new basic belief assignment which is based on prob-
ability mass function of discrete probability distribution. With help of this basic
belief assignment, we derive formulae for belief function, commonality function
and plausibility functions. Some theorems in Shafer's book [28] are modified ac-
cording to these functions. Such results are studied with necessary explanation.
Using our new basic belief assignments, some new results about belief, commonal-
ity and plausibility functions are studied. Some results viz. about new basic belief
assignment, related functions to new basic belief assignment and modifications of

results from Shafer‘s book [28], are published in [20].

23



Chapter 3. Basic Belief Assignment Induced By Probability Mass Function — 24

3.2 A New Basic Belief Assignment induced by
Probability Mass Function

In this section, we obtain new basic belief assignment induced by probability mass

function of discrete probability distribution.

3.2.1 Prerequisites in obtaining a new transformation

Let (©,p) be a probability distribution. If |©] > 1 then we observe that sum of
probabilities of all subsets of ©, is more than 1. Here we find a generalized for-
mula about repeatation of singleton set of © in all subsets of ©. We have following

result as:

Theorem 3.1. [20] If |©| = n then every element in frame of discernment © is
repeated exactly 2"~ number of times in listing of all subsets of © and sum of

probabilities of all subsets of © is 271,

Proof. We prove this in two parts.
Part I:

Here we show that every element in frame of discernment © is repeated exactly
27! number of times in listing of all subsets of ©. we prove this by principle
of mathematical induction on n, the number of exhaustive elements of frame of
discernment ©.

Step 1 : claim: Result is true for n = 1.

Let |©| = 1. .. Consider © = {a},

= P(©) ={0,{a}}.

i.e. {a} is repeated exactly 1 = 2'~! times, so result is true for n=1.

Step 2 : Assume that result is true for n = k .

i.e. every element in frame of discernment © is repeated exactly 2*~! number of

times in listing of all subsets of ©.
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claim: result trueforn=%k-+1.

Let © = {017027---70k}

Now we obtain frame of discernment " from © by adjoining element 6;,. There-

fore

@‘ - {91, 92, e 79k; 9k+1}

and ©=Fk+1
Partitioning power set of © into X and Y such that
X = { subsets of © not containing ;.1 } = P(O)
and

Y = { subsets of © containing ;1 }

= { Element of X U601}

Here number of subsets in X = Number of subsets in Y = 2% .

By inspecting set Y, we notice that element 6, lies in every subset in Y. Hence

element 0, is repeated exactly 2¥ times in listing of all subsets of ©.

Here every element of frame of discernment © except element 0,,, is repeated
same number of times in listing of subsets in X and Y. By step 2 of principle
of mathematical induction, every element of frame of discernment © is repeated
exactly 27! times. In all every element of frame of discernment © except 6;_; is

repeated exactly 2°~! 4+ 2F=1 = 2% times.

Thus every element of frame of discernment ©° is repeated exactly 2(-+1)-1 = 2k

times in listing of all subsets of ©. i.e. result is true for all frame of discernments
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having n = k + 1 exhaustive elements.

By principle of mathematical induction, every element of frame of discernment ©

having n exhaustive elements is repeated exactly 2! times in listing of all subsets

of O.

Part II:

Here we prove that sum of probabilities of all subsets of frame of discernment ©

is 271,

Since the elements 0; of frame of discernment © are exhaustive ie. V0;,0; €
© 6,n6;,=10,
p(QiHQj) =0, V@i,ﬁj €0

Hence

p(0; U0;) =p(0;) +p(b;), YV6;,6;€0

In general,
p(QzUQJ U UGk) :p(ez) —|—p(91) ++p(9k>, VGI,HJ,GIC €06

ie.
Zp V0 €O

1.e.

for A CO,p(A) = p(Ug,ecab;) Z p(0
0,cA

i.e. Probability of any subset A of © is summation of probabilities of exhaustive
elements #; of frame of discernment contained in A. Thus, while adding probabil-
ities all subsets of frame of discernment ©, probability of exhaustive element goes

on adding equal to number of times concerned exhaustive element is repeated.
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By Part I, every exhaustive element 6; € © is repeated 2"~ times in listing of all

subsets of ©. Therefore sum of probabilities due to single exhaustive element 6; is

2n- 1p(€l) .

By applying same criteria for all exhaustive elements of frame of discernment O,

we get

oA =" b)),

ACO ACO 0,€A

= 2"'p(6)

=21 p(6)

6,€6

=on 1

. Sum of probabilities of all subsets of frame of discernment © is 271 O

Remark :- A function m : 29 — [0, 1] such that m(@) = 0 and }_ ;g m(A) =1,

is called basic belief assignment (bba). We observe that if |©] = n then any
{6;} € © is repeated 2"~ times in listing of all subsets of © i.e. {6;} appears 2"~
times in listing of all subsets of ©. Therefore the probability corresponding to
{6;} € © is added 2"~! times. Hence, if |©] = n then >~ ,_ o p(A) = 2""'. Hence
in order to get ) ,.om(A) = 1, we have to divide each probability entry by a
quantity 2771

~m({6;}) :pgigjl}), v 6 €o. (3.2)

Further, for any A C ©, define
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which simplifies as

Then Z m(A) = Z ggfl)

ACO ACO

Also, m()) = 0. Hence, m is a basic belief assignment induced by probability mass

function p.

Result: In [28], if A is a finite set then

Z ()P 1 if A=10 (3.0

BCA 0 otherwise.

Here, we give some deductions of some theorems in Shafer's book [28] by using

(3.3).
Theorem 3.2. [20] The belief function Bel : 29 — [0,1] defined by, Bel(A) =

§:B§A7n(B)::§:BCAp(B>

ot satisfies,

a Bel(() = 0.

b Bel(©) = 1.
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¢ Super-additive Property :- For collection Ay, As, ..., A,,
Bel(UL,A) > Y (=) Bel(ni, A)).
Ic{1,2,...,n}
140
B
Proof. (a) Since Bel(A) = 5.4 %, we have
Bel(0) = Z m(B)
BCA=0 (3_5)
r® _,
- on—1 -
(b)Bel(©) = > m(B)
BCe
-y p(B)
- on—1
Bce
1 3.6
= 55 > () 39
Bce
_ 1 n—1
o on—1
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(c) For a collection Ay, As, ..., A, of subsets of © and for each B C O, let I(B) =
(i1 <i<n BcCA).

Consider Z (—1)|I‘+1B€l(ﬂ?:114¢)

Ic{1,2,...,n}
1%
S Y
I1c{1,2,..., n} BCNA;
140 i€A,
- X ) ¥
BCO ICI(B)
1(B)#£0 140
= > m(B)(-1) > (-
BCO ICI(B)
1(B)#0 140
- X mBNY - o)
559, ICI(B)
= > mB)- Y (-1
559, ICI(B) (3.7)
= Z m(B) .......... By result above
BCO
1(B)#£0
= > mB

BC®O
BCA;, for some i

. p(B)
- on—1
BCO
BCA,;, for some i

p(B)

2n—1
BCUA;

= > m(B)

BCUA;

IA

Which proves super-additive property for new belief function. n

Remark: Any function on 29 satisfying conditions (a), (b) and (c) is called

belief function on ©. Since p(A) < p(B) if A C B. Hence for A C B, m(A) =
p(4) _ p(B)
gn—1 — 9n—1
by (3.3), is a non-decreasing function. Now, belief function Bel is defined by

= m(B). Therefore the basic belief assignment function m defined
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Bel(A) = pc,m(B). Hence for A C C,

Bel(A) = )~ m(B)

BCA

<> m(B)
= Bel(C).

Therefore, belief function Bel, is a non-decreasing function.

By definition of commonality function,

we have

1. Since p(©) = 1.
QO) = 5y Smep(B) = m(®).

2. Since p(0) = 0.
1 1 1
Q) = on—1 > oo P(B) = on—1 > pcoP(B) = FQ"_l =1.

3 UMAA£O,A#Di e ) C ACO, then

QA = 3 3 p({b}).
2

B2A {b}eB

In all, m(©) = 2n1_1 < Q(A) <1,VA C 0. [20]
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Plausibility Function : [20]
By (3.3), we have, for any A C ©, define

BNA#(D
1

=IO

BNA#Q {b}eB

(3.8)

Note that:

1. Since p(©) = 1.

1 1 1
< PUO) = on—1 ZBm@;é@p(B> ~ on—1 ZBQ@p<B) ~ on1 2r =1

2. Since p(0) = 0.
o Pl(P) =1— Bel(A) =1— Bel(§)) =1 — Bel(©) =1 —1=0.

3. UHA#O,A#Di e. ) C AC O and plausibility function is non-decreasing

function then

PIl(0) < PI(A) < PI(©).
= 0< PI(A) < 1.

Theorem 3.3. [20] For all A C O,

p(A). (3.9)

p(4)
where n = |O| and k = |A|.

Proof. Let n = |©| and k = |A|, for some A C ©. Let A = {4y, As,..., A},
where A;,j = 1,2,... k, are singleton sets. Let p(4,) = s;, j = 1,2,...,k

and p(A) = 252117(143') = Z?Zl s;. Therefore by (3.3), m(4;) = 2?_1

and
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m(A) _ Zf:lp(Aj)

g1 Consider

Bel(A) = Y m(B)

=)

BCA

:2n_1{81+82+"'+8k+81+82+81+53+"‘+51—|—Sk

+ Sy +S3+S2 A Sg+ A+ So+ S+ A Sp—1 + Sk

+o s+ so+ o+ skt

1
- ﬁ{?*l(sl sy 4 -+ 5)}
1

Aj €A

1
= WP(A)

_ p(4)
on—k”

We have PI(A) =1 — Bel(A)

p(4)
on—(n—k)

—1—

Bel(A) < p(A) < PI(A), VACO. (3.10)
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3.3 Some Results about Calculating Belief func-
tions, Commonality functions and Plausibil-

ity functions

Theorem 3.4. [20] If|©] =n 0 <r < n then the no. of subsets of © containing
giwen r elements of © are 2"". d.e. If |O] =n and A C © with |A| = r then

number of subsets containing A in © are 27"

Proof. We have result : Any singleton set in © with |©| = n is repeated 2"~ times
in listing of all subsets of ©.

This result is also true if we replace singleton sets by disjoint subsets of ©.

Let © = {aj,as,...,a,}, A={aj,as,...,a.} and

O ={A={ay,as,...,a,}, 041,04, ...,a,}. Hence |©'| =n —r+ 1.

The set A = {ay,as,...,a,} in © with |©'| =n —r + 1, is repeated 20*7+)-1 =
27" in listing of all subsets of ©". Hence A is also repeated 2"~ times in listing

of all subsets ©. O
Theorem 3.5. If |©| = n and for given A C O with |A| = r, then number of

subsets B of © such that AN B # () are 2" "(2" — 1).

Proof. We have |A| =7 and |A| =n —r.
Subset B with AN B # () can be formed in following different ways as



Chapter 3. Basic Belief Assignment Induced By Probability Mass Function 35

D) (1) ()

) () (2

) () G2
() () e (7))
{@+(g)+...+(:2“("0’“)+<"1;>+...+<ZZﬁ)]

|
o)

2
=
)

3
=

=.

B

)

o)
N\
o
~

+
— 3
~_

+

+
D
~_

Il

[\

3

Therefore, if |©| = n and for given A C © with |A| = r, then number of subsets
B of © such that AN B # () are 2" (2" — 1). O

Theorem 3.6. [20] For any A C © with |O| = n,|A| =r then

Q) =27 3 el + . 3wl (3.11)
Proof. We have result: If |©] = n and A C © with |A| = r then number of
subsets containing A C © are 2"". Hence subset A is repeated 2"~" times in
calculation of commonality of A. Therefore any element in A is repeated 2"~"
times in calculation of commonality of A.
The element {a} ¢ A also have contribution in calculation of commonality of A.

Such element {a} ¢ A is repeated 2("~")~! times in listing of super sets of {a} in
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A, for calculation of commonality of A. By definition of commonality,

Q(A)=> m(B)
BDA
— p(A)
_ ]; o
_ 2n1_1[2n—’" > p{a}) +20707 N p({a})]
{a}eADB ey
- znll[w > p(fa}) +207770 S 7 p({a})]
{a}eA e
=2 3" pap) +27 Y p({a})
{a}eA R
=2 )" p({a}) +% > p({a})
{a}eA s

By using theorems 3.4 and 3.5, we have alternating proof of part of theorem 3.3

as:

Theorem 3.7. [20] For any subset A of © with |O] =n and |A| =,

PIAY = 3 pad) + 3 (1 g p({a)) e, PUA) = p(A) + (T )p(A).

{a}eA {a}gA

(3.12)

Proof. In general, observing carefully, we notice that number of repetitions of
element of O for plausibility is as follows:

Let |[A| = r and |©] = n if {a} € A then {a} appears 2"~ times and if {a} & A
then {a} appears 2772 42773 4274 ... 1 27=("+1) times hence 2"~ ("+1) (27 — 1)
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times. Therefore formula for plausibility function becomes

Pi(A)= > m(B)

ANB#)

=t 3 Bl ey 3 B
{a}eA {a}€A

= 3 p{ah) + 2@ - 1) 3 p({a})

{a}eA {a}gA (3.13)
= Y e+ 2@ - ) Y pla)

{a}eA {a}¢A
= 3wl + (1= 5) Y pl{a)).

{a}€A {a}¢A
= p(A) + ).

3.4 Conclusion

In this chapter, we have defined new basic belief assignment induced by probabil-
ity mass function of discrete probability distribution. Some theorems about basic
belief assignment in Shafer book [28], are studied for our defined basic belief as-
signment induced by probability mass function. Also we have obtained formulae

to calculate belief, commonality and plausibility functions in this regard.



Chapter 4

Lower and Upper Limits of

Statistical Quantities

4.1 Introduction

We calculate statistical quantities viz. distribution function, mean, variance, raw
and central moments and coefficients of skewness and kurtosis of any given proba-
bility distribution. In Shafer‘s Bayesian basic belief assignment induced by proba-
bility mass function of probability distribution [28], probability of set, belief of set
and plausibility of set are equal. But our defined basic belief assignment induced
by probability mass function, satisfies (2.5), Bel(A) < p(A) < PI(A), VA C ©.
We have discussed lower and upper bounds of arithmetic mean of discrete prob-
ability distributions [18]. In this chapter, we obtain lower and upper bounds of

statistical quantities.

4.2 Indexing of Subsets of ©

In order to apply statistical concepts to our defined basic belief assignment, we

apply indexing of subsets of © [18] as follows:

38
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Let © = {21, 2,...,2,} hence |©] = n. Number of subsets of © are 2". We have

indicator function as :

For any subset A of ©, I4(z;) = (4.1)

Let V be a indexing function from 2° to {0,1,2,...,2" — 1} and is defined by
V(A) =571 Ix(x;)2'~ 1. The quantity V(A) is called indexing number of subset

Aof ©. If A= {x;, xx, 2, T, xp, ¥4} then indexing number of A in © is
v = Z [A(xi)2ifl — 2]’71 4 2k71 + 2l71 + 2m71 4 2p71 + 2q71
i=1
Notes :-

10<v<2"—1.

2 v = 0 corresponds to (.

3 v=2"—1 corresponds to O.

4 Any value in between 0 and 2™ — 1 corresponds to proper subset of ©.

5 Indexing of subsets of © is helpful in obtaining statistical quantities as it

does not affect results of statistics and mathematics.

( See Appendix A).

Remark: In further discussion, the index V represent subset Ay of ©. Therefore,
p(V) =p(Av), Bel(V) = Bel(Ay) and PI(V) = Pl(Ay).
Now, we consider some statistical quantities based on probability of subsets of ©

using indexing function V.

1 Distribution Function= P(z) = p[X < z].
2n_1

2 Mean=Expectation of V' = E(V) =>"1._, Vp(V).

3 7™ raw moment =y, = E(V") = Y7 ' Vp(V).
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4 7' central moment = yu, = E((V — E(V))") =0 (V= E(V))p(V).
5 Variance = Var(V) = E(V?) — (E(V))*.

6 Standard Deviation = oy = /Var(V).

7 Coefficient of Skewness = v, =

2
3
3
2
8 Coeflicient of Kurtosis = 7, = — — 3.

With this indexing, we have following observations [18] as:

1 As number of elements of © increases for indexing, V' increases, in turn the

value of statistical quantities also increases.

2 If indexing of subsets of © is changed then value of statistical quantity is
also changed accordingly. If values of V' are assigned according to size of
subset and subscript of #, in ascending order then we get suitable value of
statistical quantity. If values of V' are assigned according to probability of
subset, in descending order then we get smallest value of statistical quantity.
If values of V' are assigned according to probability of subset and subscript

of x, in ascending order then we get largest value of statistical quantity.

With these observations, we should choose indexing of subsets of © according to

our interest.

4.3 Lower and Upper Limits (or Bounds) of Dis-

tribution Function

Firstly, we calculate distribution function p(X < k) of given probability distri-
bution with help of probability mass function. For £ = 0,1,2,...,n — 1 and by
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formula

2k—1 2k—1
Bel Pl
MP(XSIC)SP(XSIC)<L(V)

k_1 = ok _1 X<k s 4.2
(V) oy s 8

we get lower and upper limits of distribution function.

In another way, we can calculate lower and upper limits of distribution function
as:

By indexing of subsets of ©, we have

X 1 =0 To=1 x3=2 ry=3 x5=4

Now subsets of O, required for distribution function have relation from X to V as:

Sr.No. Subset of © Largest value of V/
1 Ay :{xl} 1
2 Ay = {xy, 22} 1+2=3
3 Az = {x1, 19, 23} 1+244=7
4 Ay =A{xy, 29, 3,24} 1+2+4+8=15
5 As = {xy, 29, 23,24, 75} 142+4+8+16=31
k Ay = {x1, 29,25, ..., 74} 14+2+444--- 421 =0F_1

Now by notation

p(V)=p(Ay), V=0,1,2,3---,2" -1

By indexing of sets, P(z) = p(X <) =p({0,1,2,3,...,2}) = p(A,_1) and only

in this case, we obtain v from z as v =2* —1, 2z =1,2,3,...,n (see Appendix
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A). By lower and upper limits of probability of sets, Bel(A,) < p(A,) < Pl(A,),

we get
Bel(A,) <p(X <z) < Pl(A,), =1,23,...,nandv=2"—1 (4.3)

Therefore we get lower and upper bounds of distribution function of given
probability distribution including the case of subset ().
Note that the lower and upper bounds of distribution function obtained by above

two approaches may or may not be same [18].

4.4 Lower and Upper Limits of Statistical Quan-
tity of Probability Distribution

Here we calculate statistical quantity of given probability distribution with help of
probability mass function. Similar to distribution function, we obtain lower and

upper limits of respective statistical quantity [18] as:

Stat.Quan. g, Stat.Quan. p,
< Stat.Quan. , < Stat.Quan. ; < Stat.Quan.
Stat.Quan.,, . Quan-pg < Quan., < Stat.Quan.,,, Quan.pq
(4.4)
. where

Stat.Quan. g, = Statistical quantity based on belief function of set

Stat.Quan. = Statistical quantity based on probability of set

prob.
Stat.Quan.,, = Statistical quantity based on probability mass function
of probability distribution

Stat.Quan.p; = Statistical quantity based on plausibility function of set.

If we know probability mass function of discrete probability distribution then we
calculate sums viz. > V'p(V),> V"Bel(V) and > V" Pl(v). Using these sums we
calculate statistical quantities based on probability of subset, belief of subset and

plausibility of subset of ©. Using these statistical quantities based on probability of
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subset, belief of subset and plausibility of subset of © and (4.4), we obtain lower
and upper bounds of statistical quantities by using interval arithmetic (Section
2.4) whenever required. Here, lower and upper bounds of statistical quantities are
dependent on only probability of singleton sets. Now, our main aim is to obtain

formulae for coefficients of probability of singleton sets.

4.5 Calculation of Statistical Quantities based

on Probability of set

Based on results given in Hall and Knight book [13], we find sums of some finite

series.
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4.5.1 Calculation of > Vp(V) [? ]

Consider

S Vp(V) = 0p(0) + 1p(1) + 29(2) + 3p(3)
V=0

+4p(4) 4 5p(5) + 6p(6) + 7p(7)

+8p(8) + 9p(9) + 10p(10) + 11p(11)

+12p(12) + 13p(13) + 14p(14) + 15p(15)

=

+--4+ (2" = Dp(2" - 1)

= 0p(0) + 1p({z1}) + 2p({z2}) + 3p({21, 22})

+4p({as}) + Sp({w1, w3}) + 6p({x2, 23})

+ Tp({x1, 22, 23}) + 8p({z4}) + Ip({1, 24})

+ 10p({x2, z4}) + 11p({x1, 22, 24})

+ 12p({x3, x4}) + 13p({x1, x3, 24})

+ 14p({xe, x3, 24}) + 15p({x1, T2, 3, 24 })

=

+ -+ (2" = Dp({z1, 22, - -+, 20 })

= 0p(0) + 1p({z1}) + 2p({z2}) + 3(p({21}) + p({22}))
+4p({as}) + 5(p({a1}) + p({ws})) + 6(p({22}) + p({2s}))
+ 7(p({z1}) + p({22}) + p({xs})) + 8p({za}) + 9(p({21} + p({24}))
+10(p({z2} + p({za})) + 11(p({z1}) + p({z2}) + p({z4}))
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+12(p({w3}) + p({z4})) + 13(p({z1}) + p({23}) + p({24}))
+ 14(p({z2} + p({z3}) + p({74}))

+ 15(p({x1}) + p({x2}) + p({x3}) + p({74}))

1!

+--+ (2" =Dz} + p({z2} + -+ p({z0}))

2n—1
D Vp(V)=(14345+T+--+2" = 1)p({z1})
V=0
+(24+34+6+7+10+11+144+15+ -+ (2" —2) + (2" — 1))p({z2})
+(4+5+6+7+124+134+14+15+---+ (2" —4)+ (2" - 3)
+(2" =2)+ (2" = 1)p({zs})
+:
H(ETH+ETTHD T )+ 27+ 20 = D)),
(4.5)
Now we calculate coefficients of p({z;}),j =1,2,...,n as:
Consider 1 +34+54+7+---+ (2" —1)
=204 2 420422 120 4 22 1 9t 1 20 1 23 4 20
+22 420420+ 20+ 22420428 422 4 21 + 20
R e A e e e R R
2n—2+2n—3+m+22+21+20 (46)
= > 20 4+ 2
k=0
2n72+2n73+“.+22+21+20
=20 4+ > 20 + 21k
k=1

= (2" %

Consider 2+34+6+74+ 10+ 11414+ 15+ --- 4+ (2" = 2) + (2" - 1)
=2+3+24)+2+3+2Q8)+2+3+2(12)+2+3+2(16)+2+3

o 82T 2 22 4 28 4 20)
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2n 3y 492491490

= ) 8k + (2 +3)
k=0
on=3yon—44.. 492491490
=(2+3)+ > 8k + (2+3)
k=1

=205 4 (2" 2 - 1)(2" +5)).

(4.7)

Consider 4 +5+6+74+ 12+ 134+ 14+ 15+ -+ (2" =4)+ (2" =3)+ (2" =2) + (2" - 1)
=(44+5+6+7)+48)+(4+5+6+7)+4(16)+ (4+5+6+7)

+4(24) + (A +5+64+T7) + -+ 322" 270 4 422 21 4 20)

2n—4+2n—5+_n+22+21+20

B > (4)(8)k+(4+5+6+7)
k=0
2n =44 9754492421490
= (454647 + ) (4)@B)k+(4+5+6+7)
k=1

=2M11+ (2" % — 1)(11 +2™)).
(4.8)

Consider 8 + 9+ 10+ 11 + 12 4+ 13 4+ 14 + 15 + 24 + 25 + 26 + 27 + 28 + 29 + 30 + 31
+-+2"-8)+2"-T)+2"-6)+(2"-5)+ (2" —-4)
+(2"=-3)+(2"-2)+ (2" —1)
=@8+9+10+114+12+13+ 14+ 15)
+16(8) + (8+9+ 10+ 11+ 12+ 13 4 14+ 15)
+32(8)+(8+9+ 10+ 11+ 12+ 134 14 4 15)
+48(8) + (8+9+ 10+ 11+ 12+ 13+ 14+ 15)

+--+964+ (8+94+10+ 11+ 12+ 13 + 14 + 15)
2n—5+2n—6+“.+22+21+20

= > (16)(8)k + (8 + 9+ 10+ 11 + 12 + 13 + 14 + 15)
k=0
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2n—5+2n—6+_._+22+21+20
= 4(23) + > (16)(8)k 4 (8 4+ 9+ 10 + 11 + 12 + 13 + 14 + 15)
k=1

=22{23+ (2" - 1)(23 + 2")}.

(4.9)
In general, the coefficient of p({z;}) is

K@)

D @@+ @@ )+ @ )+ (T (@ )

k=0

where K = gn=U+1)  on=G+D-1 ... 4 92 4 ol 4 90

= (273 (2" —1)(27 242 1 2m) 222 i ),

(4.10)

The coefficient of p({z,_1}) is

K(n—1)

D E@HRTEF 7T H TP DA P42 4+ 277+ (270 - 1))

where K ("1 — on—((n=1)+1) _ 90 _ 4
= 2n—3<21 _ 1)(2n—3 + on=2 _ 1 + 2n) + 2(n—l)—2<2n—3 + on—2 _ 1).
(4.11)

Finally, the coefficient of p({z,}) is

2(2"*1)(2")13 +E T+t ) 2 (2 )

— 2n—2(2n—2 + 2n—1 . 1)‘
(4.12)
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Therefore, we have

on_1 n  2n— U+ 4on—0G+1)—-14..192 191490
> Vp(V)=> | > (277H(2")k
V=0 j=1 k=0

@+ @)@ )+ @+ (@ = D))
= Z{(T_Q)(?”_j D@7+ YT 142N+ 2722+ 27 = Dip({}).

(4.13)

4.5.2  Calculation of > V?p(V) [? ]

Consider

221 V2( >p(0) + 1%p(1) + 2°p(2) + 3*p(3) + 4°p(4) + 5%p(5)
+ 6%p(6) + T*p(7) + 8°p(8) + 9°p(9) + 10°p(10) + 11%*p(11)
+12%°p(12) + 13%p(13) + 14*p(14) + 15%p(15)
+:
o (2T = 1)Pp(2" - 1)
= 0*p(0) + 1*p({z1}) + 22p({zo}) + 3°p({w1, 22}) + 4°({3}) + 5*({z1, 73})
+ 6°p({ae, 23}) + T*p({w1, 22, 23}) + 8p({4}) + P p({21, 24}) + 10*p({22, 24})
+ 1%p({x1, 79, 74}) + 12%p({x3, 24}) + 13%*p({21, 73, 74})
+ 14%p({z9, v3, 24}) + 15°p({x1, T2, T3, 74})
+

e (27 = D)2y, 20, 2 ))
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= 0°p(0) + Pp({z1}) + 2°p({w2}) + 3°(p({21}) + p({22}))
+p({as}) + 5 (p({21}) + p({3})) + 6°(p({22}) + p({23}))

+ 7 (p({x1}) + p({xe}) + p({ws})) + 8°p({za}) + 9 (p({21} + p({4}))
+10°(p({z2} + p({x4})) + 112(p({z1}) + p({22}) + p({24}))
+12%(p({ws}) + p({za})) + 13°(p({a1}) + p({w3}) + p({24}))
+14%(p({wa} + p({x3}) + p({4}))

+15%(p({w1}) + p({z2}) + p({x3}) + p({24}))

-

+o+ (2" = ) (p({an} + p({wa} + - + p({xa}))

D VEIV) = (P35 T4 (20— 1) )p({m1})

F (224 + 6+ TP 102+ 112+ 142 4152 4 -+ (2" = 2)° + (2" — DP)p({x2})

+ (42 + 52+ 62+ 7*+ 122 +13% + 14> + 157 +

(2" =4+ (2" =3)" + (2" = 2)" + (2" = 1))p({ws})

+

F@ ) @ D) (@ 2 e (@ (2 = 1)) )p({a )
(4.14)
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Consider 12 + 32452 + 72+ ... + (2" — 1)
— (20)2 + (21 + 20)2 + (22 + 20)2 + (22 + 21 + 20)2 + (23 + 20)2
(28 4+ 20 4+ 29)7 4 (28 4 22 4 21 4 20)°

b (20 2 1 22 2t 420

2n—2+2n—3+._+22+21+20

= 20 4 21)?
2 @ .
2n72+2n73+”‘+22+21+20
= > 1+ 4k + 4K
k=0
2n—249n=34... 422421420
=1+ > 1+ 4k + 45
k=1
2n71 1n2
= e -
4n? —1
Which is similar to result: 12+ 32 +52 4+ 724+ ... 4+ (2n — 1)2 _ %

Consider 22 + 324+ 6% + 72+ 102 + 112+ 142 + 152 + - - - + (2" — 2)° + (2" — 1)
gn—3_49n—44. . 192491490
= > (4k +2)° + (4k + 3)?
k=0
2n73+2n74+“_+22+21+20
— > 32k% 4 40k + 13
k=0
gn—=3_49n—44..492491490
=13+ > 32k 4+ 40k + 13
k=1
(2" % -1) -1
= 13+ =———{3(13) + (2")(3(5) + 42" = 1))}

(4.16)
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Consider 4% + 52 4+ 62 + 72 +122 + 132 4 142 + 15 + - - - + (2" —4)* + (2" — 3)°

+ (2" =22+ (2" —1)?

2n74+2n75+_“+22+21+20

= > (8k +4)% + (8k +5)* + (8k +6)* + (8k + 7)°
k=0
on—4_4on—5..1924 91490
= Z 256k% + 352k + 126
k=0
gn—4_49n—=54 . 492491490
— 126 + > 256k2 + 352k + 126
k=1
(2" 1)

=126 + {3(126) 4+ 2"(3(2)(11) + 2*(2"2 — 1))

(4.17)

Here we observe that

A2 452 462+ T2 =126,4+5+6+7=22=2(11) =24+ 7) = 25-2(4 4+ 7).

Consider 8% + 9% + 102 + 11% + 122 + 13% + 142 + 157
+ 242 4 252 4 26% + 27% + 28% + 297 + 30% + 317
Fe (2T =8 (2" =T (2" - 6)* + (2" - 5)°
+ (2" =4+ (2" =3+ (2 -2+ (2 1)

K@)
= (16k +8)* + (16k + 9)* + (16k + 10)* + (16k + 11)°
k=0

+ (16k + 12)* + (16k 4 13)* + (16k + 14)* 4 (16k + 15)
K@)

— Z 1100 + 2944k + 2048k>
k=0

(4.18)

K®&)
= 1100 + Z 1100 + 2944k + 2048k>
k=1
2n—4-—1
= 1100 + Z 1100 + 2944k + 2048k>
k=1

n—4

= 1100 + 23—1{3(1100) +2"(3(4)(23) +2°(2" 7 — 1)}
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where KW = 2n=5 4 on=6 L ... 4 92 4 9l 4 90 —9n—4 _ 1 Algo we observe that
82492 +10% 4+ 112 + 122 + 132 4 142 + 152 = 1100,
8+9+10+ 11+ 12+ 13+ 14 4+ 15 = 92 = 4(23) :24_2(8—1—15).

In general, the coefficient of p({z;}) is

K@)
STE@T + @) + (27 + 2k + 1)+ (27 + 2k +2)°
k=0
o (27 4 (P2 — 1)
. . (4.19)

L LODICEEY

p
+2m(3(2772) (207 4 207 207 1) 42207 (gn U )}

= > @+
p=0

where K = 9n—(G+1) 4 gn—(G+1)-1 L ... 4 92 4 91 4 90,

The coefficients of p({x,_1}) and p({z,}) are obtained by replacing j by n— 1 and
n respectively. Therefore the coefficient of p({z,—1}) is

K(n—1)
S @+ @R (2 + 2+ 1)+ (20 2+ 2)
k=0
oo (272 (20 k202 = 1)
g i (4.20)
= D @7 B @ )

p=0 p=0

on—2_1

+2"(3)(2" ) (2" + 22 42" — 1)}

where K1) = on=((n=)+1) — 90 — 1,
The coefficient of p({z,}) is

ST 2+ (@ 2%+ 1)+ (20 2%+ 2)
k=0

+ (znk_i_znfl +2n72 +2n73 S 22 _'_21 +20)2
an=l_1

= > @' +p)

p=0

(4.21)
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where K™ = (.

Therefore, we have

Z_: Vep(V)
= Z{ 2 (21 4 p)? 2 - 1{3( Z (21 4 p)?) (4.22)

+20(3(277) (2 + 2 4 2 - )+ 2207020 1)) p({a;)).

4.5.3 Calculation of > V3p(V)

Consider
221 V3p( ®p(0) + 13p(1) + 2°p(2) + 3°p(3) + 4°p(4) + 5°p(5) + 6°p(6) + 7°p(7)
+ 83p(8) + 9%p(9) + 10°p(10) + 113p(11) + 123p(12) + 13%p(13)
+ 14%p(14) + 15°p(15)
+:
+o (2 =127 1)
= 0°p(0) + ’p({z1}) + 2°p({z}) + 3°p({z1, 22}) + £p({23}) + 5°p({x1, 73})
+6°p({m, 23}) + TPp({a1, 22, 23}) + 8p({a}) + 9*p({w1, 24}) + 10°p({w2, 24})
+18p({zy, 29, 24}) + 12°p({z3, 24}) + 13%p({21, 25, 24})
+ 14%p({wa, x5, 24}) + 15°p({z1, 22, 73, 74 })
+

4+ (20— 1)3p({x1,x2, L Tnt)
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= 0°p(0) + U’p({z1}) + 2°p({x2}) + 3°(p({21}) + p({22}))
+Ep({as}) + 5 (p({x1}) + p({3})) + 6°(p({22}) + p({23}))

+ 7 (p({x1}) + p({xo}) + p({ws})) + 8°p({za}) + 9 (p({21} + p({4}))
+10°(p({z2} + p({z4})) + 11°(p({x1}) + p({w2}) + p({2a}))
+12°(p({ws}) + p({za})) + 13°(p({a1}) + p({w3}) + p({4}))
+14°(p({w2} + p({xs}) + p({4}))

+15°(p({a1}) + p({x2}) + p({a}) + p({24}))

=

oo (20 = 1P (p({an} +p({ae} + -+ p({za})
=3+ 3 +55+ 7+ + (2" = 1)°)p({a})

+ (2P +F+6C+ TP 103118+ 142 155 -+ (27— 2)° + (2" — DP)p({x2})
+ (4526 + 7+ 12° £ 13° 4+ 14° + 15° +

+ (2" =4+ (2" =30+ (2" - 27 + (2" — D)p({zs})

e

F 2 @ D) (2 2 (2 4 (27 = 1)) )p({)).

Consider 13 3% 453 + 73 + ... 4 (2" — 1)’
— (20)3 4 (21 + 20)3 4 (22 4 20)3 4 (22 4 21 + 20)3 + (23 T 20)3
+ (23 +21 +20)3 + (23 +22 +21 +20)3

o (2P 22 22 2 4 20)

2n—2+27z—3+m+22+21+20

= Z (2° + 21/€)3 (4.23)
k=0
gn—249n—34 .. 49249190
- Z 1+ 6k + 12k> + 8k°
k=0
2n—24on=84 ... 492491490
— 14+ > 1+ 6k + 12k2 + 8K?

k=1

= 222" - 1)
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Which is similar to result: 13+ 33453+ 734 ... 4+ (2n — 1)> = n?(2n? —1). Same

derived result can be represented as:

Consider 1> +3% 4+ 53 + 7 + ... 4 (2" — 1)
=1+ =1 +602" =12 2+ 122" -2 H (2" - 1)/6

(2t = h”
2
=1+ @2 =D +3@ =)@ 4202 - (@ H (M - 1)

+38

(2t = 1)
=14+ 2" = D{1+32" ) + 22" H (2" - 1)+ (2" = 1)(2* )

=1+ 2" = D{1+30)2" )+ (D2"2" = 1) + (2" ' = 1)(2** )

(4.24)
Consider 2° + 3%+ 6% + 72 + ... + (2" = 2)> + (2" — 1)°
2n73+2n74+_“+22+21+20
= > (4k +2)° + (4k + 3)°
k=0
2n—2_1
= (4k +2)° + (4k + 3)°
k=0
=21
=(2°+3)+ > (4k+2)°+ 4k +3)°
k=1
n=2_1
= (22 +3%) + > 8+ 48k + 96k” + 64k° + 27 + 108k + 144k + 64k°
k=1
221
= (2°+3%) + D 35+ 156k + 240" + 128%°
k=1

=35+ (2" 2 = 1){35 + 3(13)(2" ") + 52" ) (2" — 1) + (2" — 1)2*"H}
(4.25)
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Here we observe that 23 + 3% = 35,22+ 32 =13 and 2+ 3 = 5.

Consider 4° +5° + 6% + 7 + - + (2" —4)* + (2" = 3)* + (2" = 2)* + (2" — 1)*
gn—4ygn=54 .. 4924 9190
= > (8k +4)° + (8k +5)° + (8k +6)° + (8k + 7)°
k=0
2n=3 1
= (8k +4)* + (8k +5)° 4 (8k +6)* + (8k + 7)°
k=0
=31
=@ +5+6+7)+ Y (Bk+4)°+ (8k+5)° + 8k +6)° + (8k +7)°
k=1
an=3-1

= T48 + Z 64 + 384k + 768k* + 512k> + 125 + 600k + 960k + 512k
k=1
+ 216 + 864k + 1152k% + 512k3 + 343 + 1176k + 1344k* + 512k3
an—3-1
— 748 + Z 748 + 3024k + 4224k2 + 2048K3

k=1

= A8 + (270 — {748 4+ 3(126)(2" 1) + 2224 (272 — 1) 4 (27 — 1)2 )

(4.26)
Here we observe that
B +53+63+ 7 =748,42+ 52+ 62+ 7> =126 and 4 + 5+ 6+ 7 = 22.
In general, the coefficient of p({z;}) is
K@)
ST+ @)) + (27 + 2k + 1) + (27 + 27k + 2)°
k=0
o (P (P42 1)
27-1_1 27-1_1
= > @)+ @I =LY @ +p) (4.27)
p=0 p=0
2i—1_1 2i—1_1
#3030 @2 (Y @ )2 )
p=0 p=0

+ (271—] - 1)2(2n—1)+2(j—1)}

where KU) = 2n=0+1) 4 on=(+1)-1 ... 4 92 4 o1 4 90,

The coefficients of p({z,_1}) and p({z,}) are obtained by replacing j by n— 1 and



Chapter 4. Lower and Upper Limits of Statistical Quantities 57

n respectively. Therefore the coefficient of p({z,_1}) is

K(n-1)
D@+ (@ @ TR D)+ @ 2 R+ )
k=0
S <2TL72 4 2n71k 4 2n72 o 1)3
2n—271 2n—271 2n—271
_ _ _ 2\ on—
= > @4+ -D{ Y] @ +p) 30 @42
p=0 p=0 p=0
2n—2-1
FOY @422 - )+ (2 - D2
p=0
(4.28)
where K= = gn=((n=1+1) — 90 — 7
The coefficient of p({x,}) is
K®)
2+ 2°k) + (2 4+ 2%k 4+ 1) 4+ (27 2% 4 2)°
k=0
F (22 2 R 92 4 9l 4 0] (4.29)
2n—1—1
= > @ '+p)’
p=0
where K™ = 0.
Therefore, we have
n—1
> Vip(V)
V=0
n  2971-1 27-1-1
- 3 i - 3
=LY @ )2 - 1) (27" +p)
j=1 p=0 p=0 (4.30)
27-1-1 27-1-1
F30Y @2 () @ )2 )

p=0 p=0

+ (277 = 128U ({a)).
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4.5.4  Calculation of Y Vip(V)

Consider

i VAp(V) = 0*p(0) + 1*p(1) + 2*p(2) + 3*p(3) + 4*p(4) + 5*p(5) + 6*p(6) + 7*p(7)
V=0

+ 8'p(8) + 9'p(9) + 10*p(10) + 11*p(11) + 12*p(12) + 13*p(13)

+ 14*p(14) + 15*p(15)

+

o+ (20— 12" - 1)

= 0'p(0) + 1'p({z1}) + 2'p({z2}) + 3*p({z1, 22}) + 4*p({ws}) + 5'p({z1, 25})
+6'p({a, w3}) + T'p({w1, 29, 23}) + 8'p({a}) + 9'p({x1, 24}) + 10"p({22, 74})
+ 11"p({x1, w2, 24}) + 12'p({23, 24}) + 13"p({21, 23, 74})

+ 14 p({w2, m3, 4}) + 15" p({21, T2, 33, 74 })

+

+o (20 = 1) ({22, 20))

= 0'p(0) + Vp({z1}) + 2'p({x2}) + 3" (0({z1}) + p({22}))

+4%({z3}) + 5 (p({z1}) + p({23})) + 6*(p({22}) + p({23}))

+ 7 p({x1}) + p({xe}) + p({as})) + 8'p({za}) + 9* (p({z1} + p({z4}))

+ 104 (p({za} +p({z4})) + 11 (p({21}) + p({22}) + p({z4}))

+12'(p({s}) + p({2d}))

+ 134 (p({a1}) + p({zs}) + p({2a})) + 14* (p({22} + p({23}) + p({24}))
+15%(p({w1}) + p({x2}) + p({w3}) + p({24}))

+

4o (27— 1)4(p({$1} +p({xa} + -+ p({zn}))
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= (1 +3 5+ T+ (2 = 1) Yp({a )

(23 T 0 1 14 15 (27— 2) (20 = D) Yp({22))

+ (445 60+ T 120 13 4 14 4 151 +

+(2" =)+ (2" =3) (2" - 2)" + (2" = 1)")p({zs})

ny

Y @ D) @ ) e @ @ = D)) D).
(4.31)

Consider 14 +3* +5* + 74 4 ... 4 (2" — 1)*
_ (20)4 + (21 + 20)4 + (22 + 20)4 + (22 + 21 + 20)4 + (23 + 20)4
F (22420420 (28 422 42 420!

e (20 2 122 ot 20!
2n=24on=84 ... 492491490
= 3 (2° 4 2'k)"
k=0
on=249n=34 . 19249190
= Z 1+ 8k + 24k% + 323 + 16k*
k=0
2n72+2n73+m+22+21+20
=1+ > 1+ 8k + 24k% + 32k* + 16k*
k=1
an-l-1

-1+ Z 1+ 8k + 24k* + 32k* + 16k*
k=1

=1+ = D{1+ ") + @)@ - 1) + (2 - 12!
+(16/30)2" 3 (2" — 1)(3(2**7%) — 3(2" 1) — 1)}
(4.32)
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Consider 2* +3* + 61 4+ 74 + .- + (2" — 2)4 + (2" — 1)4
=) (@ ) (222 (@22t 20 (28 42!
@42 42 (@22 4 (2222 + 20

o (2 2R 22 ) (20 2 22 ot 490y
2n=84 o4 422491420
= > (4k +2)* + (4k + 3)*
k=0
2n—2-1
= (4k +2)* + (4k + 3)*
k=0
2m—2-1
= (2*+3%) + (4k +2)* + (4k + 3)*
k=1
2n—2-1
=97+ ) 16+ 128k + 384k” + 5122k° + 256k
k=1

+ 81 + 432k + 864k* + T68k> + 256k*

on—2_1
— 97 + Z 97 + 560k + 1248K2 + 1280k3 + 512k*
k=1

=97+ (272 = D{97 + (35)(2""") + (13)(2"*?)(2" " — 1) + (5)(2" 2 — 1)2*"*?
+ (1/30)2"7 (2" = 1)(3(2** ) = 3(2" %) — 1)}
(4.33)

Consider 4* +5* +6* + 74+ 122 + 134 + 14* +15* + - ..
+ @2 =) @2 =) 2 =2+ (2" 1)

(2" 4+ (22 + 29 4 (22 + 21! 4 (22 + 21 4+ 29)" 4 (28 4+ 2%

(23+22+20>4+(23+22+21)4+(23+22+21+20)4

”__|_(2n—l_|_2n—2_|____+21_|_20)4+(Qn—1+2n—2+n_+22)4

+ o+ o+

”'_i_(2n—1+2n—2+'._+22+21)4+(271,—1+2n—2+.__+22+21_’_20)4
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2n—4+2n—5+_._+22+21+20

= > (8k +4)* + (8k +5)" + (8k +6)* + (8k + 7)"
k=0
2n—3_1
= (8k +4)* + (8k +5)" + (8k +6)* + (8k +7)*
k=0
an=3_1
= (@ +5 6 T+ ) Bk+4) + (8k+5)" + (8k+6)" + (8k+T7)*
k=1
an=3-1
—= 4578 + Z 256 4 2048k + 6144k* 4+ 8192k> 4 4096*
k=1

+ 625 4 4000k + 96002 + 10240k + 4096k*
+ 1296 + 6912k + 13824k> + 12288k + 4096*

+ 2401 + 10976k + 188162 + 14336k> + 4096k*

an=3—1
— 4578+ 4578 + 23936k + 48384k” + 45056k + 16384k
k=1

= 4578 + (2"7% — 1){4578 + (748)(2""%) + (126)(2"*%)(2" 7 — 1)
+(22)(2"° — 1)2%*3
(173027 (22 - 1)(3(2%°) — 3(2) — 1)}
(4.34)

Here we observe that

44 + 5% 4+ 61 + 71 = 4578, 43 + 5% + 63 + T3 = 748,
4% + 5% + 62 + 72 = 126,

4+5+6+7=22.
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In general, the coefficient of p({z;}) is

2n—i—1

ST@ ) @2 ) (@2 ) (22 2 )
k=0

2011 2011
ST @)+ - {Z (27 +p)’*
p=0
21-11 20— 1—1
Z 9i— 1+p 2n+1+( Z (2]‘—1 +p)2>2n+j(2n—(j—1) —1)
p=0 p=0
2/-1_1
(D0 @7 )2 (1/30)2 0T (3220 - 3(2) — 1)
p=0

(4.35)

The coefficients of p({z,,_1}) and p({z,}) are obtained by replacing j by n—1 and
n respectively. Therefore the coefficient of p({z,—1}) is

S @) @ oY @)
+( Z_ (271 4 p)*)22 4 ( Z_ (272 4 p)*)22 (22 — 1) (4.36)
+ ( y (2772 4 p)) 2%t 4+ (1/30)2%71(22 — 1)(3(22 — 3(2) — 1)}

and the coefficient of p({z,}) is 212):)1_1 (2! + p)*. Therefore, we have

2n—1 2i—1_1 2711
SV =35 =1 Y (@ )+ (20— 1 Z @ +p)’
V=0 p=0
27—11 2711
HOS @ N2 (Y (@ )2 (2 — )
p=0 p=0
21-1_1
+(> (@ 4 p))2n
p=0

+ (1/30)2" U@ UED — 1) (3(2°00)) — 3(2" ) — 1)} }p({a;)

(4.37)
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4.6 Calculation of Statistical Quantities based

on Belief of set

Using formulae from Hall and Knight book [13], we find sums of some finite series

as per our requirement.

4.6.1 Calculation of > VBel(V) [? ]

Consider

21

> VBel(V) = 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3)

V=0
+ 4Bel(4) + 5Bel(5) + 6Bel(6) + 7Bel(7)
+ 8Bel(8) + 9Bel(9) + 10Bel(10) + 11Bel(11)
+12Bel(12) + 13Bel(13) + 14Bel(14) + 15Bel(15)
+:
44 (2" = 1)Bel(2" — 1)
— 0Bel(0) + 1Bel({x1}) + 2Bel({x2}) + 3Bel({x1, z2})
+ 4Bel({xs}) + 5Bel({xy, x3}) + 6Bel({z2, x3})
+ 7Bel({x1, z2, 23}) + 8Bel({z4}) + 9Bel({z1, 24})
+10Bel({xg, x4}) + 11Bel({xy, x9, 24})
+12Bel({xs, z4}) + 13Bel({x1, x5, 24})
+ 14Bel({xy, x3,24}) + 15Bel({x1, xo, T3, 74})
+:

4+t (2" — 1)Bel({$1,$2, T >$n}>



Chapter 4. Lower and Upper Limits of Statistical Quantities 64

= 004 L Ip({aa}) 2 1p({a}) +3 - 20p({mn)) + p({2))

+4-1p({z3}) +5- 2(p({z1}) + p({z3})) + 6 - 2(p({z2}) + p({2s}))
+7-4(p({z1}) + p({z2}) + p({2s})) + 8- 1p({za}) + 9 - 2(p({z1} + p({24}))
+10- 2(p({w2} + p({z4})) + 11 - 4(p({21}) + p({22}) + p({74}))
+12-2(p({as}) + p({za})) + 13- 4(p({z1}) + p({zs}) + p({z4}))

+ 14 - 4(p({z2} + p({z3}) + p({z4}))

+15-8(p({z1}) + p({z2}) + p({zs}) + p({74}))

+!

+oo 4+ (20 = 1) - (@) e} + (e} + -+ p({za}))

Z_ VBel(V) = 2n1_1{(1 1432452474+ +(2"=1)- 2" ))p({x1})

V=0

+(2:1+3-246-247-4410-2+11-4+14-4415-8
e (20 =2)- (2 + (20 = 1) - (277 ))p({a2})
+(4-14+5-2+6-24+7-4+12-2+13-44+14-4+15-8
o (20— 4)(2 (27 - 3)(277?)

+(2" =2)2"7) + (2" = DE")p({x3})

-

(@ 14+t D242 ) 24 (27 £ 3) 4 -
+@2 42+ =3 2 4 (2 —2) - (279

+@27 =1 @)@}
(4.38)

To calculate coefficients of p({z;}),7 = 1,2,...,n, we adopt following steps as:

1 Calculate recurrence relation between coefficients of p({z1}) with increasing

values of n.

2 Calculate coefficient of p({z;}) with value of n = j.
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3 Calculate difference of coefficients of consecutive probabilities i.e. p({z;})

and p({x;+1}) for fixed values of n.

4 Calculate coefficient of p({z;}) for given n.

Step 1:Calculate recurrence relation between coefficients of p({z;}) with

increasing values of n

Now consider 1-1+3-2+4+5-2+7-4+---+ (2" —1) - (2"7!). Here a;, represents

coefficient of p({z1}) with value n = k. Here we use notation af, g, = coefficient

of p({x1}) in 37, Bel(V). Therefore for 3, Bel(V') we have
a%l,Bel) =1-1=1,

%Q,Bel) =1-14+3-2=7,

%S,Bel) =1-14+3-245-24+7-4=45,

%4,Bel):11+32+52+74+92+114+134+158:279,

Q

Q

Q

a%&Bel) = 1701, ... and so on.

In general, we have, a%LBel) =1-1=1,

a(12,Bel):1'1+3'2

= 3@%1,361)) +2%(3°).

g pey =1-1+3-245-2+7-4

= Ba%Q,Bel) +2°(3).

Glypay=1"1+3-245-24+7-4+9-2+11-4+13-4+15-8

= BG%S,Bel) +24(3%)
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Similarly, ags geiy = 30(,pary + 16(54) = 3aqy poyy + 32(27) = 3ag poy +2°(3%), - .-

and so on. Therefore we have recurrence relation as:

afypey =1, andforn=2,3,4,..., ag,pay =2"(3""%) +3a(,_, gy (4.39)
Step2: Calculate coefficient of p({z,}) with value of n = j

Consider

a%n,Bel) = 271(37172) + 3a%n71,Bel)

= 271(371—2) + 3(2”—1371—3 + 3a%n—2,Bel))

-1 2n 1 +32 (e .
20D (4.40)

+2"72(3"7%) +2"3(3"7%) + 3ay A1, Bel))

)

32T + 2"3(3772) + (s pay
)
)32 - )

(

(
3n71 (2n 1

(

—1 2n1

Therefore the coefficient of p({z,} in 35—, VBel(V) is

T 1{3n Yy 4 3n2(2n 1t —1).} (4.41)

Step 3: Calculate difference of coefficients of consecutive probabilities

i.e. p({z;}) and p({z;+1}) for fixed values of n.

For this, we calculate differences of order one vertically for coefficient of p({z;})
and p({zy}) for first four values of n i.e. n =2,3,4,5. Firstly we prepare a table
of coefficients of p({z;}) for j <n, n=1,2,3,4,5 as:
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n | p({z}) | pa2}) | p(zs}) | p({za}) | p({5})
1 1

2 7 8

3 45 48 54

4 279 288 306 342

5| 1701 | 1728 | 1782 | 1890 | 2006

T

Here we use notation d(pg’j’ Bel

) for difference between p" and ¢! columns with
p<q<n& j>qforj" row in > v"Bel(v) for belief function Bel. For j = ¢,

the difference d7 is the first difference and further successive differences are

(p,9,3,Bel)

dependent on this difference with increasing j.

Differences in > vl Bel(v) vertically for coefficient of p({z}) and p({z»})for first
four values of n are 1, 3, 9, 27. In another way, 1 = 3°,3 = 31,9 = 32,27 = 3*.
Therefore, the difference of coefficients p({z1}) and p({z2}) for n = k is 3%72.

Hence the difference of coefficients p({x1}) and p({x2}) for n is d%l,Z,n,Bel) =32

Differences in > v!Bel(v) vertically for coefficient of p({z3}) and p({z3})for first
three values of n = 3,4,5 are 6, 18, 54. In another way, 6 = 2(3) = 2(3'),18 =
2(9) = 2(3%),54 = 2(27) = 2(3*). Therefore, the difference of coefficients p({z2})
and p({z3}) for n = k is 2(3"72). Hence the difference of coefficients p({z,}) and

p({x?)}) for n is d%2,3,n,Bel) = 2(3n—2)

Differences in Y v! Bel(v) vertically for coefficient of p({x3}) and p({x4}) for first
two values of n = 4,5 are 36, 108. In another way, 36 = 4(9) = 4(3?),108 =
4(27) = 4(3%). Therefore, the difference of coefficients p({x3}) and p({z4}) for
n =k is 4(3*72). Hence the difference of coefficients p({x3}) and p({z4}) for n is

d%3,4,n,Bel) = 4(3n_2)-

Differences of order one vertically for coefficient of p({z4}) and p({zs})for first
value of n = 5 is 216. In another way, 216 = 8(27) = 8(3%). Therefore, the
difference of coefficients p({z4}) and p({xs}) for n = k is 8(3*72). Hence the

difference of coefficients p({z4}) and p({zs}) for n is di 5, gy = 8(3"?).
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Continuing in this way, the difference in Y v*Bel(v), of coefficients p({z;_1}) and
p({z;}) for n = k > j is 2772(3*72). Hence the difference of coefficients p({x4})
and p({xs}) for nis dj; , ; g,y = 2772(3"7?).

For given n, the difference of coefficients p({z1}) and p({z;}) is d%l,j,n,Bel) =
3" 2(1+ 244+ ---+ 2/72) which on simplification is 3"72(2/~1 — 1).

Step 4: To calculate coefficient of p({z;}) for given n :-

For given n, the coefficient of p({z;}) is sum of coefficient of p({z}) and difference
of coefficients p({z;}) and p({z;}). Therefore the coeflicient of p({z;}) for n is

1 A
2n_47{3n—1(2n—1)_+_3n—2(2n—1___1) +_3n—2(2]—1 __1)}.

Therefore we have

2" —1

> VBel(V)

. . (4.42)
= Z{ {3 2m ) +3m 22 — 1) + 3722 = D) hp({ay))

2n—1

4.6.2 Calculation of Y VZBel(V) [? ]

Consider

2" —1

> " V2Bel(V) = 0*Bel(0) + 1°Bel(1) + 2°Bel(2) + 3”Bel(3)

V=0
+ 42 Bel(4) + 5*Bel(5) + 6°Bel (6) + 7°Bel(7)
+ 8% Bel(8) + 9*Bel(9) + 10°Bel(10) + 11*Bel(11)
+ 122 Bel(12) + 13?Bel(13) + 14> Bel(14) + 15* Bel(15)
+
+ o+ (2" = 1)%Bel (2" — 1)
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= 0%Bel(0) + 1?Bel({x1}) + 2°Bel({z}) + 3*Bel({x1, 22})
+ 42Bel({x3}) + 5°Bel({x1, x3}) + 62 Bel({x2, v3})
+ T*Bel({xy, 72, x3}) + 8 Bel({x4}) + 9*Bel({x1, 74})
+ 10°Bel ({9, 24}) + 11*Bel({x1, 72, 14})
+ 122 Bel({x3, 24}) + 13*Bel({z1, 73, 74})
+ 142 Bel({w, 23, v4}) + 15°Bel({x1, 2, 73, 74})
+1
o (20 = 1)2Bel({xy, 9, -+, })
1

= Qn,l{OQ S0+ 1% 1p({ar}) + 2% - 1p({aa}) + 3% 2(p({a1}) + p({22}))

+472 - 1p({xs}) + 57 - 2(p({m1}) + p({2s})) + 6 - 2(p({22}) + p({x5}))

+ 70 d(p({1}) + p({z2}) + p({3})) + 8 - 1p({za}) + 9% - 2(p({z1} + p({24}))
+10% - 2(p({w2} +p({4})) + 117 - d(p({a1}) + p({22}) + p({x4}))

+12% - 2(p({x3}) + p({4})) +13° - 4(p({21}) + p({w3}) + p({z4}))

2(p(
+14% - 4(p({z2} + p({zs}) + p({24}))
8(p(

+15% - 8(p({z1}) + p({z2}) + p({s}) + p({24}))
+
e (20 =12 2" () + p({me) + -+ p({En))}

2n—1
1

> V2Bel(V) = = {12 14322452247 4+ -+ (2" = 1) 2" ))p({z1})

V=0

+(22-1+3%-2+6%-24+7%-4410°-2+11° -4+ 14> 44+ 15*- 8
e (20 =2)7 (2 (20 = 1) (2 ))p({as))

+ (42 145%-2+6%-2+7-4+12°-2413% - 4+ 14* - 4 +15% -8
+eo (20— 422+ (20 - 3)2 (27

+ (2" =227 + (2" = DY@ )p({as))

(Yt ) 2 (27 2 24+ (27 4+ 3) A
(@7 )T 2+ (2 =) 2+ (2 -2 (20)

+ (27— 1)" - (@2 ))p({za D))
(4.43)
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To calculate coefficients of p({z;}),7 = 1,2, ..., n, we adopt steps as in 3o V Bel(V).

Step 1:Calculate recurrence relation between coefficients of p({z;}) with
increasing values of n

Now consider 12-1+432-2452-24 7244 - -+ (2" — 1)*-(2""!). Here a? represents
coefficient of p({z;}) with value n = k in > V2Bel(V) . Therefore we have

alBel):12'1— )

2
(1,
gy =12 1+37:2=19,

ey = 121 +3%-245%-24 7% 4 =265,

gy =12 1432245247 44+92-24 11744+ 132 - 4 4+ 15% - 8 = 3387,

a

Q

a%B’Bel) = 41841, ... and so on.

In general, we have, a?l’Bel) =12.1=1,

g pepy = 17 - 1+3%-2

= 3a{, gy + 2°(2°(3°) + a1 pary)-

g gy =17 1+3%- 245224774

- 3a%2,Bel) +24(2'(3Y) + G%Q,Bel))'

Alypey =12 143224524+ 744922411744+ 13? - 4+ 15% -8

- 3a%37361) +2°(2%(3%) + a%?),Bel))'

&%B,Bel):121+322+522+724+922+1124+1324+1528
+ 17224192 4+4+212-4+232.8425%-44+27-8+429%-8+ 31216

- 3a%4,Bel) +2°(2°(8%) + a%4,Bel))'
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Therefore we have recurrence relation as:

(4.44)

Step2: To calculate coefficient of p({x;}) with value of n =; Consider
CL%n,Bel) = 3a2n71,Bel) + 2n+1(2n723n72 + a%nfl,Bel))
3a

(
tntpeny 272V 4 27232 4 3R (20 — 1)

3af, ey + 27037 4201320 — 1)

3af, 1 pey + 2713777 4 2207137 — gnHignTd

= 3%(3af, g gy + 27713 4220703770 — 213N )

 22n23nT 4 9PnmIgnTd _ gngnTd) (4.45)
+ 220302 4 gnmign _ gntignd

= 3%, g pay + 27 713" T 4 220703 — n e

+ 220732y T3NS gngnd)

+ 2203072 4 g2 ignS _ gndigns

_ 3n—1 _|_ (22n+2 . 27’L+2 _ 23)3n—3 + (2271—1—1 . 23)377,—4.

Therefore the coefficient of p({z;} in %/":_01 V2Bel(V) is

1

2n_1 {3n71 + (22n+2 - 2n+2 o 23)377,73 4 (22n+1 o 23)37174}. (446)

Step 3: Calculate difference of coefficients of consecutive probabilities

i.e. p({z,}) and p({z,+1}) for fixed values of n.

For this, we calculate differences in > v?Bel(v) vertically for coefficient of p({x;})

and p({zy}) for first four values of n i.e. n =2,3,4,5. Firstly we prepare a table
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of coefficients of p({z;}) for j <n, n=1,2,3,4,5 as:

n | p({z1}) | p({z2}) | p({23}) | p({74}) | P({5})

1
19 22
265 290 334

3387 3558 3882 4458
41841 | 42930 | 45054 | 49086 | 56286

Tt = W N

Differences in > v?Bel(v) vertically for coefficient of p({z1}) and p({z»})for first
four values of n are 3, 25, 171, 1089. Now we will calculate relation between these

values as:

Difference of first and second columns in Y VZBel(V):-
We have difference df, , ; p.))
q < n& j > qfor j% row in Y v"Bel(v) for belief function Bel. For n =

2,d g o pay=2"—17=(2-1)(2+1)=3.

for difference between p** and ¢** columns with p <

For n = 3, we have difference

Aty 95 pery = (2° — 19)1 4 (6% — 5°)2

2 1 (4.47)
= 3(d(12.2,5y) T 2(8)(d(12.2, Ber))

For n = 4, we have difference

d%l,ZA,Bel) = (22 — 1)1 + (675%)2 + (10* — 9%)2 + (14% — 13%)4

2 1 (4.48)
= 3(d{122,5a)) T 2(8)(d(12.2,Be1))

In general, we have

d%1,2,n,Bel) = 3(d%1,2,n71,361)> + 2<2n)<d%l,2,n71,Bel))' (4.49)
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Now we simplify this relation as

d?1,2,n,Bel) = S(d%,z,nq,Bel)) + 2(2n>(d%1,2,n71,36l))

, N (4.50)
= 3"2d} 90, pery) + 3772 (ﬁ)
Difference of second and third columns in > V?Bel(V):-
For n=3,d% 4 pyy = (42 = 22)1 + (5% — 3%)2 = 2(4 + 2) + 2(5 + 3)2 = 44.
For n = 4, we have difference
d§2737473d) = (4% = 22)1 + (5% — 3%)2 + (12% — 10%)2 + (13% — 11*)4 (4.51)

= 3[d3,8)) + (2)(2)(16)(d3 35 per))

For n = 5, we have difference

d (2,3,5,Bel) = = (42 = 2°)1 4 (5% — 3%)2 4 (12* — 10%)2 + (13° — 11°)4
+ (207 — 18%)2 4 (212 — 19%)4 + (282 — 26%)4 + (29? — 27%)8  (4.52)

= 3(d%2,3,5,Bel)) + 2(32)(d%2,3,5,361))

In general, we have d%2,3,n,Bel) = 3(d%2,3,n—1,Bel)> + 2<2n)<d%2,3,n—1,Bel))'

Now we simplify this relation as

d%2,3,n,Bel) = B(d%2,3,n—1,Bel)) + 2(2n>(d%2,37n—1736l))
= 3(d%2,3,n—1,361)) +2(2")(2(3"7%))
= 3(3(d22,3,n—2,361)) + 2(2n_1)<d%2,3,n—2,361)>> +2(2")(2(3"?))
= 3%d{y3.n—2,pery) T (2(3"7)[2(2771) +2(27)]
= 32(3<d%2,3,n—3,B€l)) + 2<2n72)(d%2,3,n—3,Bel))) +(2(3"7?)[2(2" 1) 4 2(2")]

= 33d(22,3,n—3,Bel) +2(3")[2(2"7%) + 2(2"1) + 2(2")]
37’L 3d 3n—3 26 2”_3 —1
= (2.3.3,8¢)) T ( )[—2_1 J-

(4.53)
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Difference of third and fourth columns in Y V?Bel(V):-

For n = 4, we have difference

i3 40y = (8 —4%)1 4 (9 = 5%)2 4 (10* — 6*)1 + (11> — 7%)4

= 576.

For n = 5, we have difference
% 45,0y = (8 42)1 + (9% — 5%)2 + (10% — 6%)2 + (11% — 7%)4
+ (242 — 20%)2 + (25 — 21%)4 + (26 — 22%)4 + (27% — 23%)8

3[d(3 14,8a) T (2)(2)(16) (d%3,4,4,361))

For n = 6, we have difference

d? (3,4,6,Bel) = (8 —4%)1 + (92 — 5%)2 4 (10* — 6%)2 + (11* — 7*)4

247 — 20%)2 + (25% — 21%)4 + (267 — 22%)4 + (277 — 23%)8

56% — 52%)4 + (57% — 53%)8 + (58% — 54%)8 + (59% — 55%)16

+ +
+ (40% — 36%)2 + (41* — 37%)4 + (42* — 38%)4 + (43% — 39%)8
+ (

)

3(d(345Bel)+2(2 )(df (3,4,5,Bel)

In general, we have

d%SA,n,Bel) = 3(d?3,4,n—1,361)> + 2<2n)(d%3,4,n—1,381))-
Now we simplify this relation as

d%SA,n,Bel) = 3(‘1%3 4n—1,Bel)) T 2(2n)(d%374,n—1,Bel))

= 3(ds an—1.5a) T 2(2")(4(3"77))

= 3(3(d(s am-2.5e1) T 2(2" N di23.n-2.8a))) +2(2")(4(3" 7))

= 3%y 42,5y + (43"77)[2(2771) +2(27)]

(4.54)

(4.55)

(4.56)

(4.57)
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= 32(3((1%3,4,71—37385)) + 2(2n72)(d%374,n—3,361))> + (437227 +2(2M)]

= 33d%3,4,n—3,Bel) + (43" ) [2(2"7) + 22" + 2(2")] (4.58)
2t
_______y

= Sn_4d%3,4,4,3e1)) +3"73(2%)] 51

Therefore, in general, the difference of j — 1" and j** columns is

2n=I — 1

—) (4.59)

A1 jmpey = 3" A1 ey + 27 (377

Therefore the difference of first and j™ columns in Y V2Bel(V) is

(1 j,n,Bel) Z d(k k+1,n,Bel) (460)

and the coefficient of p({z;}) is sum of coeflicient of p({z;}) and d%l,j,n,Bel)‘ There-

fore we have
— d%l j.n,Bel)
E V2Bel(V E [coeff. of p({z1}) + %]p({%}) (4.61)

J=1

4.6.3 Calculation of Y V3Bel(V)

Consider

2n—1

> " VEBel(V) = 0°Bel(0) + 1°Bel(1) + 2°Bel(2) + 3°Bel(3)
+ 4% Bel(4) + 5° Bel(5) + 6° Bel(6) + 7° Bel(7)
+ 83 Bel(8) + 9°Bel(9) + 10° Bel(10) + 11° Bel(11)
+12°Bel(12) + 13* Bel(13) + 14* Bel(14) + 15° Bel(15)
+1
+ o+ (2" = 1) Bel(2" — 1)
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= 0°Bel(0) + 1*Bel({x1}) + 2°Bel({xy}) + 3*Bel({x1, 25})
+ 43 Bel({x3}) + 5°Bel ({1, x3}) + 63 Bel({x2, v3})
+ T Bel({wy, 72, x3}) + 8 Bel({x4}) + 9*Bel({z1, 24})
+10° Bel ({9, 24}) + 11° Bel({x1, w2, 14})
+ 12°Bel({x3, 24}) + 13 Bel ({1, 73, 74})
+ 14° Bel({w, 23, v4}) + 15° Bel({x1, 2, 23, 74})
+1
o (20 = 1)2Bel({zy, 29, -+, })
1

= Qn,l{og S0+ 17 - 1p({an}) +2° - 1p({aa}) + 37 - 2(p({a1}) + p({22}))

+47 - Ip({ws}) +5° - 2(p({m1}) + p({2s})) + 6 - 2(p({22}) + p({x5}))

+ 70 d(p({1}) + p({z2}) + p({3})) + 8- 1p({za}) + 9° - 2(p({z1} + p({24}))
+10% - 2(p({w2} + p({x4})) + 11° - d(p({a1}) + p({22}) + p({24}))

+12° - 2(p({x3}) + p({4})) +13° - 4(p({21}) + p({z3}) + p({z4}))

2(p(
+14% - 4(p({z2} + p({zs}) + p({24}))
8(p(

+15% - 8(p({z1}) + p({x2}) + p({zs}) + p({z4}))
+ !
4+t (2” — 1)3 . (2”_1)(]9({331} ‘|‘p({x2} + - ‘l’p({xn}))

2n—1
1

> VIBel(V) = = {(1® 14352455247 4+ (2" = 1)*- 2" ))p({z1})

V=0

+(2°1+3%.2+6% 24744102+ 11° -4+ 14> 44+ 15° - 8
o (2027 (27 + (20 = 1) (2 ))p({as))

+ (4% 145 -2+6%24+7-4+12%.2413% 44+ 14% - 4 +15% -8
+o (20 =472+ (20 - 3)° (27 )

+(2" = 272" %) + (2" = 1)*2" " )p({ws})

Yt ) 24 (2 42 24 (27 4+ 3) A
(@7 -t 2+ (@7 =3 2+ (2 -2 (20)

+ (2" =17 2" ))p({za 1)}
(4.62)
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To calculate coefficients of p({z;}),7 = 1,2, ..., n, we adopt steps as in 3o V Bel(V).

Step 1:Calculate recurrence relation between coefficients of p({z;}) with
increasing values of n

Now consider 13- 14332453247 . 4+ --- 4 (2" = 1)* . (2"71). Here s, Bel)
represents coefficient of p({z;}) with value n = k in > V" Bel(V'). Here we have

alBel):lg.l_ )

3
(
a3y poy =17+ 1+3% 2 =55,

@y gy = 18 14352455 24 79 440924 11 4+ 137 - 4 4 15° - 8 = 44247,
a?B’Bel) = 1107621, ... and so on.

In general, we have, a?l’Bel) =13-1=1,

Aty pery = 1714372

= 3a?1,Bel) +2(2° + 3(22)(3%1,360) + 3(2)(61%1,360)-

alspy =1°- 1432452474

= 3a?2,Bel) +2((3")(4%) + 3(42)(61%2,361)) + 3(4)@?2,3.31))-

Alypey =12 143245247 44924117 44+13° - 4+ 15%- 8

= 3a?373d) +2(9(8%) 4 3(8%)(45) + 3(8)(265)).

&:(35,B€l):131+332+532+734+932+1134+1334+1538
+17-2419% 44213 44+233.84+25%-44+27%-8429%.8+4+31%- 16

= 3a(, gy + 2(16°(27) + 3(16%)(279) + 3(16)(3387).
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Therefore we have recurrence relation as:

a?l,Bel) =1, andforn=234,...,

n—1\3qn— n—1\2
Ao ety = 3(n—1,pery + 20277173 7+ (277 (3) (@1 pery)  (463)

+ 3(27171) (a%nfl,Bel))'

Now we solve above recurrence relation as:

3
a(n,Bel)

= 3a},_1 pay + 2((2"7)’3" 7 +3(2" ") (04 pr)

+ 3<2n_1)(a%n—1,Bel))

=3a%, 1 pay +2((2771)737 72 4 32771 (2072302 4 (2072 - 1)370)
+ 3(27171)(31172 + (22n _ogntl 23)37174 + (221171 B 23)31175))

= 3a{, 1 peyy + 2772372 4 200703 93 ignT2 _ g2nmignTe

4 ongn—l 4 9dngn=3 _ o2ntlgn-3 _ gn+3gn—3 4 gdn—lgn—4 _ oni3gn—4
= 3(3a{,_g, pay + 277773770 4 200703072 4 9InOgnI _ gnmIgn=s
4oon—lgn=2 | 93n-3gn—4 _ 92n43gn—4 _ gnt2gn—4 4 odn—dgn-5 _ gnt2gn-5
+ 23n—23n—2 + 23n—33n—1 + 23n—33n—2 _ 22n—13n—2)

4 ongn—l 4 9dngn=3 _ ontlgn-3 _ gn+3gn=3 4 odn—lgn—4 _ oni3gn—4
— 320’?7172,36[) 4 (237172 4 23n75>3n72 T (23n73 4 237#6)31171

+ (23n—3 =+ 23n—6)3n—2 o (22n—1 + 22n—3)3n—2

+ (2n + 2n—1>3n—1 + (23n + 23n—3)3n—3 o (22n+1 + 22n—1)3n—3

. (2n+3 4 2714—2)311—3 4 (23TL—1 e 23n—4>3n—4 - (2n+3 4 27L+2)3n—4
23n - 23 2n+1 _ 22

— 3n71 Snfl
+ ( — 1 )
23n+1 _ 24 23n _ 23 22n+1 _ 23
- 3n72
+ 7 + 7 3 )
N (23n+3 _ 26 B 22n+3 _ 25 B 2n+4 _ 25)3n73
7 3 1
23n+2 _ 25 2n+4 _ 25
o 3n74.
+(—— )

(4.64)



Chapter 4. Lower and Upper Limits of Statistical Quantities 79

Therefore the coefficient of p({z,} in 35 V3Bel(V) is

93n 93 gntl _ 92
3“*1 37171
2”—1{ * 7 + 1 )
N (23n+1 _ 24 N 23n _ 23 22n+1 _ 23)3n72
7 7 3
(23n+3 _ 26 22n+3 _ 25 2n+4 o 25)3 5 (465)
+ - _ n—
7 3 1
23n+2 _ 25 2n+4 _ 25 »

Step 3: To calculate difference of coefficients of consecutive probabili-

ties i.e. p({z,}) and p({z,41}) for fixed values of n.

For this, we calculate differences in Y v3Bel(v) vertically for coefficient of p({z1})
and p({z2}) for first five values of n i.e. n =1,2,3,4,5. Firstly we prepare a table

of coefficients of p({z,}) for j <mn,

n=1223,4,5 as:

n | p({{x1}) | p({z2}) | p({ws}) | p({za}) | p({2s})
1 1

2 55 62

3| 1677 | 1866 | 2118

4| 44247 | 47166 | 52338 | 59514

5| 1107621 | 1146618 | 1220886 | 1353006 | 1539486

Differences in > v®Bel(v) vertically for coefficient of p({z;}) and p({z»})for first
four values of n are 7, 189, 2919, 38997. Now we will calculate relation between

these values as:

Difference of first and second columns in Y V3Bel(V):-

We have difference d’

(pqg.j.pen for difference between p'" and ¢ columns with p <

q < n& j > q for j% row in Y v"Bel(v) for belief function Bel. For n =
2, d?l,Q,Q,Bel) =22 -1%= (2 - 1)(22 +2(1) + 12) =T
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For n = 3, we have difference

d?1,2,3,Bel) = (2> —1°)1 4+ (6° — 5°)2
= 3(d:(31,2,2,Bel)) + 3(42)(2)@%1,2,2,361)) (4.66)

+3(4)(2)(df) 22,8e0)-

For n = 4, we have difference

d?l,QA,Bel) = (2° = 1°)1 + (6° — 5°)2 + (10° — 9%)2 + (14° — 13°)4
= 3(d?1,2,2,Bel)) + 3(82)(2)(55(11,2,2,361)) (467)

"’3(8)(2)(05?1,2,2,3@)‘

In general, we have

N2
d?1,2,n,Bel) = 3(d?1,2,n71,361)) +3((2" ) )(2>(d%1,2,n71,Bel)>

+3(2" ) (2)(df 201,80

= 327 + 322 @)
3 e - T Lo )
(4.68)
Since
- Qk_;(2_k1 1) _ nz_:Qk—l(zk 1)
k=1 k=1
_ nz_:(ZQk—l 21@—1)




Chapter 4. Lower and Upper Limits of Statistical Quantities 81

Difference of second and third columns in > V?Bel(V):-

For n = 3, we have difference

d?z 3,3,Bel) — = (4° = 2°)1+ (5% - 3%)2

(4.69)
= 252.
For n = 4, we have difference
Al g4 pay = (47 = 2%)1 4 (5° = 3%)2 4 (12° — 10%)2 4 (13° — 11°)4 (470

= S[d(z 33.8e)) T (3)<2)(82)(d%2,3,3,Bel)) + (3)(2)(8)(d%2,3,3,3e0)

For n =5, we have difference

d(235 Bel) = ( — 291+ (5° = 3%)2 4+ (12° — 10*)2 + (13° — 11°)4
+(20° — 18%)2 4 (21° — 19%)4 + (28° — 26%)4 + (29° — 27%)8  (4.71)

3(d 23.5.Bel)) T 2(3)(167 )(d 23.5.Bel)) T 2(3)(16)(d 23,5, Bel))-

In general, we have

(d23n lBel) ( )( 2" 1) )( (2,3,n— lBel))
2(3>(2n 1)( (2,3,n—1,Bel)

Al 5 npery = 3 (
)

3(3(dhs5,0-2.a) + 203)((2" 7)) by 5,02, 501)
)
)

+

23)(2" ) (Ao 3n-2,50)) + 23) (2" ) ) (o 3.0-1,50))

2(3)(2" ) (dy8.01,5er

= 32 3(da3.0-5.8a) + 23)((2" ) ) dla 0 3,50)
+203)(2" ) (o s.5)) + 263727 )y 2. 5er)

+2(3) (2" ) (o3 n-2,8a) + 23)((2") ) o0 1,501)

(

( )27‘L 1)( (2,3,n— lBel))

= 3"73(252)

-+

(4.72)

T O R ] <k M U TP

221177 -9 2n74 -1
211 3n—3 o ]

2n=3 — ]
2—-1

]
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Where
n—4 n—4
22k—1 o 2k—1
5T — (22]671 o 2k71)
k=1 k=1
n—4 n—4
— 22]671 o Z 2]671
k=1 k=1
_2n—7_2 2n—4_1
o221 21 °

Difference of third and fourth columns in Y V3Bel(V):-

For n = 4, we have difference
Al 40y = (87 —4%)14 (9% = 5%)2 4 (10° — 6%)1 + (11° — 7%)4 = 7176.
Also d%374747361) = 36, and d%3,474,Bel) = 576. For n = 5, we have difference

dy (3,4,5,Bel) — ( — 4314 (9% — 532 + (10° — 6°)2 4 (11° — 7°)4
+ (247 — 20%)2 + (25% — 21%)4 + (26° — 22%)4 + (27° — 23%)8

(4.73)
3[d(3 44,Be)) T 3(2)(16%) (d%3,4,4,Bel))
+ 3(2)(16)(d(3 44, Bel))-
For n = 6, we have difference
Al 46 = (87 —47)1 4 (9° = 5%)2 4 (10° — 6%)2 4 (11° — 7°)4
+(24% — 20%)2 4 (25% — 21%)4 + (26 — 22%)4 + (27° — 23%)8
+ (40 — 36)2 4 (41° — 37%)4 + (42° — 38%)4 + (43° — 39°)8 )
+ (56 — 52%)4 + (57° — 53%)8 + (58 — 54*)8 + (59° — 55%)16

3[d(3 458y T 3(2)(32%) (d%3,4,5,Bel))

+ 3(2)(32)(d(3,4,5,3el))-
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In general, we have

N2
d?3,4,n,Bel) = 3(d:())3,4,n71,3e1)) +3(2)(2" 1) (d%3,4,n71,Bel)>

(4.75)
+ 3(2)(2n71)<d%3,4,n71,B€l))'
Now we simplify this relation as
d?SA,n,Bel) 3(dy (3.4n—1,Be1)) T 2(3)(2n71>2(d%3,4,n71,36l))
+2(3) (2" ) (df (3.4,n—1,Bel))
= 3(3( (3,4,n—2,Bel) ) (3)(2n 2) ( 34n—2,Bel))
+2(3)(2" 2)(d234n 2.5ea))) T 2(3)(2" 1) (d%3,4,n—1,Bel))
+2(3)(2"H)(d} (3.4,n—1,Bel))
(3(d(3 4n—3Be)) T 2(3)(2%3) (d(3 4n—3,Bel))
+2(3)(2" ) (s gner,mey)) + 2037027 (Al s, 5er)
20392 (s a-2,80) + 232 (s 01,800
+2(3)(2" ) (dfs gn1,5e1)
= 3n_4<d?3,4,47Bel)) + 3n_4(24)2(2) (d%s 14.Bel))
+ 372 () as.pa) + 3" 2 () (Al a,50) (476

3\ 2 92
+3%(2"7%) (2>(d%3,4,n73,Bel)) +3%(2"7?) <2>(d%3,4,n72736l))
e 1n2
+3(2") (2)<d%3,4,n—1,Bel))

+ 3" 2N 2)(ds ga,mery) +3"77(2°)(2)(dfs 4 5,51))

+ 33(27173)(2)<d%3,4,n73,361)) + 32(27172)(2)<d%3,4,n72,361))

+ 3(2n—1) (2> (d%3,4,n—1,Bel))

= 3"4(7176) + 3”4(24>2(2>(4(9)>[<222):;—1_1]
3 @676 2]
. 3n,32<25)<28)[22n—9 —2 25— 1]

22 -1 2—-1



Chapter 4. Lower and Upper Limits of Statistical Quantities 84

Since
n—>s n—>5
2k:—1(2k - 1) B
— T =227 )
k=1 k=1
n—>

22 -1 2—-1
Therefore, in general the difference of j — 1" and j** columns is

d?j—lyj,n,Bel) 3" dSJ 1,5,5,Bel)
o (22T 1
+2(2%)(3 j)(ﬁ)(d%j—l,j,j,Belﬁ

n-ioiy 2 =L
+3"77(2 )(ﬁ(d(jq,j,j,zael))

(4.77)

22n—Q2(+1)—-1 _ 9  9gn—=(+1) _q
22 _ 1 21 )

+ 377,73(22)3'—1(
Therefore the difference of first and j* columns in Y V3Bel(V) is

(1 j,n,Bel) Z d(k k+1,n,Bel) (478)

and the coefficient of p({z;}) is sum of coeflicient of p({z;}) and d?l,j,n,Bel)‘ There-

fore we have

2" —1 n

d3 j,n,Bel
ST VEBel(V) = Y leoeft. ofp({a1}) + ~CEED]p({a). (4.79)

omn 1
j=1
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4.6.4 Calculation of Y V*Bel(V)

Consider

2n—1
> " VBel(V) = 0*Bel(0) + 1" Bel(1) + 2*Bel(2) + 3" Bel(3)
V=0

+ 4 Bel(4) + 5*Bel(5) + 6*Bel(6) + 7*Bel(7)
+ 8" Bel(8) + 9 Bel(9) + 10" Bel(10) + 11*Bel(11)
+ 12*Bel(12) + 13*Bel(13) + 14* Bel(14) + 15* Bel(15)
+:
+ (2" = 1)*Bel(2" — 1)
= 0*Bel(0) + 1*Bel({x1}) + 2*Bel({z}) + 3*Bel({x1, 72})
+ 4*Bel({x3}) + 5*Bel({x1, 23}) + 6*Bel({xy, x3})
+ 7' Bel({x1, 19, 23}) + 8*Bel({x4}) + 9*Bel ({1, 24})
+ 10'Bel({w2, 24}) + 11" Bel ({1, 72, 74})
+ 12 Bel({z3, 24}) + 13*Bel({x1, 73, 14})
+ 14*Bel({w, 23, 74}) + 15 Bel({x1, 9, 73, 74})
+:
4+ 4 (2" = 1)*Bel({x1, 9, -+, 20 })
= in_l {0%- 0+ 1% 1p({z}) + 2 - Ip({wa}) + 3 - 2(p({an}) + p({22}))
+4% 1p({xs}) + 51 2(p({a1}) + p({zs})) + 6" - 2(p({22}) + p({3}))
+ 70 Ap({x}) + p({z2}) + p({as}) + 8% 1p({za}) + 9" 2(p({z1} + p({z4}))
+ 10" 2(p({za} + p({4})) + 11" - 4(p({21}) + p({22}) + p({24}))
+12° - 2(p({w3}) + p({za})) + 13" - A(p({z1}) + p({x3}) + p({24}))
+14% - d(p({w2} + p({w3}) + p({4}))
8(p({z1}) + p({z2}) + p({zs}) + p({z4}))

+15%-
+:

+o+ (20 =D @) (e} + (e} + o+ p({ra})}
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2"—1

> ViBel(V) = 2#{(14 A3t245t 247 A+ (2" =D 27 Y)p({n})
V=0

n—1

+@2'1+3"2+6"-24+7 44102+ 11" 4+ 14" 44 15" -8
ot (202t (@207 (20 - 1) (2 )p({a2))

+ @4 1+52+6" 2+ 74+ 12 2+130 44+ 14" 4+ 15" - 8
o (20 - 420 4 (20 - 3)"2 )

+(2" =22 + (2" = D)@ ))p({as})

+1

Y 1+ D 2+ @ ) 2 (2 4 3) A
@ - @ =) @) 7 -2 ()

+(2" =1 @2 )p({za})}
(4.80)

To calculate coefficients of p({z;}),7 = 1,2, ..., n, we adopt steps as in 3o V Bel(V).

Step 1:Calculate recurrence relation between coefficients of p({z;}) with
increasing values of n
Now consider 1*-1+3%- 245424+ 74 . 4+ ...+ (2" —1)*- (2»!). Here Ay, Bel)
represents coefficient of p({z;}) with value n = k in > V" Bel(V'). Therefore we
have
aly pay = 1" 1=1,

4

(
(2,B€l) — 14 . 1 + 34 . 2 — 163,

S

@l gy = 1414382455 24714+ 9424 1114 + 13- 4+ 151 - 8 = 601947,
a‘(l&Bel) = 30555537, ... and so on.

With analytic observation, we have, a‘(lL Bel) = 1t 1=1,
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aaBel) =1*.1+4+3%*.2

= 3“?1,3531) +2(2" + 4(23)(61%1,331)) + 6(22>(a%1,361))

+ 4(21)@?1,361))
a??),Bel) = 14'1+34-2+54.2_|_74.4
- 3a?2736l) +2(4°(3) + 4(43)(a(12,Bel)) + 6(42)@%2,3@0)
+ 4(4)(a?2,361)>)

Alapey = 1" 1432450247449 2411" - 44+13" - 44+ 15" -8
= 3“?3,13@1) +2(84(9) + 4(‘1%3,3(51)) + 6(82)@%3,3@1))

+ 4(81)(0’?3,Bel))

s py =11 14302450 2470 449 24 111 4 4130 4 415 -8
+17- 2419 4421144238425 44+ 278429 . 8+ 31 16
= 30%4,361) +2(16%(27) + 4(163)<a%4,Bel)) + 6(162)<a’%4,Bel))

+ 6(161)(@?4,361))

Therefore we have recurrence relation as:

a?l,Bel) =1, andforn=234,...,
n—1\4on— n—1\9
by = 30y + 22T 4@ ) (48D

102 e
+6(2"7) (a%4,351))+4(2 1)(“?4,3@))-
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Now we simplify above recurrence relation as:-

4
a(n,Bel)

a(n,Bel)

n—1\4qn— n—1\3
= 3a’[(lnfl,Bel) + 2((2 1) 3 2 + 4(2 1) (a%nfl,Bel))
122 e
+ 6(2 1) (a%nfl,Bel)) + 4(2 1)(a?n71,Bel)))
= 3af,_y pen + 20277372 4 4271 (202302 4 (2072 — 1)377Y)

+ 6(2n—l>2(3n—2 + (22n . 2n+1 o 23>3n—4 + (2277,—1 . 23)371—5)

23n73 _ 23 on _ 22
+ 4(2n—1>(3n—2 + ( 7 4 1 )3n—2

23n72 _ 24 237173 _ 23 22n71 _ 23

. 3n—3

+ 7 + 7 3 )

23n . 26 22n+1 - 25 2n+3 _ 25

- . 3TL—4

+ 7 3 1 )

23n71 _ 25 2n+3 _ 25

. 3n75

+(E— == )3)

= 3,1 pay + 273"+ ((25/7)217% 4 22742 — (29/7)2742)37
+ ((41/7)2%72 — (11/3)2%" — 22n+3 _ (2/21)2"+%)3" 3

+ ((15/7)2'" 7 — (1/3)2%"% — (5)27* 4 (22/21)2"+7)3"*

+ ((1/7)24n+1 9245 (6/7>2n+7>3n—5

= 3(3a(, g gy + 27232 4 ((25/7)2 7T 4 22" — (29/7)2" )3 P
+ ((41/7)2%6 — (11/3)2%"3 — 221 _ (2/21)2" )34

+ ((15/7)2'"7% — (1/3)2%" — (5)2°"F! + (22/21)2"+6)3" 5

+ ((1/7)2%=3 — 223 4 (6/7)2"16)3"—6)

+ 223N ((25/7)210 70 4 270 — (29/7)2"F2) 30

+ ((41/7)2%72 — (11/3)2°" — 22"+3 _ (2/21)2"+%)3" 3

+ ((15/7)2'" 7 — (1/3)2%"% — (5)27* 2 4 (22/21)2"+7)3"*

+((1/7)28 = 2275 4 (6/7)2 T3
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=g+ e ()

T oy
a2 -y R
S PR
(s - EmE

)
~ e ¢ @
(/7)1 )

24n+5 _ 29 22n+7 _ 29
2n+8 _ 29

15 )= 3
+ (6/7)(f))3"‘5

)

(4.82)

the coefficient of p(({x1}) for fixed n is

1 2n+2 _ o4 4n+2 26

e (37 )+ (s (5T (o

P ey

— 23
(a2 -y R
SEEE e
(s ) -y R
~E S v K R e
smE SR - R

2n+8 _ 29

+(6/T(—— )3},

)

(4.83)

Step 2: Calculate difference of coefficients of consecutive probabilities

i.e. p({z;}) and p({z;4+1}) for fixed values of n.

For this, we calculate differences in Y v*Bel(v) vertically for coefficient of p({z1})
and p({z2}) for first five values of n i.e. n =1,2,3,4,5. Firstly we prepare a table
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of coefficients of p({z;}) for j < n,

n=1,234,5 as:

n| p({z}) | p({z2}) | p({xs}) | p{za}) | p({zs})
1 1

2 163 178

3 11017 12374 13702

4] 601947 | 649602 | 728082 | 810162

5 | 30555537 | 31892358 | 34374966 | 38488854 | 42916182

Differences in > v*Bel(v) vertically for coefficient of p({z1}) and p({z»})for first
four values of n are 15, 1357, 47665, 1336821. Now we will calculate relation

between these values as:

Difference of first and second columns in Z%;:Ol V4ABel(V):-

Forn =2, dl,,p =2"—1"=(2-1)(2°+22(1) +2(1%) + 1¥) = 15.

For n = 3, we have

d?1,2,3,Bel) = (2' — 1M1 + (6* — 5)2
= 3[d?1,2,2,361)] + 4(2)[43](0[%1,2,2,360)

+ (42)(2)[6(65?1,2,2,3.31))] + 4(2)[4(d:())1,2,2,Bel))]'
For n = 4, we have
d?l,QA,Bel) = (2 =191 + (6* — 512 + (10* — 942 + (14* — 13%)4

= 3[d?1,2,3,Bel)] + 4(2>(83)(d%1,2,3,361))
+6(2)(8)[(d{ 2.3 5e)] +4(2)B)(d}r.2.3,5a))]-

(4.84)

(4.85)
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Therefore, in general, difference of first and second columns in Z%/n:_ol VABel(V) is

d?1,2,n,361) = 3[d?1,2,n71,361)] +4(2)((2" 1) )(d(1 9n—1,Bel))
+6(2)((2" ) 50 1,5e)) + 42N () 01 5er)
= 3[3(d 202, 5e0)) + 422N 2 (A 500 per))
+6(2" )’ (2)(d 0 25e) + 42 205, 5))]
+ 42" ) g1, e) + 627N 01 5er)
+ 42" )2 501 )
= 3n_2<d?1,2,2,3el))
+(22)°(2) (3" ) () (Al 29,50 + (2 (2)B" (@) (A1 55,500
+ (21 (2)3" ) (4)(d 2.4,5e1)
+i
+ (2" (2)B) (W) (Al 22,50 + 27 ) (A 20 1,5er)
+(22)°(2)(3" ) (6)(d 29, 5e1) + (2)°(2)(B")(6)(d 5.5,
+ (21 (2)(3")(6)(d? .4, 5er)
+:
+ (272 2)B)(6)(d 9.0, er) + (27 (2)(6)(d 001 5er)
+(23)(2)(3" ) (4)(d 122,%)) +(2%(2)(3" ) (A)(d}) 05, 500)
+(242(2) (3" ") (41 2.4,500)
+:

+ (271—2)(2) (3) (4)(d:())1,2,n—2,Bel)) + (271—1)(2)(4) (d?l,Q,n—l,Bel))'
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dis.n,Be1)
~ )+ P @E @l
e et
+EPRE 0@ e -
F@EE OO (180
FERWE ) - T
+E)RWE )R e - ]
1 s g 9ns g

+()2WE )RR 5 — 5]

2 @E)WE )@ - S

where
n—3 ok n—3 n—3
k—1 (2 ) —1 _ 1 3k—1 k—1
22 22 _ | *22_1[22 _22 )
k=1 k=1 k=1
_ 1 [23n—5 _ 22 2n—3 _ 1]
221t 281 21
and
n—3 n—3 n—4
22k—1 -9 1
k—1 _ 3k—2 k
22 2 _ 1 _22_1[22 _22]
k=1 k=1 k=1

B 1 [23n78_2 27173_2]
221" 281 2-1 7
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and

k=1

n—3 n—3
— 23]672 - Z 22k72

k=1 k=1
_2n—8_2 2n—4_1
o281 2-1

Difference of second and third columns in 35 V*Bel(V):-

For n = 3, We have

d?2,3,3,Bel) = (@' =21+ (5" -3")2 (4.87)
= 1328.

For n = 4, we have

d?273,47361) = (4* —2M1 + (5* — 32 4 (12* — 10%)2 4 (13* — 11%)4
= 3[d?2,3,3,Bel)] + 4<2)(83)(d%2,3,3,Bel)) (4.88)

+ 6(2)(82>[(d?2,3,3,3d))] + 4(2)(8)[(61:()’273,3,13@1))]'
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Therefore, in general, difference of second and third columns in Z%/nz_ol VABel(V)

is

Aty mmety = 350 1,800 + 422 ) Al 50 1,5a))
+6(2)((2") ) (50 1,5ey)) + 422 (501 5er)
= 3[3(dly 52,50 + 422" )(2)(dly3,0-2,5e1)
+6(2"7)°(2)(dy 5,0 25e) + 42" )50 5, 50))]
+ 42" ) @)z n1,8a) + 62" N (501 500)
+ 42" (2)( 501 )
= 3" H(dly55m) + (2°) (23" (4)(dhy55 5)
+ (21 (203" ) () (dly.0.5a) + (2°)'(2) 3" ) 4)(dlo55,51))
+:
+ (2" (2)3) (W) (b2, + (27 ()l 1, 5er)
+ (2% (2)3" ) (6) (A5 5ery) + (2)(2)(3"°)(6)(dFs 5.4,
+(2)°(2)(3"°)(6) (A 5.5, per))
+i
+ (2"’ (2)3)(6) (A0 2,5a) + (27 (2)(6)(d3, 1, 5er)
+(29)(2)(3" (@) (55,50 + (223" ) (4) (54,501
+(2)(2)(3" ) (4) (AP 5.5, 500)
+i

+(2")(2)3)(4) (e 5.n-2,8a) + (2" )(2) (D) (diz3n-1,5er)):
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4
d(2,3,n,Bel)

— ) + (P QOE QO[]

R e ity
+EPROE O - T

+E@)RE e (1.50)

FYQWEIEEE) g~ )

22n—7 -9 2n—4 -1

+E)RE QU — ]

1 23n—11 -9 2n—3 -9
21 (2)(4) (3 (2)(3)(2M)(2° —
+EYDWERB) ) g [ )
22n—9 -9 2n—5 -1
—25(2)(4)(3"1)(2)(3)(24) (28 —
WE B g~ 5
where
n—4 k n—4
k12" —1 1 k—1
== ) DICOMNCAEEY)
k=1 k=1
n—4
— 2(23k—2 22k—2)
k=1
n—4 n—4
— 23k—2 . 22k—2
k=1 k=1
B 23n—11 ) 22n—8 -1
Too»_1 221
and
n—4 ok n—4 n—4
k—1 (2 ) _1 . 1 3k—1 k—1
22 22 _ 1 _22 1[22 _22 ]
k=1 k=1 k=1
_ 1 [2371—10 _ 22 2n—4 _ 1]
22 -1 23 —1 2—1
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and
2-1
k=1
n—4 n—4
— Z 22]671 o Z 2k71
k=1 k=1
22n—7 -9 2n—4 -1
o221 2-1°
and
n—4 n—4 n—4
2k-1_9
k—1 _ 3k—2 k
22 22 _ 22_1[22 _22]
k=1 k=1 k=1
B 1 [2311 11 2 2n73 _ 2]
2210 281 21
and
n—> n—>5
Z 2k‘—l Qk —1 — 2k—1(2k 1)
2—1
k=1 k=1
n—>5 n—>

[
[\
[\
e
!
|
™
[\
e
!

k=1 k=1
o9 gnh ]
o2 2-1

Therefore in general difference of third and fourth columns in 23;:01 VABel(V) is

113
d?3,4,n,Bel) = 3[d?3,4,n—1,361)] +4(2)((2") )(d%3,4,n—1,Bel))

‘ (4.90)
+6(2) (2" ) (Al an1,8a)] +42)(2" (A3 40— 1,5e1)]-

Therefore in general difference of (j — 1) and ;% columns in Z%/nz_ol VABel(V) is

n—113
d?j—l,j,n,Bel) = 3[d?j—1,j,n—1 Bel)] + 4(2)((2 1) )(dgj—l,jm—l Bel))

+6(2)((2" ) )1 nr,me)) + 42N 1y 5er))

(4.91)
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Therefore the difference of first and j* columns is

<.
|
—

4 4
d(l,j,n,Bel) d(k,k+1,n,Bel)

k=1
s (4.92)
= 3[d?j—1,j,n—1,Bel)] + 4(2)<(2 1) )(d%j—l,j,n—l,Bel))
n 142 e
+6(2)((2" ) U1 jn—1.8e)] +4(2) 2" (A1 jin1.5e)))-
step3: The coefficient of p({z,}):-
The coefficient of p({z;}), j=1,2,...,nis
. d?l,j,n,Bel)
coefficient of p({z1}) + BT (4.93)
Therefore we have
2n 1 n
> VIBel(V) =) _{Coefl. of p({a;})}p({x;})
V=0 j=1
= Z{Coefﬁcient of p({x1}) (4.94)
j=1
d{s jn B
IUREL e

4.7 Calculation of Statistical Quantities based

on Plausibility of set

As plausibility of set is an upper bound of probability of set, we obtain upper

limits of statistical quantity mean, in this section.
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4.7.1 Calculation of Y VPI(V)

Now consider

i VPI(V)

— 0PI(0) 4+ 1PI(1) 4 2PI(2) + 3PI(3)

+ 4PI(4) + 5PL(5) + 6PL(6) + TPI(7)

+ 8PI(8) + 9PL(9) + 10PI(10) + 11PI(11)

+ 12PI(12) + 13PI(13) + 14PI(14) + 15PI(15)

+

Fo (2= 1DPI2" — 1)
PILD) + 1Pl({z1}) + 2Pl({z2}) + 3PI({x1, 22})
+ 4PI{ws}) + 5PI({wr, 23}) + 6PU({wa, 23})
+ TPU({zy, 7, 73}) + SPU({2s}) + 9PI({z1, 24})
+ 10PI({xs, x4}) + 11PL({x1, 22, 24})
+ 12PIl({x3,x4}) + 13PlL({x1, x3,24})
+ 14PIl({xe, x3,24}) + 15PI({x1, 9, X3, T4})
=
b (20— DPI{x1, 20, 70}
“p({ai}) + 2" p({z2}) + p({ws}) + -+ p({za )]}
+2{2" "p({a}) + 2" *[p({an}) + p({xs}) + p({za}) + - + p({z )]}
+3{2" (p({z1}) + p({2})) + 3 - 2" °[p({3}) + p({xa}) + p({s}) + -+ p({zn})]}
+4{2" 'p({ws}) + 2" [p({a1}) + p({wa}) + p({wa}) + - - + p({2a})]}
+5{2"  (p({z1}) + p({ws})) + 3 - 2" [p({w2}) + p({wa}) + p({ws}) + -~ + p({2a})]}
+6{2" " (p({2}) + p({3})) +3- 2" [p({z1}) + p({xa}) + p({s}) + -+ p({zn})]}
+7{2" (p({x1}) + p({x2}) + p({a})) + 7 2" p({aa}) + p({as}) + -+ p({2a})]}
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+8{2" "p({za}) + 2" ({21 }) + p({22}) + p({5}) + p({zs}) + p({we}) + -+ p({za})]}
+9{2"  (p({z1}) + p({z4})) + 3 - 2" [p({z2}) + p({3}) + p({5}) + p({6})
+ -+ p({za ]}

+ 102" (p({wa}) +p({z4})) +3- 2" [p({1}) + p({ws}) + p({s}) + p({z6})
+ -+ p({za D]}

+11{2" (p({x1}) + p({a2}) + p({wa})) + T 2" Hp({ws}) + p({5}) + p({x6})
+- 4 p({za ]}

+ 122" (p({as}) +p({z4})) +3- 2" [p({1}) + p({w2}) + p({s}) + p({z6})
+ -+ p({za D]}

+13{2" 7 (p({z1}) + p({zs}) + p({wa})) + T 2" Hp({wa}) + p({5}) + p({x6})
+-+ p({za ]}

+14{2" 7 (p({2}) + p({ws}) + p({za})) + 7- 2" [p({21}) + p({z5}) + p({6})
+ -+ p({za D]}

+15{2" " (p({a1}) + p({2}) + p({3}) + p({x4})) + 15 - 2"°[p({25}) + p({6})
+-+ p({za )]}

_l’_
+ (2" = 2" N p({xr}) + p({z2}) + p({zs}) + - + p({zn}))}
(4.95)

To calculate coefficients of p({z,}),7 =1,2,...,n, we adopt following steps as:

1 Calculate coefficient of p({x1}) for given n.

2 Calculate difference of coefficients of consecutive probabilities i.e. p({z;})

and p({z;11}) for given n.

3 Calculate coefficient of p({z;}) for given n.

Step 1: Calculation of coefficient of p({z;}) for given n
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Here we classify sets according to cardinality of set containing some particular
element {z;} and not containing {z;} viz. set containing {x;} having plausibility
2"~1 singleton set not containing {x; } having plausibility (2! —1)2"2, set of cardi-
nality 2 but not containing {x;} having plausibility (22 —1)2"73, set of cardinality
3 but not containing {z;} having plausibility (2 — 1)2"~4, ..., set of cardinality
r but not containing {x,} having plausibility (2" — 1)2"~+1)  and finally, set of
cardinality n — 1 but not containing {x;} having plausibility 2"~"(2"~! — 1).The
coefficient of p({z1}) is

set containing {x;} having plausibility 2"!
+ singleton set not containing {x;} having plausibility (2' — 1)2"2
set of cardinality 2 but not containing {z;} having plausibility (2% — 1)2"~3

_l’_
+ set of cardinality 3 but not containing {x;} having plausibility (2* — 1)2"*
_l’_

set of cardinality ~ but not containing {;} having plausibility (2" — 1)2"~+V

+

+ set of cardinality n — 1 but not containing {;} having plausibility (2"~ — 1)2"™"



Chapter 4. Lower and Upper Limits of Statistical Quantities 101

=2"" M1 43+5+7+-4+(2"—-1))

+2" 2 12+ 44+8+16+---+ 2771
+2"3.3(6+10+ 124+ 18 +20 +24 + 34+ 36 + 40 + 48 + - - - +

+ 2" )+ (2 242)+ (2" 24244+ + (2T 24244484 42770
+ 277 T(14 422+ 26 + 28 + 38 + 42 4+ 44 + 50 + 52 + 56 + - - - )

+ 2775 . 15(30 + 46 + 54 + 58 4 60 + 78 4 86 + 90 + 92 + 102 + 106 + 108 + 114 + 116 + 120
o) #2770 31(62 + 94 + 110 4+ 118 + 122 + 124 + - - +)

+2"7.63(126 + - - - )

+

4 2rm D2 (2t — 24 4 (2" = (64 4)) + (2" —6))
+ 22 — 1) (2" - 2)

=2" M 14+3+54+T7+---+(2"—1))

n—1
+2 () 2
11=1
n—11—1
+2E 33 ) 2t 427
i1=219=1
n—141—1i2—1
+ on—4 7(2 Z Z 9i1 + 9tz + 2i3)
i1=312=21i3=1

n—1141—142—143—1

+27P A5 Y N TN T2t 2 4 2% 4 2

i1=412=3i3=21i4=1

Z Z_ 2“—!—212—0—21'3—1—...4_2%—1)

i1—1 ig—1 in—3—1

4 on— (n—1) 2n 2 Z Z Z Z 9i1 +212 +223 + - +2in72)

i1=n—2i3=n—3 i3=n—4 in_o=1
11—1 to—1 in72_1
n—n/on—1 _ i1 12 13 . In—1
+2"7(2 2" 27 428 4 +2 .
i1=n—11i2=n—213=n—3 in—1=1

(4.96)
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Now we will simplify summation part in each term separately and then simplify
whole expression.

Summation Part in First Term:-

We have 1 +3+5+7+---+ (27— 1) = (271)°,

Summation Part in Second Term:-

We have S 7" 20t = 212

=1 2—-1°
Summation Part in Third Term:-

To simplify summation part in third term, we require following results based on

Knight and Hall‘s book [13], as:

a+(a+d)r+(a+2d)r*+ (a+3d)r* + -+ (a+ (n — 1)d)r"
a  dr(l—r")  (a+(n—1)d)r (4.97)

1—7“+ (1—7’)2 1—r

Now zn: K2k =2 Zn: 2kt
k=1 k=1

=21+2-2'+3-2°+4-2°+.-- 4 n-2"

(4.98)

Comparing with above result (4.97), for series (4.98) inside rectangular brackets,

wegeta=d=1,r=2.

N | 1)1 =21 (1+(n-11)2"°
;kz “Aiat (1-2)° = (4.99)
= 2[1+ (n—1)2"].

The some part in summation part in third term in required expression becomes

as:

im“ = iiﬂil —(1(2))

i1=2 i1=1

= (n—2)2".
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Therefore summation part in third term in required expression becomes as:
n—1i;—1 n—1 i—1
DN o 42 =3 (i — 12" + ) 27}
i1=2ig=1 i1=2 ia=1
n—1 ;
2 =2
=Y -2+ 5=
i1=2 N (4.100)
n—1
= (i12" - 2)
i1=2
—(n—-2)(2~2)

Summation Part in Fourth Term:-

To simplify summation part in fourth term, we require following results based on

Knight and Hall‘s book [13], as:

n

D @k =3 =143r + 5+ 4 (20— 3)r" 7 i
k=2

Let S=1+43r 452+ .-+ (2n — 3)r"2
= rS=r+3>+53 4+ (2n—=5)r"2 + (2n — 3)r"!

= S(l—r) =142+ 2242 £ £ 22 (2 — 3)pn]
= SA—r)=14+2r(L+r+r2+73+ - +r73) — (2n — 3)r"~?

1 or 1 — g2 (2n — 3)rn1

= Szl—r+1—r( 1—7r )~ (1—r)

Using above sum, we have following sum as:

a2+(a+d)2r+(a+2d)27‘2+(a+3d)2r3+---+(a+(n—1)d)2r”_1 .

Let § = a?+ (a+d)’r + (a+2d)*r? + (a+3d)"r* + -+ + (a+ (n — d)*r" " .

=S =a*r + (a4 d)*r* + (a4 2d)°r + (a + 3d)°r* + -+ (a + (n — 1)d)*r™

On subtraction, we get
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S(1—7r) = a®+ 2adr + d*r + 2adr® + 3d*r* + 2adr® + 5d°r® + - - -
+ 2adr™ 4 [(n — 1)° — (n — 2)°)d®™ ™ — (a + (n — 1)d)*r"
=a’+2adr(L+7+7r*+7r3 4+ ")

+d*r(1+3r+52 4+ 4+ [(n—1%= (n—2%""2) — (a+ (n — 1)d)*r"

n—l_l
=a*+ 2adr(TTT) +dr(1+3r + 5%+ -+ [2n — 3)r"?)
—(a+ (n—1)d)*"
n—l_l
— a® + 2adr(m——=
a” + 2adr( 3 )
1 or 1 — g2 (2n — 3)rn1
d? -
+ 7A(1—7"+1—r( 1—r) (1—r) )
—(a+ (n—1)d)*™
n—l_l
= a® + 2adr(———
a” + 2adr( o )

d’r 2d%r* 1 —r""% (2n — 3)d*r™

+1—r+1—r( 1—7r )~ (I—r)
—(a+(n—1)d)2r"
_ n—1
:a2—|—2ad7"(11jr )
d?r N 2d%r%(1 — r"=2) ~ (2n— 3)d*rm
1—r (1—7’)2 (1—7“)
—(a+(n—1)d)2r"
61/2 _T,n—l
pr— 2 —
S 1—7’+ adr((l_r)2)
2 2,.2 _ an—2 - 2,.n
N d*r 2+2d7“(1 7; ) (2n 3)d27" (4.101)
(1—r) (1—r) (1—r)

(a+ (n— 1)d)27“”.
1—r
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Puta=d=1, r=2,

12 -2t
S=1—5+ 2(1)(1)2(m)
12(2)  2(1%)(2*)(1—-2"2)  (2n—3)1%(2")
(1-2)° (1-2)° (1-2) (4.102)
(4 (n—=D1)*2Y)
12

= —3+2"(n* —2n +3)

Therefore summation part in fourth term in required expression becomes as:

n—111—142—1

M ICEEEE
i1=3ip=21i3=1
n—1141—1 ig—1

= Z Z{(ig —1)(2" +272) + ZziS}

n—11i—1

— Z Z{(ig —1)(2" 4 2%2) 22 — 2}

n—11i—1

=) {(ia—1)2" +427 — 27 427 — 2}
S (4.103)

n—1 i1—1 i1—1

- Z{T’l Z(zg ~ 1)+ Z(z’ﬁ‘? —2)}

n—1

= Z{QZ& [@ —1— (1'1 _ 2)] + (2'1 _ 2)(2i1 i 2)}

1=3
n—1

= {2t =2 -2 - 2 + 4}
11=3

=2" = 1)(n—-2)(n—3).

Summation Part in Fifth Term:-

To simplify summation part in fifth term, we require following results based on
Knight and Hall‘s book [13], as:

Let S = a® + (a+d)’r + (a+2d)*r* + (a + 3d)°r* + - + (a + (n — 1)d)*r" .
= rS=a*(a+d)’?+ (a+2d)° + (a+3d)°r* + - + (a + (n — 1)d)*r".
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On substraction, we get

S —rS =a®+3a’dr + 3ad’r + d’r + 3a*dr® + ad*r? + 7d*r* + 3a*dr® + 15ad?r® 4+ 19d°r°

4+ 4 3a2dr™ ™ + (Ba(n — 1)° = 3a(n — 222+ ((n = 1)% = (n — 2)°) &Pt
—(a+ (n—1)d)%™

S(1 —r) = a® + 3a’dr + 3a’dr® + 3a’dr® + - - - + 3a’dr™ "
+ 3ad®r + 9ad*r® + 15ad®® + - + +3a((n — 1)* — (n — 2)*)d*"!
+ &P+ T7dPr* 198 4+ -+ ((n — 1)3 —(n— 2)3)d3r"’1
—(a+ (n—1)d)*"
=a®+3%dr(1+r+1*+ .- +1"7?)
+ 3ad’r(143r +5r* + -+ + (2n — 3)r"7?)
+dPr(1+Tr+192+ -+ ((n—1)° = (n — 2)*)d*>r™?)

—(a+ (n— 1)d)3r”

n—1 n

_ .3 2, T —1 2 n—2
=a’+3a dr(—l) + 3ad T(Z(Zn —3)r" %)

+ d3r(i(3n2 —9n+T7)r"" ) — (a+ (n—1)d)*r"

2

Puta=d=1and r = 2.

n—1_ 1 n

S(1-2) = 1430202 5—1) +30)1%2(3(2n —3)2)

2
n

+1920> (30 = In 4+ 7)2" %) — (L + (n — 1)1)°2"

(—1)S =1+6(2"" —1)+6()_(2n—3)2"?)

+2(d (3n® = 9n +7)2"7?) — n2"
2
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S=-1-6(2""-1)— 6(%(271 —3)2"7?)

2
n

—2() “(3n% = 9n + 7)2" %) + 02"
2

S=-1-6(2""=1)=3) n’2" " 4+3> n2""+) 2"+ 02"
2 2 2

As we have formulae,
ZT n22n—1 — _3 + 2”(712 — 2 + 3)
and Y} n2" =2[1+ (n — 1)27]

Using these formulae, we have
S=-1-62""-1)=3) n®2" ' 4+3) n2"'+) 2" 402"
2 2 2
=2 =33 n2r 43 2t e Sty -1 (4104)
2 2 2
= 2"(n® — 3(n?) + 9n — 13) + 13.

Therefore Y} n?2"~t = 2"(n® — 3(n?) + 9n — 13) + 13.
= Y 1 n32m =2 (n3 — 3n? + 9n — 13) + 26.

Therefore summation part in fifth term in required expression becomes as:

n—1141—142—143—1

DO D 2 2o 4 on

11=419=213=114=1

n—1i1—1iz—1 i3—1
=> 12: 22:{(2'3 —1)(2" 422 +2) + 32: 21}
11=412=3 i3=2 ig=1

n—11i1—14i3—1
=) D 0 {lis — )27 +27) + (i3 — 1)27) + (27 — 2)}
i1=41i2=3 i3=2
n—112—1
= 0> {27713 — Bin +2) + (in — 2)2 — 2(ip) +4) + 227 (i3 — 3ip + 2)}

i11=412=3
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+

2071 —1)(ir — 2)(ix — 3)}

n—

—_

2971(1/6)[2iF — 1207 + 224 — 12] + (2" 71 = 1) (i1 — 2) (1 — 3)  (4.105)

4

~.

1

(1/6)(2" = 2)(n = 2)(n = 3)(n — 4).

Therefore we have coefficient of p({z1} in > VPI(V) as

2" 114+ 34+5+7+---+(2" - 1))
n—1

+2m () 2
i1=1
n—11—1

+ 2n—3 . 3(2 Z 2i1 + 222)
11=212=1
n—11—14i3—1

+ 207D 0D Y o 42 4 2%
11=3 12=213=1

n—11—1ig—1123—1

+20P 150> N TN TN T2 2 2 4 oh)

11=4i2=313=214=1

_|_
-1 ia—1 1j_2—1
om0 - Z Z Do Y 24222l
1=j—lis=j—2i3=j—3  ij_1=1
+

n—1 i1—1 ig—1 in—3—1
_|_ 2n7(n71) (277,72 o 1)( Z L Z 2i1 + 2’L'2 _|_ 223) + L. _|_ 2’in_2)
i1=n—21i3=n—3 iz3=n—4 ip—2=1

il—l ig—l ip—2—1

n—1
A D DED DD DIEED D AR A RIS S A

i1=n—112=n—21i3=n—3 ip—1=1
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= 21277+ 272 - 2) +2703(2 — 2)(n — 2)

272" = 2)(n — 2)(n — 3) + 27 P15(2" — 2)(n — 2)(n — 3)(n — 4)

1
(n—3)!

(n _1 2)!(2”—1 +2" 4 224 224 2N (n = 2)(n = 3)(n —4) -+ (3)(2)(1)

— ol o2 (2l (2" —2) + 27 3(22 — 1)(2" — 2)(n — 2)

4 on=(n=b(gn=2 _ 1) 2" =2)(n—2)(n—3)(n—4)---(n—(n—1-1))

+ 2n—n) (2n—1 _ 1)

+ 277422 — 12" —2)(n —2)(n —3) +2"°(2* = 1)(2" — 2)(n — 2)(n — 3)(n — 4)

s ! 1 =D =20 =34 (1— (1 =1-1)
+2m(2nl 1) = _1 7 (2;__12)(71 —2)!

=22’

EDIECEE ! 512 = 2= D=3~ 4 (0= (- D).

(4.106)

We have table of coefficients in > V PI(V) by neglecting denominator term 2"~

and differences of consecutive columns in round brackets as:
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n | p({z1}) p({z2}) p({z3}) p({z4}) p({zs})
1

10 (1 11
04 (3 97 (6) 103
834 (9) | 843 (18) | 861 (36) | 897
7126 (27) | 7153 (54) | 7207 (108) | 7315 (216) | 7531

)
)

Tt = W N =

Therefore for n, differences of consecutive columns are
(29)(2"7%), (21)(2"72), (2%)(2"72), (2%)(2"72), - - - . (4.107)

Hence for n, difference of (j — 1)™ and ;% columns is (29-2)(2"~2) = 2"+/~4 Now
difference of first and j™* columns is sum of differences of consecutive columns viz.
first and second columns, second and third columns, third and fourth columns up

to (j — 1) and j* columns. Therefore difference of first and ;™ columns is

292" 72) + (22" ) + (22" + (22" 7) + -+ (2777)(2777)
= 2" +2' 22+ 28 . 4 2077
=21 +2+224+28 ... 27 (4.108)

e

=22 -1

The coefficient of p({z;}) by neglecting denominator term 2"~' is sum of coeffi-
cient of p({z1}) by neglecting denominator term 2"~! and difference of first and

7™ columns. The coefficient of p({z;}) by neglecting denominator term 2"! is

1
(r—2)!

2n71(2n71>2 + ZQTLfr(Qrfl . 1)

r=2

+ (2" ) (27 - 1)

2" =2)(n=2)(n=3)(n—4)---(n—(r—1))

(4.109)
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Finally, the coefficient of p({z;}) by considering denominator term 2"! is

/@ hrt ey Y 2t - ) - _1 ) 2" =2)(n=2)(n—=3)(n—4)---(n—(r—1))
+(2")(27 - 1)]
(4.110)
Therefore - .
Y VPV) = Z Coeff. of p({z;} - p({z;}. (4.111)

4.7.2  Calculation of > V" PI(V)

Now consider
on—1
> V'PI(V) = 0"PI(0) + 1"PI(1) + 2" PI(2) + 3" PI(3)
V=0

+ 47 PI(4) +" 5PI(5) + 6" PL(6) + 7" PI(7)
+ 8" PI(8) + 9" PL(9) + 10" PI(10) + 11" PI(11)
+ 12" PI(12) + 13" PI(13) + 14" Pi(14) + 15" PI(15)

+

+o (2P = 1)TPI2" = 1)
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= 0" PU(0) + 1" Pl({z1}) + 2" Pl({z2}) + 3" Pl({z1, 22})

47 Pl({23)) + 5 Pl({z1, 25}) +" 6PI({zs, 25})

T PU({a1, w9, w3 }) + 8 PL({xs}) + 9" Pl({x1, :})

107 PI({2a, 24}) + 11 PI({a1, w0, 24})

+ 12" Pl({x3,x4}) + 1"3Pl({x1, x3, 24})

+ 14" Pl({xo, x3,24}) + 15" Pl({x1, x2, T3, T4 })

+

Fo (20— 1) PU{x1, 20, 7))

= o {0+ 172 () + 2 p({a) + pl{s}) -+ p({a))])

+27 (2" p({wa}) + 2" [p({mn}) + p({s}) + p({za}) + -+ p({za})]}
+37{2" 7 (p({z1}) + p({z2})) + 3 - 2" [p({3}) + p({xa}) + p({s}) + -+ p({zn})]}
+ 472" p({xs}) + 2" [p({a1}) + p({z2}) + p({za}) + - + p({z )]}

+5 {2 (p({z1}) + p({s})) + 3 - 2" [p({2}) + p({xa}) + p({s}) + - + p({zn})]}
+6"{2" (p({x2}) + p({a})) +3- 2" [p({1}) + p({2a}) + p({s} +p({za})]}
+ 72" (p({1}) + p({z2}) + p({3})) + T 2" [p({z4}) + p({5} +p({@a )]}
+8 2" p({aa}) + 2" [p({21}) + p({x2}) + p({23}) + p({xs}) +p({6}) + - +p({z. D]}

+9{2"  p({w1}) + p({wa}) + 3 2" [p({22}) + p({x3}) + p({ws}) + p({we})

+ -+ p({za})]}

+ 102" (p({a2}) + p({za})) +3- 2" P [p({a1}) + p({zs}) + p({x5}) + p({z6})

+ -+ p({z.})]}

+ 102" (p({w1}) + p({w2}) + p({wa})) + 7+ 2" *[p({3}) + p({5}) + p({6})

+ -+ p({x.})]}

+127{2" (p({ws}) + p({wa})) + 3 - 2" Pp({z1}) + p({z2}) + p({w5}) + p({w6})

+-+ p({za )]}

+ 132" (p({21}) + p({2s}) +p({za}) + 7 2" p({22}) + p({z5}) + p({6})

+ -+ p({x. })]}

+ 1472 (p({aa}) + p({as}) + p{xa})) + 72" [p({a1}) + p({2s}) + p({w6})

+ -+ p({za )]}

(4.112)
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+ 152" (p({a1}) + p({z2}) + p({as}) + p({24})) +15- 2" °[p({25}) + p({6})
+ -+ p({zn})]}
_l’_

+(2" = 12" Hp({a}) + p({z2}) + p({zs}) + -+ p({za}))}
(4.113)

To calculate coefficients of p({z;}),7 = 1,2,...,n, we adopt steps similar to
YV PI(V) as explained in above section. Putting values of r equal to 2,3 and

4, we get second, third and fourth raw moments based on plausibility of set.

Remark:- Yet, we have not calculated formulae for Y- VZPI(V), > V3PI(V) and
ST VAPI(V). Therefore at this stage, it is not possible to calculate upper limits of
other statistical quantities (except mean), using our method. To calculate lower
and upper limits of statistical quantities, this method is not simple. But in the age
of computers, this method is helpful to construct software. In this case, probability
of set, belief of set and plausibility of set, are dependent on probability of singleton
sets only. Therefore, in this case, there is no need to calculate probability of set,

belief of set and plausibility of set.

4.8 Illustrative Example

xr N—=IT

Let a discrete random variable X ~ Binomial(n,p). Therefore p(z) = (Z) prq

Now we consider n =4,p =2/3 and ¢ = 1 — p = 1/3. The distribution of X is

X 0 1 2 3 4 Total

p(z) : 1/81 8/81 24/81 32/81 16/81 1

Now by notation

p<v):p(A'U) U207172737"'725_1
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By indexing of sets, F(z) = P(X < z) = p({0,1,2,3,...,2}) = p(4,) and only
in this case, relation between z and v is v = 2**' — 1, z = 0,1,2,3,4. By
lower and upper limits of probability of sets (2.5), we get Bel(A4,) < F(X) <
r) < Pl(v), z=0,1,2,3,4 andv = 27! — 1 Therefore we get lower and upper

limits of distribution function of given probability distribution including the case

of subset 0.

Now we will calculate first four raw moments of given probability distribution in

following table.

X | p(X) | Xp(X) | X?p(X) | X°p(X) | X'p(X)
0 | 1/81 0 0 0 0
1 | 8/81| 8/81| 8/81| 8/81| 8/81
2 | 24/81 | 48/81| 96/81| 192/81 | 384/81
3 | 32/81| 96/81 | 288/81 | 864/81 | 2592/81
4 |16/81 | 64/81 | 256/81 | 1024/81 | 4096/81
5 1| 216/81 | 648/81 | 2088/81 | 7082/81

Therefore we have p; = 216/81, yy = 648/81, iy = 2088/81 and i, = 7082/81.
Now we will calculate S35 VEBel(V), S0 VFp(V) and 37— VFPI(V) from
coefficients of p({z,}),7 = 0,1,2,3,4. These values are given in following tables.

> p({zo}) p({z1}) p({22}) p({ws}) p({za})
S VIBel(V) 1701/16 1728/16 1755/16 1782/16 1809/16
S V2Bel(V) 41841/16 | 42930/16 |  45054/16 |  49086/16 5628616
SSV3Bel(V) | 1107621/16 | 1146618/16 | 1220886/16 | 1353006/16 | 1539486/16
S VABel(V) | 30555537/16 | 31892358/16 | 34374966/16 | 38488854/16 | 42916182/16
> p({zo}) | p{z1}) | p({z2}) | p({s}) | p({za})
S VIp(V) 256 264 280 312 376
S V2p(V) 5456 5704 | 6200 7192 9176
SSVE(V) | 130816 | 138600 | 154000 | 183456 | 231616
SIVA(V) | 3344528 | 3588808 | 4066952 | 4939912 | 6019208
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> p({zo}) p({z1}) p({z2}) p({zs}) p({z4})
STVIPI(Y) 7126/16 7153/16 7207/16 7315/16 7531/16
STVEPL(V) 152436/16 153021/16 154242/16 156909/16 163101/16
STVEPI(V) | 3643576/16 | 3659137/16 | 3691555/16 | 3760063/16 | 3899671/16
STVAPI(V) | 92587344/16 | 93024405/16 | 94720151/16 | 95829093/16 | 98742646/16

Raw Moments based on Probability of set :-

The r** ordered raw moment based on probability of set is denoted by u'( ) and

T)p

is given by /VL;T 0 = Zi:o v"p(v). Now we calculate first four raw moments based

on probability of set viz. ,u/(

251

Hap = D op(v)

v=0

1) H(2,p)

/

1z ) AN 1y )

= 0p(0) + 1p(1) +2p(2) +3p(3) 4 --- + (2° — 1)p(2° — 1)
= 256p({zo}) + 264p({z1}) + 280p({z2}) + 312p({xs}) + 376p({z4})
= 309.728395.

N

5

-1

Hep = Z U2P(U)

v

= 0%p(0) + 1%p(1) + 2%p(2) + 3*p(3) + - - -

=0

= 5456p({zo}) + 5704p({1}) + 6200p({22})

+ 7192p({x3}) + 9176p({z4})

= 7121.580247.

+ (2 —1)°p(2° — 1)

(4.114)

(4.115)
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251

Kp) = Z U2P(U)
v=0

= 0%p(0) + 13p(1) + 2°p(2) + 3*p(3) + -+ + (2° — 1)°p(2° — 1)
= 130816p({z0}) + 138600p({z1}) + 154000p({z»}) (4.116)
+183456p({z5}) + 231616p({z4})

= 179161.283951.

251

By = Y v°p(v)
v=0

= 0*p(0) + 1*p(1) + 2*p(2) + 3%p(3) + -+ + (2° = 1)"'p(2° — 1)
= 3344528p({x0}) + 3588808p({z1}) + 4066952p({x2}) (4.117)
+4939912p({x3}) + 6019208p({z4})

= 4741312.987654.

Raw Moments based on Belief of set :-

The r*" ordered raw moment based on belief of set is denoted by ,u/(n Bel) and is

given by //(T Bel) = S0, v" Bel(v). Now we calculate first four raw moments based

on belief of set viz. /VL;LBel), ,ul(ngel), Nl(s,Bez) and IU’/(4,Bel)‘

251

,UI(LBeZ) = Z vBel(v)

v=0

= 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3) + - - - + (25 — 1)Bel (2> — 1)
= (1/16)[1701p({z0}) + 1728p({z1}) + 1755p({z2})

+1782p({3}) + 1809p({z4})]

= (1/16)[1882.333333]

= 117.645833.
(4.118)
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:U“/(2,Bel) = i v’ Bel(v)
= 0°Bel(0) + 12Bel(1) + 2*Bel(2) 4 3?Bel(3) + - - - + (2° — 1)°Bel(2° — 1)
= (1/16)[41841p({zo}) + 42930p({z1}) + 45054p({z2})
+49086p({x3}) + 56286p({z4})]
= (1/16)[48616.111111]

= 3038.506944.
(4.119)

IUI(S,Bel) = i v’ Bel(v)
= 0°Bel(0) + 1*Bel(1) + 2*Bel(2) 4 3*Bel(3) + - - - + (2° — 1)’ Bel(2° — 1)
= (1/16)[1107621p({xo}) + 1146618p({z1}) + 1220886p({x2})
+ 1353006p({x5}) + 1539486p({x4})]
= (1/16)[1327281.444444]

= 82955.090278.
(4.120)

251
M/(4,BeZ) = Z v'Bel(v)
v=0
= 0" Bel(0) + 1'Bel(1) + 2'Bel(2) + 3'Bel(3) + - - - + (2° — 1) Bel(2° — 1)
= (1/16)[30555537p({wo}) + 31892358p({x1}) + 34374966p({x>})
+ 38488854p({w3}) + 42916182p({z4})]
= (1/16)[37395010.185185]

— 2337188.136574.
(4.121)
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Raw Moments based on Plausibility of set :-

The r** ordered raw moment based on plausibility of set is denoted by pf(n PI) and

is given by //(r’ Py = Zi:o v"Pl(v). Now we calculate first four raw moments based

’

on plausibility of set viz. ,u/(n Py /‘/(r, 1y M, pry and ,u/(n PI)-

251

,ul(l,Pl) = Z vPl(v)

= 0PI(0) + 1PI(1) + 2PI(2) + 3PI(3) + - -- + (2° = 1) P1(2° — 1)

= (1/16)[7126p({z0}) + T153p({z1}) + 7207p({z2}) (4.122)
+ 7315p({ws}) + 7531p({x4})]

= (1/16)[7307.333333]

= 456.708333.

251

M,(Q,Pl) = Z v*Pl(v)

v=0

= 02PI(0) + 12PI(1) + 2°PI(2) 4 3°PI(3) + - - - + (2° — 1)°PI(2° — 1)
= (1/16)[152436p({x0}) + 153021p({z1}) + 154242p({z2})

+ 156909p({x5}) + 163101p({z4})]

— (1/16)[156902.666667]

= 9806.416668.
(4.123)
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251

,U,(3,Pl) = Z v’ Pl(v)
v=0

= 0°PI(0) + 1°PI(1) + 22PL(2) + BPI(3) + - - + (2° = 1)’ PI(2° — 1)
= (1/16)[3643576p({x0}) + 3659137p({z1}) + 3691555p({x2})

+ 3760063p({x3}) + 3899671p({z4})]

= (1/16)[3755935.111111]

— 234745.944444.
(4.124)

,U,(4,Pl) = i v'Pl(v)
= 0*PI(0) + 1*PI(1) + 2'PI(2) 4+ 3*PI(3) + - - - + (2° — 1) PI(2° — 1)
— (1/16)[92587344p({z0}) + 93024405p({z1 }) + 94720151p({,})
+ 95829093p({x3}) + 98742646p({z4})]
— (1/16)[95759006.419753]

= 5984937.901235.
(4.125)
Lower and Upper limits of Raw Moments :-
For first raw moment:-
Mll,Bel , / :“ll,Pz /
(r )M1§N1§ /( ),Ul
H1,p) (1,Bel)
117.645833 456.708333
—216/81 < 216/81 < ————216/81
300.728305 - 0/81 = 216/81 < 5550 305210/ (4.126)

1.012895 < 2.6667 < 3.932119

/
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For second raw moment:-

I

K2 Bety / ﬂlz,Pz /
(, )MQSMQS /( )NQ
F2,p) H(2,Ber)
3038.506944 9806.416668
T 648/81 < 648/81 < ————————648/81
7121.580247 /81 < 648/81 < 7121.580247 / (4.127)
3.413295 < 8 < 11.016001
[y < py < Ty,
For third raw moment:-
:“/3,361 / / MIS,PZ /
GBD 1y < iy < S0 10
F(3,p) K (3,Bel)
82955.090278 234745.944444
2088/81 < 2088/81 < 2088 /81
179161.283951 /81 < /8L < 179161.283951 / (4.128)
11.935621 < 25.7778 < 33.775315
py < py < iy,
For fourth raw moment:-
:“,4,Bez / ' Ml4,Pl /
(, )M4§U4§ /( )N4
P(a,p) F4,Ber)
2337188.136574 5984937.901235
7080/81 < 7080/81 < 7080/81
4741312.987654 /81 < /81 < 4741312.987654 / (4.129)
43.086714 < 87.4074 < 110.333974
1, < iy < Ty
Central moments of probability Distribution :-
M1 = 0.
’ ;2
Mo = Koy — I
2 (4.130)

— 648/81 — (216/81)*

= 0.8889
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’ ro ’r3
3 = fh3 = 3oty + 24t
= 2088/81 — 3(648/81)(216/81) + 2(216/81)3 (4.131)

= —0.2963

’ ro r12 14
pa = puy — Aigpiy + Opigpry — 3y
= 7080/81 — 4(2088/81)(216/81) + 6(648/81)(216/81)2 — 3(216/81)4 (4.132)

= 2.0741

Lower and Upper Limits of Central Moments :-

’

[, — T iy —

’

)
= [1.012895 — 3.932119, 3.932119 — 1.012895]

(4.133)
= [—2.919224,2.919224]
= [H17ﬁ1]'
’ 2 ’r2
po & [pt, — iy Hy — ft, ]
= [3.413295 — 3.932119%, 11.016001 — (1.012895)?]
(4.134)
= [—12.048265, 9.990045]
- [E27ﬁ2]’
’ AN 13
ps = gy — 3(F2) (1) + 2(p,)
! / / 3
fis — 3(,)(p,) +2(7; ]
= [11.935621 — 3(11.016001)(3.932119) + 2(1.012895)*, 135)
4.135

33.775315 — 3(3.413295)(1.012895) + 2(3.932119)°]

= [—115.934688, 144.996773|

= [Hg?ﬁ?;]'
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— ror2 4
Afigfiy + 6pyp - — 3y

/

Mg = [/14
_/ r 12 4
Ty — At + Ofiafty — 3p, |
— [43.086714 — 4(33.775315)(3.932119) + 6(3.413295)(1.012895)* — 3(3.932119)*,
110.333974 — 4(11.935621)(1.012895) + 6(11.016001)(3.932119) — 3(1.012895)"]
— [—1184.315666, 1080.765443]

(4.136)
Coefficient of Skewness :-
12
The Coefficient of Skewness = 3; = —g
Ha2
2
_ (=0.2063)7 (4.137)
(0.8889)°
= —0.124998

Therefore given distribution is negatively skewed as value of 3 is negative and it‘s

sign is given to f.

Coeflicient of Kurtosis :-

The Coefficient of Kurtosis = 3, = M_;

Ha2

_ 2.0741 2 (4.138)
(0.8889)

= 2.624967

Since value of coefficient of kurtosis s is less than 3, the given distribution is

platykurtic.
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Lower and Upper Limits of Skewness :-

[07 ﬁ32]
[EZ?” E23]
B [0, (144.996773)]

[(—12.048265)%, (9.990045)]
[0, 21024.064180]
[—1748.934455, 997.016472]

= [—00,0/(—1748.934455)] U [0/(997.016472), 0]

The Coefficient of Skewness = [, =

= [—00,0] U [0, 0]
= [—00, 09|

= [éla Bl]
(4.139)

Lower and Upper Limits of Kurtosis :-

—
[A—

Hoys Hy
07 ﬁ22]
_ [~1184.315666, 1080.765449]
[0, (9.990045)7]
[—1184.315666, 1080.765449]
- [0,99.800999] (4.140)

= [—00, 1080.765449/99.800999]

The Coeflicient of Kurtosis = 3, =

—

= [—00, 10.829205]
= [Q?BQ]'

Remark:-

We know that sign of coefficient of skewness is dependent on sign of p3. From
interval ( if it contains positive as well as negative values) for us, we can not
conclude about sign of p3. Therefore we can not conclude about skewness of
probability distribution. But conclusion about given probability distribution is:
Value of coefficient of skewness lies in interval for coefficient of skewness. Similar
to coeflicient of skewness, value of coefficient of kurtosis of probability distribution,

definitely lie in interval for coefficient of kurtosis.
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From above two conclusions, we say that end points of intervals obtained for
coefficients skewness and kurtosis, represents lower and upper limits of coefficients
of skewness and kurtosis. Similarly in intervals corresponding to raw moments and
central moments, the endpoints of respective intervals are lower and upper limits

of respective raw and central moments.

4.9 Future Scope

Using same approach, we can obtain lower and upper limits of statistical quantities

such as k' ordered raw and central moments.

4.10 Conclusion

Instead of having single value of statistical quantity, it is always better to have an
interval in which this single value is included. In this way, we include uncertainty
regarding a single value of statistical quantity. While obtaining lower and upper
limits of statistical quantities, we should be careful for getting more suitable limits.
This is one of the approach to find lower and upper limits of statistical quantities.

We hope that this approach may be very useful in future research.



Chapter 5

Lower and Upper Bounds of
Statistical Quantities for

Consonant Focal Elements

5.1 Introduction

Let random variable X follow probability distribution. Let p(z) and p(X < x)
be probability mass function and distribution function of probability distribution
respectively. Let A = {a;,a;,a;} be a subset of © = {ay,a,...,a,} is of our
interest. WLOG, assume that p(A) is distribution function for some z(= s) i.e.
p(A) = p(X < s). Here we assume that i, 7 and k are successive natural numbers
such as 1,2 and 3, in some order starting with lowest value of X, increment by 1
and less than or equal to n. If this condition is not satisfied for some probability
distribution then we search for another probability distribution, in which the above
condition is satisfied. In [21], we studied belief function, commonality function and
plausibility function related to consonant focal elements. Also, in same paper,
we obtained lower and upper bounds of statistical quantities viz. distribution
function, mean, raw and central moments, coefficients of skewness and kurtosis

for consonant focal elements.

125
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fig. : Nested focal elements

FIGURE 5.1: Consonant Focal Elements of Frame of Discernment ©.

For consonant bba, its focal elements are nested [28]. We consider following em-

bedding of focal elements :

{a1} € {a1, a2} C {a1,a0,a3} C -~ C{ar,a9,...,0,} C{ar,a9,...,0,} = O
(5.1)
If A, ={ay,a9,...,a,}, r=1,2,...,nthen Ay C Ay C A3 C...,C A,.

5.2 Basic Belief Assignment and Related Func-

tions

We propose transformation m for consonant focal elements from subsets in em-

bedding (5.1) to [0, 1] and is defined by

_ p(4)
m(A) = L (5.2)
where K = nsp({ar}) + (n— 1)+ p({a}) + (n—2) = p({as}) + -+ 2+ p({an1}) +

p({an}).
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Note that m(f) = 0 as p(@) = 0. Also

p({ar}) + p({as, az}) + p{as, az, as}) + - + p({as, a9, ..., an})
> m(A) = =

Therefore, m proposed above, is a basic belief assignment [21]. Tts related func-

tions are belief function, commonality function and plausibility function.

5.2.1 Belief Function

If |[A] = r and |©] = n then number of subsets of A, containing {a,} are r,
containing {a;,as} are r — 1, containing {aq,as,as} are r — 2, ..., containing
{a1,aq,...,a;} are r — (k+1), ..., containing {ai, as, ...,a,_1} are 2, containing
{a1,as,...,a.} is 1. We define belief function Bel from set of subsets in embedding

(5.1) to [0, 1] by
Bel(A) =Y m(B) (5.3)

BCA

By using this definition, the belief function of set A = {ay,as,...,a,} is

Bel(A) = Y m(B)

BCA

=m({a1}) + m({a1,a2}) + m({a1,az2,as}) +--- + m({ai,aq,...,a.})

_p({al}) p({ai,a2})  p({ai,as,a3}) p({ar,as,...,a,})
R K o K

= —lp({ar}) + p{an, a2}) + pl{or, @ ash) + -+ p({ar, a0, 1)
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= o (p({ar}) + pl{m}) + p({as}) + pl{an})
+p({az}) +p({as}) +--- + p({ar}) + p({az}) + p({as}) + - + p({ar-1})
+p({ar}) + p{ad) +p(lash) + -+ pl{o))}

= %{Tp({al}) +(r = Dp({az}) + (r = 2)p({as}) + - -+ 2p({ar1}) + p({ar })}

r—1
1 .
K Z (r —i)p({ai+1})
{ui{ri}OGA;

5.2.2 Commonality Function

If |A] = r and |©] = n, then the number of subsets of © containing A are such

that

A ={ay,ay,...,a,} is contained in n — r + 1 subsets of O

{a1,aq,...,a,,a,41} is contained in n — r subsets of ©

{a1,as,...,a,,a,11,a,12} is contained in n — r — 1 subsets of ©
{ai,as,...,a,,ar41,...,a,_1} is contained in 2 subsets of ©
{ai,as,...,ar,Gp41,...,an_1,a,} is contained in 1 (one) ( i.e. only one subset O)
subset of ©.

From result : p({a1,as,...,a,}) = p({a1})+p({az})+- - -+p({a,}) since singletons
have empty intersections. By applying this result to embedding given above, we
get

{a1},{az2}, ..., {a,} are repeated n — (r — 1) times,

{a,41} is repeated n — r times,

{a,1o} is repeated n — (r + 1) times,

{a,13} is repeated n — (r + 2) times,

{an—1} is repeated 2 times,
{a,} is repeated only one time in all super sets of A.

We define commonality function @ from set of all subsets in embedding (5.1) to
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[0,1] by
Q(A) =) m(B) (5.5)
BDA
By using this definition, the commonality function of set A = {a1,as,...,a,} is
Q(A) =Y m(B)
BDA
=m({a,a9,...,a,}) + m{{ay,az,...,a,,a,11}) + m({a, a9, ..., ar, ar41,0,42})
+ -+ m({ar, a2, ..., 0, ari1,0042, ..., 0, })

1
- E{p<{a17a2a R 70’7“}) +p({alaa’27 v 7a7“7a7“+1}) +p({a’17a27 SRR amar+17a7“+2})

+ -+ p({ar,as, ..., a0, Gr i1, Grr0, ... an})}

= () +p({as}) + -+ p({a )

Fa({ary) +p(fa)) + - pl{ar}) + p({aria})

Fp(fary) + p(aa}) +-p{ar}) + p({ara}) + p(fario})

+:

Fp(far}) +p({and) + - par)) + p{arad) + p({area) + -+ p({a})
= o A(n— (= D)p({ar}) + pl{ax) + -+ p({a))}

+(n=rp{arn}) + (0= (r+ D)p({ar2}) + - + 2p({an-1}) + p({an})}

T

= An—-1) Y pa)+ X (- G- D)p({ad)

; = i JEA,
{a;}€A,i=1 {;l:zl+1

(5.6)

5.2.3 Plausibility Function

By embedding (5.1), we observe that : for any subset A, subsets of © are either
subsets of A or supersets of A therefore they have non-empty intersections with A
i.e. for any two subsets of O, except (), have non-empty intersections hence every

subsets of O, except (), have non-empty intersection with A. We define plausibility
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function Pl from set of subsets in embedding (5.1) to [0, 1] by

Pi(A)= > m(B) (5.7)

BCO,BNA£D

By using this definition, the plausibility function of set A = {a4,as,...,a,} is

Pi(A)= > m(B)

BCO,ANB#D

=m{a1}) + m({a1,as}) + m({ay, az,a3}) + - -+ + m({ay, as,as, ..., a,})

_ p{{a}) | par,a0}) | p({as, as,a3})

K + K + K
p({a17 as,as, . .. 7an}>
+o =

= %{P({%}) +p({ar, as}) + p({ar, as,a3}) + -+ + p({ar, az,a3,...,a,})}
= %{p({al}) +p({ar}) + p({az}) + p({ar}) + p({a2}) + p({as})
+ -+ p({ai}) + p({az}) + p({as}) + -+ p({a.})}

= %{np({al}) +(n = Dp({ae}) + (n = 2)p({as}) + -+ + 2p({an}) + p({an})}

1

|
—

(n —i)p({aix1})

ﬁ
Il
=)

]

5.3 Lower and Upper Bounds

In this section, we calculate upper and lower bounds of raw and central moments,
coefficients of skewness and kurtosis [2, 25] based on probability of set, belief of set
and plausibillity of set. We have result (2.5): belief and plausibility functions are
lower and upper bounds of probability function respectively. With help of interval
arithmetics (Section 2.4) and result (2.5), we obtain lower and upper limits of

statistical quantities.
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5.3.1 Raw Moments based on Probability of Set

Here we use p(v) = p(4,) = p({ai,as,...,a,}), v = 1,2,...,nand p(0) =
p(@) = 0. Therefore by formula of r** ordered raw moment based on probabil-

ity of set, we have

By = > _V'p(V)
= 0"p(0) + 1"p(1) + 2'p(2) + - - - + n"p(n)
=0-0+1"p({ar}) + 2'p({as, az}) + -+ + n"p({a1, az, ..., an})
= 1"p({ar}) + 2 {p({as} + p({ae})} + - + 0" {p({ar}) + p({az}) + - -+ p({an})}
=(1"+2"+3"+ - +n")p({ar}) + (2" + 3" +4" + - +n")p({az})

ot ((n =1 +0")p({an1}) + n"p({an})

5.3.2 Raw Moments based on Belief of set

As belief function is lower bound of probability function, we replace probability
of set by belief of set in equation (5.9). Therefore formula for r** ordered raw

moment based on belief of set becomes

Horpay = V' Bel(V)
V=0
= Z V" Bel(v) Since Bel(0) = Bel()) =0
v=1

= 1"Bel(1) + 2"Bel(2) 4+ 3"Bel(3) + - - - +n"Bel(n)
= 1"Bel(Ay) + 2"Bel(Ay) + 3"Bel(As) + - - - +n" Bel(A,)

_ 1&% L ogrP(A) ;;P(Az) L grP(A) +P<[f‘(12) + p(As)
rP(AD) + p(As) +p(As) + - + p(An)
K
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= %[17’19(141) +2"(p(A1) + p(Az)) + 3" (p(A1) + p(A2) + p(A3))
+ -+ n"(p(A1) + p(A2) + p(As) + - + p(Ayn))]

1
= E[(V +2 3 e )p(A) (27484 nT)p(As)

+ (0= 1" +n")p(An1) +n"p(4,)] (5.10)
Z{Z] —Z] }p(Ain)

n—1 n—-1 n

KZ{Z{Z] —Z] Hp(Aier)

u=0 i=u 7j=0

5.3.3 Raw Moment based on Plausibility of set

As plausibility function is upper bound of probability function, we replace prob-
ability of set by plausibility function of set in equation (5.9). Therefore we get

formula of 7** ordered raw moments based on plausibility of set

er ZVTPZ

= ZVTPZ(U) Since PI1(0) = PI(D) =
: (5.11)
=> V'l Since Pl(v) = PI(A,) =1, v=12...n

v=1

- Z VT
v=1
5.3.4 Upper and Lower Bounds of Raw Moments

We have obtained raw moments based on probability of set, belief of set and
plausibility of set. These moments are magnified or reduced by dividing corre-

sponding raw moments based on probability of set and multiplying corresponding
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raw moments from concerned probability distribution. i.e.

PrBet) S Birpy < M P

| < Hr,pry

— /

Frp) Frp)

IA

, , (5.12)
: < ; g /”L(r,lfl) Koy
Frp) Fr,p)

h

where i, = r* raw moment of probability distribution

5.3.5 Central Moments
We have central moments of probability distribution [2, 25] as:

pr =0
e = iy — (113)”
L
2 (5.13)

’ ro 7.3
H3 = iy — 3pafty + 2(py)

’ ro 712 4
pa = pug — 4puspiy + Opippry — 3(y)

Using interval arithmetic (Section 2.4) ( referred from [26]), raw moments and
corresponding lower and upper bounds of raw moments based on belief of set
and plausibility of set respectively, we obtain lower and upper bounds of central
moments of probability distribution.

Lower and Upper Limits of Central Moments :-

For first central moment, we have

1 =0

= H1 = — (5.14)

= [y, — T, Ty —

/

)
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For second central moment, we have

/ ’2

H2 = o — fq
ro_ ro_ 142
12 _ 2

e (5.15)
= [HQ’ﬁQ] - [Hl » 1 ]

’ 2 ’r2
= [, = Ty iy — 1, |-

For third central moment, we have

s = pty — (1) () + 21

Ak

= [, 7] — 310 (1)), (o) ()] + 204, iy (5.16)
= [, 7] — B (). 3G) (7)) + (244 21,

’ AN 13 ’ ’ /3
= [pg — 3(A) (1) + 20, g — 3(p,) (1)) + 27, .

~ [ i) — Blpty, ol (11, 11y + 2]

For fourth central moment, we have

’ / / ’ 7.2 14
pra = prg — 4(p3) (py) + 6(p) (1) — 34

~ [H47ﬁ4] o 4[H3vﬁ3][ﬂlvﬁl]
r_ 144

ro_ ro_ 142
+ 6[py, o) [, 1) — 3y, T

= [p Fig] — Alp, o[, 70,
’ 12 _ 2 14 4

+6[ﬂ;aﬁz][ljl sy ] _3[ﬁ1 iy ]

= [ ) — Al ity (5.17)
rr2 12 14 _ 4
+ 6[p e, Hay | = 3py  Hy ]

= [247174] - [4H3ﬂ17 Afisfiy]
ror2 12 14 4
+ [6p,1, 600 | — [Bp, 30 ]
’ o ror2 _ 4
— Afgfty + 6pp — 3y

/

ro 12 14
fiy — Apgp, + 6ot — 3p, ).
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5.3.6 Coefficient of Skewness and Kurtosis

Using interval arithmetic (Section 2.4) and lower and upper limits of central mo-
ments, we obtain lower and upper limits of coefficient of skewness and kurtosis

as:

2
The Coefficient of Skewness = 5, = #_33

M2
— [07ﬁ32]
(5.18)
The Coefficient of Kurtosis = 8y = /L—42
H2
[:u 7ﬁ4]
Sl (5.19)
o [H47ﬁ4]
[07ﬁ22]
Remark :- Here we have obtained the lower and upper limits of central mo-

ments and hence lower and upper limits of coefficients of skewness and kurtosis.
We observe that values of central moments and coefficients of skewness and kur-
tosis from probability distribution always lie between lower and upper limits of
central moments and lower and upper limits of coefficients of skewness and kurtosis

respectively.

5.4 Illustrative Example

Let X ~ Binomial(n,p) [2, 25]. Therefore

p(z) = (n> P " (5.20)
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Now we consider n =4,p = 2/3 and ¢ = 1 — p = 1/3. The distribution of X is

X 0 1 2 3 4 Total

p() . 1/81 8/81 24/81 32/81 16/81 1

For consonant bba, focal elements have embedding as :

0 c {0} c{0,1} c {0,1,2} € {0,1,2,3} € {0,1,2,3,4} (5.21)

Now we will calculate probability, basic belief assignment, belief, commonality and

plausibility of sets and represent in following table.

Subset Prob(-) m(-) Bel(-) Q)| Pl(-)
Ag=1 0 0 0| 1=189/189 0
A, = {0} 1/81| 1/189 1/189 | 1=189/180 | 1
Ay = {0,1} 9/81 | 9/189 10/189 |  188/189 | 1
Ay =1{0,1,2) 33/81 | 33/189 43/189 | 179/189 | 1
Ay =1{0,1,2,3) 65/81 | 65/189 |  108/189 |  146/189 | 1
As = {0,1,2,3,4} | 81/81=1 | 81/189 | 189/189=1 81/189 | 1
> 189/81 1 351/189 783/189 3

From above table, we get lower and upper bounds of distribution function of given
probability distribution as belief and plausibility functions are lower and upper
bounds of probability function respectively, i.e. Bel(A,) < p(V < v —-1) <
Pl(A,), v=0,1,2,3,4,5 including the case of subset () (2.5).

Now we use notation
p(v) =p(A,) ={0,1,2,3,...,0 =1} v=0,1,2,3,4,5.

Raw Moments based on Probability of set :-

The r** ordered raw moment based on probability of set is denoted by u/(np) and

is given by //(np) = Zizo v"p(v). Now we calculate first four raw moments based
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!/

on probability of set viz. ,ul(l ) P ;/(3 ») and ,u/( 4p)-

= 0p(0) + 1p(1) + 2p(2) + 3p(3) + 4p(4) + 5p(5) (5.22)
=0-0+1(1/81) +2(9/81) + 3(33/81) + 4(65/81) + 5(81/81)
= 783/81.

5
Hep) = Z’UQP(U)
v=0

= 0°p(0) + 1*p(1) + 2°p(2) + 3°p(3) + 4*p(4) + 5°p(5) (5.23)
=0-0+1(1/81) +4(9/81) + 9(33/81) + 16(65/81) + 25(81/81)
= 3381/81.

5

Kipy = Z ng(v)

= 0°p(0) + 1°p(1) + 2°p(2) + 3°p(3) + 4°p(4) + 5°p(5) (5.24)
=00+ 1(1/81) + 8(9/81) + 27(33/81) + 64(65/81) + 125(81/81)

— 15249/81.

5

g = > v'p(v)

= 0"p(0) + I*p(1) + 2*p(2) + 3*p(3) + 4*p(4) + 5*p(5)
=0-0+1(1/81) + 16(9/81) + 81(33/81) 4 256(65/81) + 625(81/81)
= 70083/81.
(5.25)
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Raw Moments based on Belief of set :-

The r*" ordered raw moment based on belief of set is denoted by ,u/(n Bel) and is

given by //(T’ Bel) = S0 _ v Bel(v). Now we calculate first four raw moments based

on belief of set viz. u'(17B€l), u22736l), IU’I(S,Bel) and u24736l).

5
F(1,Bel) = ZUB@Z(U)
v=0

— 0Bel(0) + 1Bel(1) + 2Bel(2) + 3Bel(3) + 4Bel(4) + 5Bel(5)
=0-0+1(1/1891) + 2(10/189) + 3(43/189) + 4(108,/189) + 5(189,/189)
= 1527/189.

(5.26)

5
(2, Bel) Z v?Bel (v

v=0

= 0°Bel(0) + 1?Bel(1) + 2*Bel(2) + 3*Bel(3) + 4*Bel(4) + 5*Bel(5)
=0-0+1(1/189) 4 4(10/189) + 9(43/189) + 16(108/189) + 25(189/189)
— 6881/189.

(5.27)

= 0°Bel(0) + 1*Bel(1) + 2*Bel(2) + 3*Bel(3) + 4* Bel(4) + 5° Bel(5)
=0-0+41(1/189) 4 8(10/189) + 27(43/189) + 64(108/189) + 125(189/189)
= 31779/189.

(5.28)
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5
M’(4,BeZ) = Z v'Bel(v)

v=0

= 0*Bel(0) + 1*Bel(1) + 2" Bel(2) + 3" Bel(3) + 4*Bel(4) + 5'Bel(5)
=0-0+1(1/189) 4 16(10/189) + 81(43/189) + 256(108/189) + 625(189/189)
= 149417/189.

(5.29)

Raw Moments based on Plausibility of set :-

The r** ordered raw moment based on plausibility of set is denoted by /L,(T’ PI) and

is given by ,ul(r Py = Zi:o v"Pl(v). Now we calculate first four raw moments based

on plausibility of set viz. ;/(LPI), ,ul(zﬂ), M/(z,Pl) and /‘/(4,131)-

5

:ul(l,Pl) = ZUPZ(U)

v=0

= 0P1(0) + 1PI(1) + 2Pl(2) + 3PIl(3) + 4Pl(4) + 5PI(5) (5.30)
=0-04+1(1)+2(1) +3(1) +4(1) + 5(1)

= 15.

5
Ml(z,Pz) = ZUZPZ(U)
v=0

= 0*P1(0) + 1*PI(1) + 2°PI(2) + 3°PI(3) + 4°PI(4) + 5°PI1(5)  (5.31)
=0-0-+1(1) +4(1) +9(1) + 16(1) + 25(1)

= 59.

5
M/(?),Pl) = ZUBPZ(U)
v=0

= 0°P1(0) + 1°PI(1) + 2°PI(2) + 3°PI(3) + 4°PU(4) + 5°PI1(5)  (5.32)
=0-0+1(1) +8(1) +27(1) + 64(1) + 125(1)

= 225.
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= 0*PI(0) + 1*PI(1) + 2 PU(2) + 3*PI(3) + 4*PI(4) + 5'PI(5)  (5.33)
=0-0+1(1) + 16(1) + 81(41) + 256(1) + 625(1)

Lower and Upper bounds of Raw Moments :-

For first raw moment:-

lull,Bl / M,1pl ,
CB ) <y < 00
F,p) 'u(lp)

1527/189 15/189
2L 27916/81 < 216/81 < —L——-216/81
783/81 /81 < 216/81 < =5 3/81 /

329832 _ 81 < 3240 (5.34)
147987 =

2.2288 < 2.6667 < 4.1379

By < g S

For second raw moment:-

IuIQ,Bel / //2 Pl) 1
(/ )NQ < N < ( )Mz
F2,p) “(2 )
6881/189 55/189
— L "7648/81 < 648/81 < —L " 648/81
3399/81 / / 3399/81 /
4458888 35640 (5.35)

< 1< ——
642411 648/81 < 3399

6.9409 < 8 < 10.4854

By < o < Ha.
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For third raw moment:-

/

K3 Bery / N,3,Pl /
(/ e)H3§M3§—(/ )M3

(3.p) H(3.p)

2088/81 < 2088/81 <

31779/189 225/189

k) 1
15249/81 15249/81 088/8
66354552 3469800 (5.36)
D2907O08 1<
2882061 — 088/81 < 15249

23.0233 < 25.7778 < 30.8086

By < iy < i3

For fourth raw moment:-

//4,Bez / / N14,Pl
(/ ):U’4 S N4 S /( )
Fiap) Fa,pry

149417/189 979/189

22 7080 /81
70083/81 70083/81 /
1057872360 6931320 (5.37)

< 1<
13245678 — 7080/81 < 70083
79.8654 < 87.4074 < 98.9016

Ly

7080/81 < 7080/81 <

By <y <y
Central moments of probability Distribution :-

/,6120.
’ r2
H2 = foy — Hyq
(5.38)
— 648/81 — (216/81)°

= 0.8889

’ ro ’3
3 = g = Spigpty + 2
— 2088/81 — 3(648/81)(216/81) + 2(216/81)* (5.39)

= 0.2963
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’ ro ror2 14
pra = puy — Augpiy + 6pigpy — 3
— 7080/81 — 4(2088/81)(216/81) + 6(648/81)(216/81)> — 3(216/81)* (5.40)

= 2.0741

Lower and Upper Bounds of Central Moments :-

/

N
= [2.2288 — 4.1379,4.1379 — 2.2288]

pa = [, — T, T —

(5.41)
= [~1.9091, 1.9091]
- [/_’Ll?ﬁl]'
’ 2 ’r2
po = [p, — iy sy — |
= [6.9409 — 4.1379%,10.4854 — 2.22887]
(5.42)

— [~10.1813, 5.5779]

= [HQMEQ]'

’ AN 13 ’ ’ 3
ps = [pty — 3(F2) (Fy) + 24, Fig — 3(p,) (1) + 208y ]

— [23.0233 — 3(10.4854)(4.1379) 4 22.2288°, 30.8086 — 3(6.9409)(2.2288) + 24.1379°]

= [—84.9960, 128.0991]

= [H37ﬁ3]'
(5.43)
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’ o ror2 _ 4
pra = [p, — 4fispiy + Opypr, - — 371y
_/ ro 12 14
[y — Apgpt, + Ofiafty — 3p, |
— [79.8654 — 4(30.8086)(4.1379) + 6(6.9409)(2.2288)* — 3(4.1379)",

(5.44)
98.9016 — 4(23.0233)(2.2288) + 6(10.4854)(4.1379)% — 3(2.2288)"]
= [—1102.7015, 896.8144)]
= [H47 ﬁ4]
Coefficient of Skewness :-
2
The Coefficient of Skewness = 51 = 'u—g
2
_ (=0.2063)° (5.45)
(0.8889)°
= (0.124998

Therefore given distribution is negatively skewed as value of u3 is negative and it‘s

sign is given to (.

Coefficient of Kurtosis :-

The Coefficient of Kurtosis = 3, = ’u—;l
Ha2

20741 (5.46)
(0.8889)? '

= 2.624967

Since value of coefficient of kurtosis [y is less than 3, the given distribution is

platykurtic.
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Lower and Upper Limits of Skewness :-

[0,75%]
(1,2 )]
B [0, (128.0991)7]
 [(—10.1813)*, (5.5779)%]
[0, 16409.3794]
~ [~1055.3820, 173.5450]

= [—00,0/(—1055.3822)] U [0/(173.5450), o]

The Coeflicient of Skewness = 3; =

= [—00,0] U [0, 0]
= [—00, 00|

= [éla Bl] .
(5.47)

Lower and Upper Limits of Kurtosis :-

[N_47ﬁ4]
O?ﬁZQ]
[—1102.7015, 896.8144]
[0, (5.5779)7]
[—1102.7015, 896.8144]
T [0,31.11297] (5.48)

= [—00,896.8144/31.11297]

The Coeflicient of Kurtosis = 3, =

= [—00,28.8244]
= [ﬁ?BQ]'

Remark:-

We know that sign of coefficient of skewness is dependent of sign of pz. From
interval (it it contains positive as well as negative values ) for us, we can not
conclude about sign of p3. Therefore we can not conclude about skewness of
probability distribution. But conclusion about given probability distribution is as:
Value of coefficient of skewness definitely lie in interval for coefficient of skewness.
Similar to coefficient of skewness, value of coefficient of kurtosis of probability

distribution definitely lie in interval for coefficient of kurtosis.
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From above two conclusions, we say that end points of intervals obtained for
coefficients skewness and kurtosis represents lower and upper limits of coefficients
of skewness and kurtosis. Similarly, from intervals corresponding to raw moments
and central moments, the endpoints of respective intervals are lower and upper

limits of respective raw and central moments.



Chapter 6

Support Functions and

Combination Rules

6.1 Introduction

In [16], we studied simple support functions based on cardinality of set and prob-
ability of set for two dimensions. In [15], we studied simple support functions for
three dimensions and hence k-dimensions. Also, in same paper, we studied these
simple support functions in which degree of support is replaced by probability of
set. In [17], we studied the cases A; N Ag,NA3 = (), pairwise disjoint and mixing

of these two cases, for three dimensions.

In this chapter, we propose a simple support function based on our defined basic
belief assignment ( 3.3). Also we study effect of this simple support function on
Bernaulli‘s combination rule, combination rule for heterogeneous evidences (non-
empty intersection) and combination rule for conflicting evidences (empty inter-

section), for two, three and hence k-dimensions.

146
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6.2 Simple Support Functions Based on Proba-
bility Mass Functions

In [28], detailed information about simple support functions is given. In this

section, we consider some particular cases and study corresponding changes.

6.2.1 Simple Support Function based on Cardinality of
Set

Let © be a frame of discernment. A function m : 2° — [0,1] is basic belief

assignment ( or basic probability assignment ) if m(f)) =0 and }_, o m(B) = 1.

Definition 6.1. If A C O and |A| and |©] are cardinalities of set A and the

A
frame of discernment © respectively. Let s = u is the degree of support for

Kl

A, where 0 < s < 1. The simple support function S : 2 — [0,1] focused on

= %,m(@) =1- % and m(B) = 0,

for all A # B # ©. This simple support function S focused on A and based on

A have basic probability numbers m(A)

cardinality of set A, is given by

;

0 if B does not contain A
A
S(B)=(s= {6} if B contains A but B # O. (6.1)
1 if B=6

Notes :-

1. If S is a simple support function focused on A then S is a belief function with
basic probability numbers m(A) = S(A), m(©) =1—-S5(A) and m(B) =0
for all other B C ©.

2. Here all simple support functions based on same cardinality of set, focused

on A, are same. Therefore combination of such simple support functions,
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is repeated application of same simple support function with itself. By
Bernaulli‘s rule of combination of support functions, when same simple sup-
port function is combined n times with itself then resulting simple support
function have basic probability numbers m(A) =1 — (1 — s)" and m(©) =
(1 —s)", where s is degree of support for A. Also, S(A)=1—(1—1s)". If n
is sufficiently large then S(A) tends to 1.

6.2.2 Simple Support Function Based on Probability Mass

Function of distributions

Let (O, p) be a probability space. The probability of subset A of © play the role
of degree of support.

Definition 6.2. Let p(A) be a probability mass function of set A C © by discrete
probability distribution i.e. 0 < p(A) < 1. The degree of support for A is s = p(A).
The simple support function S : 2° — [0, 1] focused on A and based on probability
of set A, is given by

0 if B does not contain A
S(B)=1{s=p(A) if B contains A but B # O. (6.2)
1 if B=6

Notes :-

1. If S is a simple support function focused on A, then S is a belief function
with basic probability numbers m(A) = S(A) =p(A), m(0)=1-5(4) =
1 —p(A) and m(B) = 0 for all other B C ©.

2. Here all simple support functions focused on A and based on same probability
mass function of discrete probability distribution, are same. By Bernaulli‘s
rule of combination of simple support functions, when same simple support

function focused on A, is combined n times with itself then resulting simple
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m.8)
. m;(©)
S3
I'I'Ig(A) S2 mz(E)) /
| mZ(A)/ — 1
0 : _
rl'h(A)
S1
m1(©)
1

FIGURE 6.1: Bernaoulli rule of Combination for 3D

n

support function have basic probability numbers m(A) = 1 — (1 — p(A))
and m(©) = (1 — p(A))" where s is degree of support for A. Also S(A) =
1—(1—p(A)". If n is sufficiently large then S(A) tends to 1.

In [16], simple support functions are based on probability mass function of dis-
crete probability distributions and similar results are obtained about Bernaulli‘s
combination rule, combination rules for heterogeneous evidences and conflicting

evidences.

6.2.3 Simple Support Function Based on pmf for Three

Dimensions

A: Bernoulli‘s Rule of Combination:-

In [15], Bernaoulli‘s rule of Combination for 3D, is explained as: Suppose one
evidence body has precise supporting effect for A C © with degree s;. Another
completely separate evidence bodies have precise supporting effects for A with
sy and s3 respectively. The degree of support for A, is obtained by pmf of first

distribution i.e. s1(A) = p1(A). Another completely separate evidence bodies have
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precise supporting effect for A obtained by pmf of second and third distribution
are so(A) = pa(A) and s3(A) = ps3(A) respectively. Then degree of support for A

based on these three bodies of evidences together i.e. total evidence is

Remarks:-

1. The degree of support for A based on the total evidence, is greater than its

degree of support for A based on either of the separate bodies of evidence

i.e s(A) > s1(A),s(A) > s2(A) and s(A) > s3(A).

2. “ Bernoulli‘s rule of combination is a special case of Dempster‘s rule of
combination.” This argument is justified as: A simple support function S;
has basic probability numbers m;(A) = s1(A) and m1(0) = 1 — s1(A).
Second simple support function Sy has basic probability numbers my(A) =
s9(A) and my(©) = 1 — s5(A). Third simple support function S; has basic
probability numbers mg(A) = s3(A) and m3(0) =1 — s3(A).

By referring to figure of Bernaulli‘s rule of combination for three dimensions,
the only parallelepiped of measure (1 — s1(A))(1 — s2(A))(1 — s3(A)) is not
related to A i.e. related to ©. The orthogonal sum S = S; @& S, @ S3 has

basic probability numbers as:

m(A) =1— (1= 51(A))(1 = s2(A))(1 — s3(A))

m(0) = (1 = s1(A))(1 = s2(A))(1 — s3(A))

and m(B)=0ifA# B # 0.
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The simple support function S is focused on A with

S(A) = 1= (1 =s1(A)(1 = 55(A))(1 = s5(A4)).

In [15], for simple support functions, degrees of support are replaced by probabil-

ities of discrete probability distributions and similar result is obtained.
B: The Weight of Evidence:-

If wy,wq, w3 are the weights of evidence underlying the simple support functions
S1, 92, S3 respectively. The weight of evidence underlying their orthogonal sum is
wy + W2 + ws.

iLe. If g(w) = s1(A), g(wy) = s2(A), g(ws) = s3(A) then

glwy +wy +wz) =1 — (1 —51(A))(1 —s2(A)) (1 — s3(A)).

If f(w;)=1-g(w;), j=1,2,3 then

f(w]) =1- Sj(A)aj = 1,2,3

= f(w1 + wo + 'LUg) =1- g(w1 + wo + ’LU'g,) = (1 — 51)(1 — 52)(1 — 83) =
f(wy) f(ws) f(ws). Hence f(wy + wy + w3) = f(wq)f(ws)f(ws3). Therefore f must

be exponential.

S f(wy) = e and glwj))=1—e"", j=1,2,3.

As f:[0,00] = [0,1] and g(w;) =1 —e ™ = s;(A)=1—e"", j=1,23.

Solving above equations for w;, j =1,2,3, we get

w; = —In(l —s;(4)), j7=1,2,3.

Note : - The weight of evidence can take any non-negative value, including zero

and infinity. If weight of evidence is zero then degree of support is zero and if
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FIGURE 6.2: Heterogeneous Evidences for 3D

weight of evidence is infinite then degree of support is one or certainty.

In [15], degrees of simple support functions are replaced by probabilities of discrete

probability distributions and similar result is obtained.
C: Heterogeneous Evidences :-

We combine evidence which points to a proposition A; with evidences which does
not point to a proposition A; but different propositions which are compatible with
proposition A; viz. propositions As, A3. Such combination provides a support not

only for A, A; and As separately but also for the conjunction A; N Ay N As.

Suppose A1 N As N Az # (. Let S;, j = 1,2,3 be a simple support function
focused on A; with S;(A) = s;(A). We combine Si,5; and S;. By Dempster's
rule, A; N Ay N Az is supported by the quantity s1(A;)s2(Az)s3(As). By figure of
heterogeneous evidences, the orthogonal sum S = 576556 53 has basic probability
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numbers as:

m(0) = (1 — s1(A1))(1 — s2(A2))(1 — s3(A43))

and m(B) =0 if B is none of the above mentioned subsets of ©.
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Therefore, orthogonal sum S = S; @ S5 @ S3 is

(

0

S1 (A1)82(A2>83 (Ag)

S1 (Al)SQ (Ag)

Sl(Al)Sg(Ag)

SQ(AQ)Sg(Ag)

51(A1)s2(Az) + s1(A1)s5(A3)
—51(A1)s52(Az)s3(As)
s1(A1)s2(As) + s2(A2)s3(As)
—51(A1)s52(Az)s3(As)
s1(A1)s2(As) + s2(Aa)s3(As)
—51(A1)s2(Az)s3(As)

s1(A1)

52(Az)

s3(As)

s1(A1) + s2(Az) — s1(A1)s2(A2)
51(A1) + s3(As) — s1(Ar)ss(As)

59(Az) + 53(As) — 52(A2)53(As)

1

\

for all C' C 6.

1— (1= 51(A1))(1 — 52(A2))(1 — s3(A3))

if C does not contain A; N Ay N As

if C' contains A; N Ay N A3 but neither
Ai N Ay nor A; N Az nor Ay N As

if C contains A; N A, but neither

AN Az nor Ay N Az

if C' contains A; N A3 but neither

A; N Ay nor Ay N Ag

if C' contains A N A3 but neither

A; N Ay nor A; N As

if C contains A; N A, and

A; N Az but not Ay N As

if C' contains A; N Ay and

As N Az but not A; N Az

if C' contains A; N A3 and

Ay N Az but not A; N A,

if C contains A; but neither A, nor Az
if C' contains A, but neither A; nor As
if C' contains A3 but neither A, nor As
if C contains A; and As but not A;

if C' contains A; and As but not A,

if C' contains A, and A3 but not A;

if C' contains A, Ay and Az but C' # 6

ifC =606
(6.3)
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In other words, we write above support function S = S; & S, & 53 with basic

probability numbers:

m(NA) = []i=1%s;(A)(1 = si(Ay)), i #j, i, = 1,2,3.

for j € {1,2,3},i € {1,2,3},i # j and for any p € {1,2,3} either p =i or p = j.
3

m(©) = H(1 — 5;(4;))-

and m(B) =0 if B is none of the above mentioned subsets of ©.

The orthogonal sum S = S; @ Sy & S3 is given by

0 if C' does not contain N3_; A;

ZI§{1,2,...,k§3} (—1)|I‘+18i(ﬂiep4¢) If C contains Uje[g{LQ’.“’kSg}Aj

1-— H?Zl(l —s;(4;)) if C' contains subsets A;,7 =1,2,3 but C # ©
|1 ifC =0
(6.4)
forallC C O .

In [17], we have replaced degrees of support s;(A4;), j = 1,2,3 by probabilities
of discrete probability distributions p;(A;).

D: Conflicting Evidences [17]

For three dimensions, conflicting evidences have following cases:

I Evidences are pairwise disjoint.
II AlﬂAgmAgz@.

IIT Mixing of above two cases.

Case I: Evidences are pairwise disjoint

Let simple support function S; is focused on A; with degree of support s;(A;).
Let simple support function Ss is focused on Ay with degree of support ss(As).

Let simple support function S is focused on Az with degree of support s3(Aj).
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FiGURE 6.3: Conflicting Evidences for 3D

By figure of conflicting evidences for three dimensions, the parallelepipeds corre-

sponding to A; N Ay, A; N As, Ay N A3 and A; N Ay N Az are related to (). For

application of Dempster‘s rule, we must eliminate corresponding parallelepipeds.

Therefore decrease the measures of the remaining parallelepipeds by quantity re-
CipI"OCEi,l Of 1— Sl(Al)SQ(AQ)S3(A3) — Sl(Al)SQ(AQ)(l — 83(143)) — 81(A1)83(A3)(1 —
S9(Ag) — s2(As)s3(A3)(1 —s1(Ay)). The orthogonal sum S of Sy, Sy and S3, have

basic probability numbers

= s1(A1)(
= Sg(AQ)(l — 51 A
= 83(143)(]_ — 51 A

(1 = 52(A2))(1 — s3(A3))/ K,
(A1) (1 — s3(A3))/ K,
(A1))(1 = s2(A2))/ K,
©) = (1 — 51(A1))(1 — 52(A2))(1 — 53(A3))/ K,

and m(B) =0 if B is none of the above mentioned subsets of ©.

where K =1 — S1 (Al)SQ(A2)53(A3> — Sl(Al)SQ(AQ)(l — 53(143)) — 81(A1>83(A3>(1 —

s9(Ag)) — s2(A1)s3(A2)(1 — s1(A1)) -

Also, sum of basic probability numbers corresponding to all parallelepipeds is one.

The orthogonal sum S = 57 @ Sy @ S3 is a separable support function and is given
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by
(O
51(A1)(1 — 59(A2)) (1 — s3(A3))
K
s9(A2)(1 — 51(A1))(1 — s3(A3))
K
s3(Az)(1 — 51(A1))(1 — s2(Ag))
K
51(A1)(1 — 59(A2)) (1 — s3(A3))
K
+52(A2)(1 — 51(A1))(1 — s3(43))
K
51(A1)(1 — 52(A2)) (1 — s3(A3))
_ K
HOZY a1 = s1(4))(1 = 52(4)
K
s9(A2)(1 — 51(A1))(1 — s3(A3))
K
+53(A3)(1 — 51(A1)) (1 — s9(Az))
K
51(A1)(1 — 59(A2)) (1 — s3(A3))
K
+52(A2)(1 — 51(Ap))(1 — s3(A3))
K
+53(A3)(1 — 51(A1))(1 — s9(Az))
K
\1
forall C CO.

If C' contains neither A; nor A, nor As

If C' contains A; but neither Ay nor As .
If C' contains A, but neither A; nor As .
If C' contains As but neither A; nor A, .

If C' contains A; and Ay but not As .

If C' contains A; and As but not A, .

If C' contains Ay and As but not A; .

If C contains A;, Ay and A3 but C #£ © .

If C =0.
(6.5)

In other words, the orthogonal sum S = S1(A41) & S2(A2) & S3(A3) have basic

probability numbers as

=> si(4) ] (1—si(A))/K, if C contains Aj i #j, i,j=1,2,3

3
j=1 i€{1,2,3}
=] = s;(45))/K
j=1

and m(B) =0 if B is none of the above mentioned subsets of ©.
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The orthogonal sum S = S;(A;) & S2(As) & S5(As) is given by

0 if C' contains neither A;, 5 =1,2,3.
S(O) = ZIg{l,?;a.),kSB} (—1)|I‘+181(ﬂi€[‘4@') If C' contains Uje[g{l,2,...,k§3}Aj

1 it C'=0.

(6.6)
for all C' C 6.

Notes:-

1. Above mentioned orthogonal sum exists if and only if K # 1.

2. Above combination rule had strengthened the hypothesis that each of the
two bodies of evidences reduces the effect of the remaining third body of
evidence.

e.g. Here the introduction of any two bodies of evidences reduce the degree

of support of the remaining body i.e for A;,j = 1,2,3 degree of support

55(A7) TThas (1 = s1(Aw))
K

greater the support for sx(Ay), gradually destroys the support for A;, & #

J Jk=1,23.

. Therefore, the

for A, is reduced from s;(A;) to

Here we denote the weights of evidences pointing to A; by w;(4,), j =1,2,3.

We have relations
sj(A) =1—e Wil 5—123

We obtain for j =1,2,3

s;(4;) kaszs (1 — sk(Ax))
K

S(4;) =

Solving above equations for w;(4;), j=1,2,3, we get

(6.7)
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These weights of evidences are required to produce degrees of support S;(4;),7 =

1,2, 3 for these three pairwise contradictory propositions A;,7 = 1,2, 3.
Case II: A, NAy N A =(:

Let simple support function S; is focused on A; with degree of support s;(A;).
Let simple support function Sy is focused on Ay with degree of support sq(As).
Let simple support function S3 which is focused on Az with degree of support
s3(As). By figure of conflicting evidence for three dimensions, the parallelepiped
which is related to A; N Ay N A3 = (). For application of Dempster‘s rule, we

eliminate corresponding parallelepiped. Therefore decrease the measures of the

1
1 — 81(141)82(142)83(143).
sum S =51 ® Sy @ S5 have basic probability numbers

remaining parallelepipeds by quantity The orthogonal

m(Ay N Ay N Az) = s1(A1)s2(Az)s3(Az) /K = m(0),
m(Ar N As) = s1(A1)s2(A:2)(1 — s3(43))/ K,

m(Ay N As) = s1(A1)s3(A3)(1 — s2(A42))/ K,

m(Az N As) = s2(A2)s3(A3)(1 — s1(A1))/ K,

m(Ar) = s1(A1)(1 = s2(A2))(1 — s3(A3))/ K,

m(Az) = s2(A2)(1 — 51(A1))(1 — s3(A3))/ K,

m(As) = s3(A3)(1 — 51(A1))(1 — s2(A42)) /K,

m(0) = (1 = s1(A1))(1 — s2(A2))(1 — s3(A3))/ K,

and m(B) =0 if B is none of the above mentioned subsets of ©.

where K =1 — 51(A1>52(A2)S3(A3).
Also, sum of basic probability numbers corresponding to all parallelepipeds is one.

The orthogonal sum S = S; & Sy @ S5 is a separable support function and is given
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by

s1(A1)s2(A2)(1 — s3(A3))
1— Sl(Al)SQ(Ag)Sg(Ag)

s1(A1)s3(As) (1 — s2(A2))
1— Sl(Al)SQ(AQ)Sg(Ag)

$2(Az2)s3(A3)(1 — s1(A1))
1— Sl(Al)SQ(AQ)Sg(Ag)

Sl(Al)(l — So
1-— Sl(Al
82(142)(1 — 51
1-— Sl(Al

(42))
)
(
)
83(143)(1 - 81(
)
(
)

SQ(A
A1)
SQ(A
A1)
So(A
Az))

1-— 83<A3))
)s3(As)
1— 83(A3))
)s3(As)
1-— 82<A2))

N —~N ~~ N —~

1-— 51(141

1-— Sl(Al)S (AQ)Sg(Ag)

s3(As) (L — 51 (A)) (1 - 55(A))
)

52(A3)(1 — s1(AD) (1 - s5(Ay)
1-— 81(A1)82 A2>S3(A3>
s3(A3)(1 — s1(A1))(1 — s9(A2))

1 — 51(A1)s2(As)s3(A3)
51(A1)(1 — s2(A2))(1 — s3(A3))
1-— Sl(Al)SQ(A2>83(A3>
sa(A2)(1 — s1(A1))(1 — s3(43))

1-— 81(A1 SQ(AQ)SB(A3)

)
L 53(As)(A = s1(A))(L — s2(45))
1 — 81(A1>82(A2>83(A3)

forall C CO.

If C contains neither A; N Ay nor A; N As
nor A2 N Ag

If C' contains A; N Ay but neither A; N A

nor A, N As .

If C' contains A; N A3 but neither A; N A,

nor AnAs .

If C' contains Ay N A3 but neither A; N A,

nor A; N As .

If C' contains A; but neither Ay nor As .

If C' contains A, but neither A; nor As .

If C' contains A3z but neither A; nor A, .

If C' contains A; and Ay but not As .

If C' contains A; and A3 but not A, .

If C' contains Ay and A3 but not A; .

If C contains A;, Ay and A3 but C # © .

IfC =0,
(6.8)
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In other words, the orthogonal sum S = S1(A4;) & S2(As) & S3(As) have basic

probability numbers as

T sj(4;)
- 31:[1 1 — s1(A1)s2(A2)s3(As))
. : Aj)
i.e. m(0) ]1_[1 1 — s1(A1)s2(As)s3(A3))
1 — S; Az . .
m(Mepesyd) = [ si4) ] (1— 31<(A1)522A2)))83(A3)) 7

j€{1,2,3} i€{1,2,3}

i.e. for each p € {1,2,3}, eitherp=iorp=j

1_SJ<A))
and m(© H (1= 51 (A1 )52(As) 53 (A3))

le

and m(B) =0 if B is none of the above mentioned subsets of ©.

The orthogonal sum S = S;(A1) @ Sa(As2) & S3(As) is given by

(

0 if C' contains neither A;, 7 =1,2,3.
S(C) - Z[g{1,2,.6,k§3} (—1)|]‘+1si(ﬁi€1Ai) If C contains Uj61§{1,2,...,k§3}Aj
I#

1 it C'=0.

\

(6.9)
for all C C O.

Notes:-

1. Above mentioned orthogonal sum exists if and only if not all these three
s;(A;),7 =1,2,3, are equal to one i.e. we can not combine certainty of A;

with certainty of Ay with j #k, j,k=1,2,3.

2. Above rule had strengthened the hypothesis that each of the two bodies of
evidences reduces the effect of the remaining third body of evidence.
e.g. Here the introduction of any two body of evidences reduce the degree of

support the remaining body i.e for A;,j = 1,2, 3 degree of support for A; is
s;j(4;) H:;}g, (1 — sr(Ar))
1 - H?:1 si(A;)

reduced from s;(A;) to

. Therefore the greater the
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support for s;(Ag), gradually destroys the support for A;, k#j, j k=
1,2,3.

Here we denote the weights of evidences pointing to A; by w;(4,), j =1,2,3,
by relations

sij(Aj)=1—e i) =123
we obtain for 7 =1,2,3

SO — Sj(Aj)Hgfzg,(l—Sk(Ak))
Sl (BN

Solving above equations for w;(4;), j=1,2,3, we get

wld) = TS S Ay (6.10)

These weights of evidence are required to produce degrees of support S(4;),7 =

1,2,3 for these three contradictory propositions A;,j = 1,2, 3.
Case III :- Mixing of Above Two Cases:

In this case, any two evidences may be heterogeneous or conflicting. If given two
evidences are heterogeneous i.e. their intersection is not related to () then we
apply rule for combination of evidences according to heterogeneous evidences. If
given two evidences are conflicting i.e. their intersection is related to () then we
apply rule for combination of evidences according to conflicting evidences. Such
combinations of evidences should be done for all possible pairs of given evidences.
Considering combination of given two evidences as a single separable support func-
tion, we combine it to another given support function according to conflicting ev-
idences. As Dempster‘s rule of combination is associative and commutative hence
Bernaulli‘s rule of combination, the order of combination of support functions is

not important.
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6.2.4 Generalizations of Above Results to £ Dimensions

In [15], we studied Bernaulli‘s rule of combination, weights of evidence, heteroge-
neous evidences and conflicting evidences for k dimensions.

A: Bernaulli‘s Rule of Combination for k£ Dimensions :

Suppose that one body of evidence has the precise supporting effect for A C ©
with degree s;. Similarly, another completely separate bodies of evidences have
the precise supporting effect for A with degrees sg, s3,..., sy respectively. The
degree of support A obtained by pmf of first distribution s;. Similarly, another
completely separate bodies of evidence has precise supporting effect for A obtained
by pmf of second, third and up to k** distributions are so, s3, . . ., 53 respectively.
Then degree of support for A based on these k bodies of evidences together i.e.

total evidence is m(A) as

S(A) =1 — (1 —s1)(1 — s9)(1 —s3) - (1= s5)

S(A) = s1+ s2(1 — 1) + 83(1 — s1)(1 — 89) + -~
+55(1 —51)(1 —59) -+ (1 — s5_1)

s(A) = sy + 51(1 — 59) + 53(1 — 51)(1 — 82) + - - -
4+ 55(1 = 81)(1 —59) - -+ (1 — 55_1)

S(A) = s34 51(1 — 53) + 59(1 — 51)(1 — 53) + - -

+sp(l—s1)(1 —s9) - (1 —s5_1)

s(A) =sj+s1(1 = s5) +52(1 —s1) (L —55) + -+~
+ 511 = s1)(1 = s2) -+ (L= 5j-2)(1 = s5)
+sj41(L=s1)(1—s2) -+ (1= s55-0)(L = 85) + -+

+ sp(1 —s1)(1 —s9) -+ (1 — sp—1)
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s =5+ s1(1 —sk)+s2(1l —s51)(1 — sg) +53(1 —51)(1 —s2) (1 —5) + - -~

+ sp—1(1 — s1)(1 —s9) -+ - (1 — sp—2)(1 — sg)
with m(0) = (1 — s1)(1 — s2)(1 —s3) -+ (1 — sg)

and m(B)=0if B# Aand B+# 0O .

Remarks:-

1. Here we have similar argument as A‘s degree of support on the total evidence
is greater than its degree of support on either of the separate bodies of

evidence s(A4) > s;(A4), j=1,2,... k.

2. “Bernoulli‘s rule of combination is a special case of Dempster‘s rule of com-
bination”. This can be justified as: Let simple support function S; has
basic probability numbers mi(A) = s1(A) and m1(0) = 1 — s;(A). Let
simple support function Sy has basic probability numbers mo(A) = s3(A)
and my(©) = 1 — s9(A). Similarly, let simple support function Sy has basic
probability numbers my(A) = s, (A) and m(0) =1 — s4,(A). The only par-
allelepiped of measure (1 —s1(A))(1—s2(A))(1—s3(A)) - (1—sx(A)) is not
related to A i.e. related to ©. The orthogonal sum S =51 ® Sy & --- B S,

has probability numbers

m(A) =1—(1—s51(A))(1 = 52(A))(1 = 55(A)) -~ (1 = sx(A))

and m(0) = (1 = 51(A))(1 = 52(A))(1 = 55(A)) - - (1 = s,(A))
and m(B) =0 if B is none of the above mentioned subsets of ©.

The orthogonal sum S = 51 & Sy @ --- @ Sy is a simple support function

focused on A with

S(A) =1 = (1 =s1(A)(1 = 52(A))(1 = s3(A)) - - (1 = s(A))
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Thus we got generalized Bernaulli‘s rule of combination for k& simple support func-

tions.
B: The Weight of Evidence :-

The weights w;, j =1,2,...,k of the evidences pointing to A can take any non-
negative value. The degree of support s;(A4), j = 1,2,...,k must lie between

zero and one. Hence we have a function g : [0,00] — [0,1] such that s;(A) =

g(w;), j=1,2,... k.

If wy, wo, . .., wy be the weights of evidences underlying the simple support function
S1, 9, ..., Sk respectively then the weight of evidence underlying their orthogonal
sum S =5, B S D - DS is wy +wy + -+ + wy.

Le. g(wi) = s1(A), g(w2) = s2(A), ... g(wy) = sx(A) then

glwr +wy + -+ wp) =1 = (1= 51(A))(1 = 52(4)) - (1 = 5,(A))

If flw;)=1-g(w;), j=1,2,...,3 then

flw;))=1—-s5;(A),j=1,2,...,k

= f(wi+we+---4wg) = f(wy)f(wy) - f(wg). Therefore f must be exponential.

cof(wy) =e ™ and g(wy) =1—e,j=1,2,... .k,

Also, g(wj) =1—e ™ = s;(A)=1—e",j=1,2,... k.

Solving for w;,j =1,2,...,k, we get

w; = —In(1—s;(A), j=1,2... k.

C: Heterogeneous Evidences :-

Let evidence points to a proposition A; is combined with evidences that does
not point to a proposition A; but point to a different propositions Ay, As, ..., A

which are compatible with A;. The combined evidence i.e. total evidence provides
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a support not only for Aj, A, ..., Ay separately, but also for the conjunction

AiNAsN---N A

Suppose A;NA;N- - -NA;, # () and we combine simple support functions sy, so, . . . , Sk

where s; is a simple support function focused on A; with degree of support

si(A),j=1,2,... k.

By Dempster‘s rule, the parallelepiped which is related to A; N Ay N --- N Ay is
supported to the quantity s1(A;)sa(As) - - sk(Ax). WLOG, by figure of heteroge-
neous evidences for three dimensions, the orthogonal sum S = s © s B - - - D 55,

has basic probability numbers

m(A; N Ay NN Ag) = s1(A1)sa(Ag) - - - sk (Ag).
For j € {1,2,...,k},i € {1,2,...,k},i #j

and i.c. for any p € {1,2,... k} either p=i or p #i
m(N4;) = ] [s;(4))(1 - si(A)

m(0) = (1= s1(A1))(1 = 52(Az)) -~ (1 — 5 (A))

and m(B) =0 if B is none of the above mentioned subsets of ©.

Therefore, orthogonal sum S = 576 S5 @ - - - @ Sy, have basic probability numbers:

m<mA]) = HS](AJ)(l _82<Az))ﬂ] € 1727"'7k7i € 1727"'7k7i 7&]

and for any p € {1,2,...,k} either p=1ior p#i
(6.11)

and m(B) =0 if B is none of the above mentioned subsets of ©.
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and the orthogonal sum S is given by

.
0 if C' does not, contain N¥_; A;

Zlg{l,?;;ﬁ?qgk} (—1>|I‘+182‘(ﬂi€[14i> If C' contains UjEIQ{l,Q,...7q§k}Aj

5(C) =
1— Hle(l —s;(4;)) if C' contains subset A;,7 =1,2,3 but C' # ©
|1 if C =0.
(6.12)
for all C' C 6.

D: Conflicting Evidences [17]:

Similar to three dimensions, conflicting evidences have following cases:

I Evidences are pairwise disjoint.
II AlmAgﬂA:g:@

IIT Mixing of above two cases.

Case I :Evidences are pairwise disjoint :-

By figure of conflicting evidence for three dimensions, we generalize the result to k
dimensions. The parallelepipeds corresponding to A;NA;,i # j,4,5 € {1,2,...,k}
are related to (). For application of Dempster‘s rule, we eliminate corresponding

parallelepipeds and decrease the measures of the remaining parallelepipeds by
1

1— ZIQ{LQ,.“,I@} S(ﬂZ'e]Ai).
7|1

functions S; focused on A; with degree of support s;(4,), j € {1,2,....k}, is

quantity The orthogonal sum S of simple support
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given by basic probability numbers

m(A;) = s;(A4;)(1 = s1(A1))(1 = s2(A2)) - (T = s —j — 1(A;j1)) (1 — s —j + 1(Aj11))
s (1= s(Ar))/ K,
m(0) = [[J = 1*(1 - 5;(4))) /K,

and m(B) =0 if B is none of the above mentioned subsets of ©.

where K = 1 — > icpa..x $(NicrAi) . Also, sum of basic probability numbers
711
corresponding to all parallelepipeds is one.

The orthogonal sum S = 57 & S, @ S3 is a support function and is given by

0 if C' contains neither A;,7 =1,2,... k.
S(C) — E}g{1,§;a,‘,q§k} (—1)II‘+ISZ‘(HZ‘E]AZ') If C contains Uje[§{1,2,...,q§k}Aj
1 if C' = 0.
\
(6.13)
for all C C O.

Here we denote the weights of evidences pointing to 4; by w;(4;), j=1,2,... k.

We have relations

S(dy) = e
Solving above equations for w;(4;), j=1,2,...,k, we get
1
wy(A;) = (6.14)

1— zz‘e{m ..... k} S(A)

These weights of evidences are required to produce degrees of support S;(A4;),j =

1,2,..., k for these pairwise contradictory propositions A;,j =1,2,...,k.
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Case IL: Nj_ A, =0 :

By figure of conflicting evidences for three dimensions, we generalize the result for
k dimensions. The parallelepipeds correspond to ﬂ;?:lAj is related to (). For appli-

cation of Dempster‘s rule, we eliminate corresponding parallelepiped and decrease

1
the measures of the remaining parallelepipeds by quantity K = T A The
= i=14Y

orthogonal sum S of simple support functions S; focused on A; with degree of

support s;(A;),7 =1,2,...,k, is given by basic probability numbers as

Hje{Lz ..... k} sj(A;) Hie{l,Q ,,,,, k;}(l — si(4i))
K

i.e. for each p € {1,2,3,...,k}, either p=iorp#i

(1—s5;(4))
K

m(m]€{172 7777 k}A]) = 7i # j? (615)

and m(0) =

—.

1

J

and m(B) =0 if B is none of the above mentioned subsets of ©.

The orthogonal sum S = S;(A;) @ Sa(Az) ® S3(Asz) is given by

S(C) = ZIQ{l,Z,..@.,qSk} (—1)|I‘+18i(ﬂi61Ai) If C' contains Uje[g{lz’m’qgk}A]’
I

1 if C =0.
(6.16)
for all C C O.

Note:- Above mentioned orthogonal sum exists if and only if not all these
si(A4;),7 = 1,2,...,k, are equal to one i.e. we can not combine certainty of

A; with certainty of A, with j #k, j,k=1,2,... k.

0 if C' contains neither A;,7 =1,2,3,...
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Here we denote the weights of evidences pointing to A; by w;(4,), j =1,2,3.

We have relations

We obtain for j =1,2,... )k

55(A7) TTher (1 = si(A)
S =T T ()

Solving above equations for w;(4;), j=1,2,...k, we get

1 - H’glf’i’@“”“} (=DM S(Mies Ay)

n .
1-— Ezg{m ,,,,, K} (—1)|I|+15(ﬁiez Ai)
140 iy

wi(A;) =1 (6.17)

These weights of evidences are required to produce degrees of support S(A4;),j =

1,2,...k for these k contradictory propositions A;,j =1,2,... k.

Case III :Mixing of Above Two Cases:-

This case can be resolved similar to the case of mixing of two cases for three

dimensions.

p(A)

2n—1

6.3 Simple Support Function Based on s =

p(A)

2n—1

for A with 0 < s < 1. The degree of support for B C © focused on A, is given by

Definition 6.3. Let |O] =n. Forany A C O, let s =

be a degree of support

)
0 if B does not contain A

S(B)=1qs if B contains A but B # ©. (6.18)

1 ifB=06

\
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Notes ;-

1. If S'is a simple support function focused on A, then S is a belief function with
basic probability numbers m(A) = S(A) = s(A4),m(©) = 1-5(A4) = 1—s(A)
and m(B) = 0 for all other B C ©.

2. Here degree of support s is obtained by probability mass function of appro-
priate discrete probability distribution.

A: Bernoulli‘s Rule of Combination

Let one body of evidence has the precise effect of supporting A C © to the degree
s1(A). Let another entirely separate body of evidence has the precise effect of
supporting A to the degree ss(A). The degree of support obtained by pmf of first
distribution is s1(A) = p1(A). The degree of support obtained by pmf of second
distribution is s9(A) = p2(A). Then degree of support focused on A, based on
these two bodies of evidence together i.e. total evidence have basic probability

numbers

m(A) =1 — (1 - s1(A)(1—s5(A) =1-(1— p;ff‘l))u - p;ffll)) (6.19)
= s1(A) + so(A)(1 - s1(A) = p;ﬁ) p;ff‘l) (1- p;sﬂ)) (6.20)
= so(A) + 51 (A)(1 - s5(A) = p;ff? pgn(f)( p;fﬂ) ) (6.21)

pi(A)
2n—1

_ p2(4)

with m(0) = (1 —s1)(1 — s9) = (1 — on—1

and m(B) =0if B# A and B # O.

)(1

).

Remark:- Let simple support function S} has basic probability numbers m;(A) =

A A
s1(A) = i) and my(©) =1—5(A)=1— p2175 ) Let simple support function

gn—1 -1
. . _ . _ (4 _ _
Sy has basic probability numbers mq(A) = s = ST and my(0) =1 — 59 =
A
1— p22n(1)' By figure of Bernaulli‘s combination rule for two dimensions, the only

A A
upper right hand rectangle of measure (1 — s1)(1 — s9) = (1 — %)(1 - %)

fails to be committed to A. The orthogonal sum S = S; & .S, has basic probability
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numbers
A A
m(A) =1—(1—s)(1—sp) =1—(1— p;f_l))a - p;f_l))
A A
m(©) = (1 - s1)(1— ) = (1 - 28N - 2
and m(B)=0if B# A and B # ©.
The combined simple support function S is focused on A with
A A
SA) = 1= (1= s)(1 = s = 1 — (1= 2y _ 24,
B: The Weight of Evidence:-
. . . . _ P(A)
If wy and wy are weights of evidences for simple support function S;(A) = Pr=n

Py(A
and Sy(A) = 2(4) focused on A then the weight of evidence for their orthogonal

on—1 )
sum is wy + ws.

ie. g(wi) =51 = pglvgﬁ) and g(wy) = sy = p;rgﬁ) then
g+ uz) = 1= (1= sp)(1 = s9) = 1 - (1= 2Dy q _ 22(4),

If f(w)=1- g(w) then

f(U)l) =1- S1 = 1-— p;sﬁ)

and
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oo f(wy +wa) = f(wy) f(ws). Hence f must be exponential.

S f(w) = e
and g(w) =1 — €™, where ¢ is constant.

As f:[0,00] — [0, 1], the constant ¢ must be negative.

A
Also, g(w) =1—e" = s = gq(l_l) =1—e™.
Solving for w, we get
1 p(4)
=-In(l—s)=-In(1— :
w=in(1 - 5) = 2in(1 - B2)

C: Heterogeneous Evidences

Suppose AN B # (. Let S; be a simple support function focused on A with

A
S1(A) = s1(A) = p21n(1). Let S5 be a simple support function focused on B with
B
So(B) = s3(B) = p;g_l). By Dempster‘s rule, AN B is supported to the extent
A)ps(B A)ps(B
s1(A)s2(B) = p21n(_1) p;é_l) = P 27)12322( ) The orthogonal sum S = S; @ S, has

basic probability numbers

m(AN B) = s\(4)sa(B) = LA 22D
m(A) = s (A)1 - sa(8)) = 2 (1 22U,
m(B) = sa(B)(1 - sy(4)) = 2 g _ 14,
m(©) = (1 - s (A)(1L - sa(B)) = (1 - 2 g - 225,

and m(B) =0 if B is none of the above mentioned subsets of ©.
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Therefore, orthogonal sum S = S; ¢ .55 is given by

p

0 if C' does not contain AN B
A) po(B
p21751) p22£1) if C' contains A N B but neither A nor B
A
p17£71> it C' contains A but not B
SO =1 )
on 1 it C' contains B but not A
A B
1—(1- p21r51))( - p;gl)) if C' contains both A and B but C # ©
1 ifC=06
\
(6.22)
for all C' C 6.

In above, we assumed that neither A nor B contains the other. If A is subset of
B then the evidence is not so heterogeneous and the expression for the orthogonal

sum simplifies to

0 if C does not contain A

1 if C contains A but not B
S(C) =4 2 (6.23)

if C contains B but C' # ©

1 ifC=0

D: Conflicting Evidences

From figure of Bernaulli‘s rule for two dimensions, lower left rectangle as it is

committed to . To apply Bermaulli‘s rule, we eliminate lower left rectangle

and decrease the measures of the remaining rectangles by factor =

— 5159
1 1
= . The simple support function S; focused
| @B T nA(B) v 1
~ 9n—1 9n—1 o 92n—2

on A have degree of support s;(A). Let simple support function Sy focused on B
have degree of support so(B)). The orthogonal sum S = S1(A) & Sy(B) have
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basic probability numbers

si(l—s2)  pi(A)(2"" = pa(B))

m(A) - 1 — 5189 - 92n—2 —p1(A)p2(B) )
m(B) = 2= _ »B)E" — pi(A)
1— 5189 222 — p (A)pa(B)’
m(©) = L= s)(L—s5) _ (27" = pi(A)(2"" — pa(B))

1-— 5189 22n—2 — pl(A>p2(B)

and m(C) =0 if C is none of the above mentioned subsets of ©.

Therefore, orthogonal sum S = S;(A) & Sa(B) is given by

.
0 if C contains neither A nor B

pi(A) (2" — pa(B))
22(’;; (; D1 (A)P2((§)))
_ P o m i contains ut no

S(C) =< 202 — pr (A)pa(B) fC t B but not A
p1(A)(2"1 = pa(B)) + pa(B) (2" — p1(A))

2202 — p1(A)p2(B)
1 fC=06

if C contains A but not B

if C contains A and B but C' # ©

(6.24)
for all C' C ©.
Note:- We denote the weights of evidence pointing to A and B by w(A) and w(B)
respectively. We have relations

A B
21 ):1_e—w(A)a dp2( >:1—e_“’(B). We have

on—1 n gn—1
1 — —cw(A) _ 1
S(4) = s1(1 — s2) _ e
1 — 5159 e~cw(A) 4 g—ew(B) — ]
and
1— —cw(B) __ 1
S(B) = So(1 — 1) _ e
1 — 5159 efcw(A) + efcw(B) -1

Solving above equations for w(A) and w(B), we get

(6.25)
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and

1
1-5(4) “c
1—-S(A) — S(B))

w(B) = In( (6.26)

These weights of evidence are required to produce degrees of support S(A) and

S(B) for two contradictory propositions A and B.

6.4 Generalizations of Results to 3D For s =
p(A)
2n—1

6.4.1 Bernoulli‘s Rule of Combination

Let one body of evidence has the precise effect of supporting A C © to the degree
s1(A). Let another entirely separate bodies of evidences has the precise effect of

supporting A to the degree so(A) and s3(A). The degree of supporting A obtained
_ ni(4)
on—1 "
of evidence has precise effect of supporting A obtained by pm f of second and third
= p;fﬁ) and s3(A) = p;fﬁ)
supporting A based on three bodies of evidences together i.e. total evidence is

by pmf of first distribution is s;(A)

The another entirely separate bodies

distributions are s9(A)

respectively. The degree of

s(A) =1 = (1 = s1(A))(1 - 52(A))(1 = s3(4))

B p1(A) p2(4) ps(A)
_1_<1_F)(1_F)( _F)

s(A) = 51(A) + s2(A)(1 = 51(A)) + s3(A) (1 — 51(A))(1 — s2(A))

s(A) = 52(A) + s1(A) (1 — 52(A)) + 53(A) (1 — 51(A)) (1 — 52(A))

) n) ), 2l ) ),

s(A) = s3(A) + 51(A)(1 = 53(A)) + 52(A)(1 = 51(A)) (1 — s3(A4))

)

).
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(4
2n71

_p2(4)
2n71

_Ps(A)

with m(0) = (1—s1(A))(1—s5(A))(1—s3(A4)) = (1 on 1

)(1

)(1 )-

and m(B) =0 if B is none of the above mentioned subsets of ©.

Remark:- Let simple support function S has basic probability numbers m;(A) =

A A
s1(A) = pi(4) and my(©) =1—s1(A)=1— &l ) Let simple support function

Qn—l 2n—1
A
Sy has basic probability numbers my(A) = s9(A) = p;gl). and my(©) = 1 —
A
so(A)=1-— p;f_l). Let simple support function S3 has basic probability numbers
ps(A ps(A
ms(A) = s3(A) = 23n_1) and m3(0) =1 — s3(4) =1 — 5'”_1).

By figure of Bernaulli‘s rule of combination for three dimensions, the only upper

right hand parallelepiped of measure (1 — s1(A))(1 — s2(A))(1 — s3(A)) = (1 —

A A A
p21n(_1))(1 — p;m(_l))(l _ bl )) fails to be committed to A. The orthogonal sum

2n—1
S =51 ® Sy @ S3 has basic probability numbers

m(A) = 1 (1 () (1-52(4)) (L-53(4)) = 1-(1- 2Ly 228y g Pl )
o pn(A), o p(A) L ps(4)

and - m(0) = (1-s1(A4))(1-52(4))(1=s3(A4)) = 1= =) (1= ) A=)

S is a simple support function focused on A with

_pi(4)
2n71

S(A) = 1=(1=51(A))(1=s2(A))(1=s3(4)) = 1-(1

6.4.2 The Weight of Evidence

Let wy,ws and ws be the weights of evidences underlying the simple support
function Sp,.5, and S3 respectively. The weight of evidence of their orthogonal

sum is wy + wy + ws.

e gun) = s1(4) = 208 gun) = sa() = 2 pany) = s(4) = ) them
g(ws + 1+ ws) = 1~ (1= 51 (A))(1 — 52(A))(1 — s5(4)) o
~1- (-85 - 29 - 1))
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If flwj))=1-g(w;) j=1,2,3 then

pi(A)
2Jn—1 »J

f(w]):]_—S](A):l— :172,3
= f(wy + we + ws) = f(wy)f(ws) f(ws). Hence f must be exponential.

oo f(wy) = e™i and g(w;) =1— €™, where c is constant.

As f:]0,00] — [0, 1], the constant ¢ must be negative.
pitA) e,
o1 1 — e,

Also, g(w;) =1 — €™ = s =

Solving for w, we get

1
wj = Eln(l — Sj) = Eln(l — 2n—1

6.4.3 Heterogeneous Evidences

Suppose that A; N Ay N Az # 0. For j-1,2,3, let S; be a simple support function

(A
focused on A; with S;(A;) =s; = p;(z—i)

A A A
By Dempster‘s rule, A;NAsNAjz is supported to the extent s15953 = P1(A1) pa(4s) ps(As) =

2n71 27171 2n71
A A A
P 1)p223(n_é)p3( 3). By figure of heterogeneous evidences for three dimensions,

the orthogonal sum S = 57 & Sy @ S35 has basic probability numbers

p1(A1)pa(A2)ps(As)
23n—3

m(A; N Ay N As) = 518983 =
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m(Ar) = s1(A1) + s2(A2)(1 — s1(A1)) + s3(A3) (1 — s1(A1)) (1 — s2(A2))

_ ol pld) gl mld) g pild  peld)

m(Ar) = s1(A1) + s3(A3)(1 — s1(A1)) + 52(A2)(1 — s1(A1))(1 — s3(A3))

(1

oA, ml) g Bl ) A -
m(Az) = s2(Az) + s1(A1)(1 — s2(Az2)) + s3(A3)(1 — s1(A1))(1 — 52(A2))

o P2(A2) p1(A1) pQ(AQ) p3(A3) pl(A1) p2(A2)

o gn—1 gn—1 (1 B gn—1 ) + on—1 (1 o gn—1 >(1 o gn—1 )

m(Az) = s9(Az) + s3(A3)(1 — s2(Az2)) + s1(A1)(1 — s2(A2))(1 — s3(A3))

=) ool pelf)y  palA) g me)y el

m(Az) = s3(A3) + s1(A1)(1 — s3(As)) + s2(A2)(1 — s1(A1))(1 — s3(A3))

- ot Bl ml)y el ) - )

m(Az) = s3(Az) + sa(A2)(1 — s3(A3)) + 51(A1)(1 — s2(A2))(1 — s3(A3))

p3(As) | pa(As) o ps(As),  pi(Ar) o pa(4s) 3(As)
=St T e U ) e (U e ) (= )
: A A A
with  m(6) = (1 (A4)(1-s2(d2)) (L-s5(4y)) = (1-TU01)) g P2l o)
and m(B) = 0 if B is none of the above mentioned subsets of ©.
Therefore
(
0 if C' does not contain A; N Ay, N As
11+1Pi(Nier Ai) :
S(C) = Zlg{l,i;ﬁ.@,,kgﬂ (_1i|1 |+ 2”‘5_1) If C contains Uje]g{1,27...’k§3}Aj
1-TI_, (1 — p;flf)) if C' contains A;,j =1,2,3 but C' # ©
|1 ifC=0

(6.28)

).
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6.4.4 Conflicting Evidences A; N Ay N Az = ()

By figure of conflicting evidences for three dimensions and Dempster's rule, we

eliminate parallelepiped committed to ). We decrease the measures of the remain-

i Helepipeds by fact 1 1
1n arallelepipeds actor = —
&P Pip y 1— Sl(Al)SQ(AQ)Sg(Ag,) 1— pl(Al) p2(A2> p3(A3)

2n—1 2n—1 2n—1
Let simple support function S; is focused on A with

1
1P (A1)p2(A2)ps(As)
23n73
S1(Ay) = s1(Ap). Let simple support function Sy is focused on Ay with Sp(Ay) =

s9(As). Let simple support function S5 is focused on A with S3(A3) = s3(As).
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The orthogonal sum S =S @& Sy & S3 have basic probability numbers

~s1(A) (1 — s9(A)) (1 — s3(A3))
m(d) === 51(A1)sa(Az)55(As)

pi(Ar) o pa(4s) p3(As)
ot (= S )= =)

B 1— p1<A1) p2(A2) P3(A3)
anl anl 2n71
p1(A1)(277% — pa(Az) — p3(As) + p2(As)ps(As))
23173 — 1 (A1) pa(Az)ps(As) ’
Az)(1 — 51(A1))(1 — s3(A3))
1 — s51(A1)s2(As)s3(As)

p2(As) p1(Ar) pa(43)
on—1 (1'_ on—1 )(1__ on—1 )

| _ P1(An) pa(A2) ps(As)
on—1  9n-1  9n-1
_ p2(A2) (272 — p1(A1) — ps(As) + p1(A1)ps(Az))
23n=3 — py(A1)pa(A2)ps(As) 7
$3(As)(1 — s1(A1)) (1 — 52(42))
1 — s1(A1)s2(Az)s3(As)

p3(A3) pl(Al) p2(A2)
T s v v )

- 1_ p1(A1) p2(Az) p3(As)
2n—1 2n—1 2n—1
— P3(A3)(27" 2 — pi (A1) — pa(Aa) + pi(A1)p2(A2))
2373 — p1(A1)pa(A2)ps(As) ’
1 — s1(A1))(1 — 52(A42))(1 — s3(A3))
1 — 51(A1)s2(Az)s3(As)

m(Ay) = 52

m(Az) =

and m(©) = (

- By pl,, pid),
a 1— P1(A1) p2(A2) ps(As)

2n71 anl 2n71
(271 = pi(A1)) (277! — pa(A2)) (27" — ps(As))
2313 — py(A1)pa(Az)ps(As) '

and m(B) = 0 if B is none of the above mentioned subsets of ©.
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Therefore, The orthogonal sum S = S; @ Sy & S5 is

0 if C' contains neither A;,j7 =1,2,3.

ZIQ{L?;@,kgg} (—1)|I+1% If C contains U;EfAj
. pj<Aj>>
2n—1
pi(4;)
ST
1 ifC =606

if C' contains A;,7 =1,2,3 but C # ©

\

(6.29)
for all C' C ©.
Note:- For j = 1,2,3, the weights of evidences pointing to A; are w(A;). By

relations, we have
p;i(4;)

L =1 =123

we obtain for j =1,2,3

pi(A; (A
e My - P
S(Aj) - 3 pi(Ai)

Solving above equations for w(4;), j = 1,2,3, we get

1
1— H?fjﬁ@ S(A) )‘E
1= 3hs S(4y))

w(A;) = In (6.30)

These weights of evidence are required to produce degrees of support S(A;) for

three contradictory propositions Aj;, j = 1,2, 3.
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6.5 Generalizations of Results to k- Dimensions
p(A)
2n—1

For s =

6.5.1 Bernaulli‘s rule of combination

Let one body of evidence has the precise effect of supporting A C © to the degree
s1(A). Let another entirely separate bodies of evidences has the precise effect of

supporting A to the degree s3(A), s3(A), ..., sg(A). The degree of supporting A ob-

A
tained by pmf of first distribution is s;(A) = p217$_ 1) . The another entirely separate
bodies of evidence has precise effect of supporting A obtained by pm f of second and
p2(4) p3(4) Pi(A)
=1 3(A) = TESUIEE ,Sp(A) = i1

The degree of supporting A based on these k bodies of evidence together i.e. total

third up to &k distribution are s,(A)

evidence is

s(A) =1 = (1 = 51(A))(1 = 52(A))(1 = s3(A)) - - (1 = 5(A))

pi(A) p2(A) p3(A) pr(A)
—F)(l—w)(l—w)”'(l—ﬁ)

s(A) = 51(A) + s2(A)(1 = 51(A)) + 53(A)(1 = 51(A))(1 = 52(A)) + -
+ 51(A)(1 = 51(A)(1 = 52(A)) -+ (1 = sp-1(A))

=1-(1

_ p;ﬁ) N p;l(fll)(l B p;ﬁ)) N p;g) (1- p;sﬁ))(l B p;g))
pr(A) p1(A) pa(A) pr-1(A)
4t an—l (1- S )1 — e ) (1= an_l )

S(A) = s9(A) + s1(A)(1 — s2(A)) + s3(A)(1 — s1(A))(1 — s2(A)) +---
F (A1 — 51 (A1 = 52(A)) (1 — s 1(A))

=) ol - )y i - 2y - 2
n p;EAR (1- P217E/11))(1 _ P2275Al)) o (1— pk2n1(;4))
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s(A) = s3(A) + 51(A)(1 = 53(A)) + 52(A) (1 = 51(A)) (1 = s3(A)) + - --

+sp(A) (1 = 51(A)(1 = 52(A)) -+ (1 = s5-1(A))
_ ps(A) | pi(A) (1- p3(A)

2 o - )y 2 - 2y - By
p(A) | _mA) | pa(A) Pi1(4)
G (L= ) (L= ) - (1= =)

s(A) = 55(A) + s1(A)(1 = 55(A)) + 52(A)(1 = 51(A))(1 = 55(A)) + ---
+55-1(A) (1 = 51(A)(1 = 52(A)) - - (1 = 552(A))(1 — 5,(A))
+ 5501 (A) (1 = s1(A))(1 = 52(A)(A)) -+ (1 = 55-1) (1 = s5(A)) + - -
+5k(A) (1 = s1(A)(1 = 52(A)) -+ (1 = sx-1(A))

— ngrgi‘ll) lergﬂ) (1- 292375141)> 4 P;éﬂ) (1- len(ﬂ))(l _ 292375141)> T
2 2 - 2 - - B

+ Pj;(fl)(l — P21£f41))(1 — p;fAl)) (11— j2n1—(1’4))(1 . #) T
s IR = SRNIERL

$(A) = 51(A) + 51 (A)(1 = 51(A)) + 52(A) (1 — 1 (A)(1 — 5(A))
T 55(A)(1 = s1(A))(1— 2(A))(1 — s (A)) + -

+ si-1(A) (1 = 51(A))(1 = s2(A)) -+ (1 = 5-2(A)) (1 — sx(A))
_m(A) | m(4) (1- pk(A)) L pe(4) (1- 101(A))(1 ~m(4)

T 9n—1 on—1 on—1 on—1 on—1 on—1 ) +o
pe-1(4) - pi(4) p2(4) pr-2(A) Pe(A)
+ k2n_1 (1 - on—1 )(1 - on—1 ) T (1 - k2n_1 )(1 - 2kn_1 )

with m(0) = (1 — s1(A))(1 — s2(A))(1 = s3(A)) - - (1 — sx(A))

_pl(A))<1_pz(A))<1_p3(A))___ p(4)

- (1 on—1 on—1 on—1 ( B on—1 )

Remark:- Let simple support function S has basic probability numbers m4(A) =

A A
s1(A) = pi(4) and my(0) = 1—s,(A) = 1_P1( ) Let simple support function S,

on—1 on—1 "~
A
has basic probability numbers my(A) = s9(A) = p2275_1) and my(©) =1 —s9(A) =
p2(4)

--+. Let simple support function Sy has basic probability numbers
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A A
mi(A) = sp(A) = pqufl) and m(©) = 1 — sp(A) = 1 — pzkn(l). By figure of

Bernaulli‘s rule of combination for three dimensions, the only upper right hand
of parallelepiped of measure (1 — s1(A))(1 — s2(A))(1 — s3(A))--- (1 — sx(A)) =

pi(A p2(A ps(A pr(A
(-2 2y ) g pel)
orthogonal sum S = 57 @ S, @ - - - @ S; has basic probability numbers

) fails to be committed to A. The

2n71

m(A) =1~ (1—s1(A))(1 = s9(A))(1 = s3(A)) -+ (1 — sx(A))
(A (A ps(A) Pr(A)

—1- - 20 - 2o -y o - e
and  m(0©) = (1 —s1)(1 —s2)(1 —s3)---(1—sk)
_ p1(A) p2(A) p3(A) pr(4)
- (1 - on—1 )(1 - on—1 )(1 - on—1 ) o (1 - an—l )
and m(B)=0if B# Aand B # 0O.
Now S is a simple support function focused on A with
S(A) =1 - (1 =s1(A)(1 = s2(A))(L = s5(A)) -+ (1 — sx(A)) 631)
_ pi(4) p2(4) p3(4) Pi(4) '
—1--20ha e - BA o)

Thus we got generalized Bernaulli‘s rule of combination for k& simple support func-

tions.

6.5.2 The Weight of Evidence

let wy, wy, ..., w; be the weights of evidences underlying the simple support func-
tion 1,9, ..., Sk respectively. The weight of evidence for their orthogonal sum

is wy + wa + -+ W

p1(4)
2n—17

A
g(ws) = 59 = p22n(_1) oo glwg) = s = o1 then

ie. glw) =81 =

glwy +wy + -+ wp) =1 = (1= 51(A))(1 = 55(A)) -~ (1 = 5,(A))

p1(4) pa(A)
o))

(6.32)
—1-(1
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If flwj))=1-g(w;), j=1,2,...,k then

Flw) =1 —siAy=1- B oo

on—1 ’

= f(wy +we + - +wy) = f(wy) f(ws) -+ - f(wg). Hence f must be exponential.
oo f(wy) =e™i and g(w;) =1— €™, where c is constant.

As f:]0,00] — [0, 1], the constant ¢ must be negative.

Also, g(w;) =1 —e™ = 5, = 1

Solving for w, we get

1
wj = Eln(l — Sj) = Eln(l — 2n—1

6.5.3 Heterogeneous Evidences

Suppose that A; N Ay N--- N A, # (). We combine simple support functions

(A
S1,S2, ..., Sy focused on A; with S;(A) = s;(4;) = p;gl_i),j =1,2,... k.

By Dempster‘s rule, A;NAN- - -NAy is supported to the extent s1(A1)s2(As) - - - sp(Ax) =

p1(A1) pa(A2) p1(A)
on—1  9n-1 o on—1 "

sions, the orthogonal sum S = 51 @ S5 @ - - - @ S, has basic probability numbers

By figure of heterogeneous evidences for three dimen-

_ (A1) pa(A2)  pe(Ak)
o on—1 gn—1 gn—1

m(A1 N AQ MN---N Ak) = 81(141)82(142) ce Sk(Ak>
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m(A;) = sj(Aj) + s1(A1)(1 — s;(A;)) + s2(A2) (1 — s1(A1))(1 — 8;(A;)) + -+
+85-1(Aj ) (1 = 51(A1))(1 = 52(Az)) -+ - (1 — s5-2(Aj-2) ) (1 — s55(A;))
+ 5501 (Ajr1) (1 = s1(A1)) (1 = s2(A2)) -+ (1 = 55-1(Aj-1)) (1 — s5(45)) + -

+ 81(AR) (1 — 51(A1))(1 = s2(A2)) - -+ (1 — sp-1(Ax-1))
P2(Az) (1- pl(Al))(l B j(Aj)) L

- Bt Rl R - s - B

2ty 2R, ety A,
sl Bl ) - ety - )
L= UE = DRI = S TR

and m(B) = 0 if B is none of the above mentioned subsets of ©.

Therefore
.
0 if C does not contain A; N AsN---N A,
i(Mier A .
S(O) Zlg{L?;é,qgk} (—1>|1+1% If C contains Uje]g{l,Q,...,qgk}Aj
- (A
1—H?:1(1—%) if C' contains A;,7 =1,2,...,k but C # ©
\ 1 ifC =0
(6.33)

for all C C ©. In above, we assumed that neither A; nor A;,7 # j contains

the other. If for some j, A; is subset of A;,i # j then the evidence is not so
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heterogeneous and the expression for the orthogonal sum simplifies to

0 if C' does not contain any subset A;,7 =1,2,...k
e p;fff) if C' contains A; but not A;,7 # ji,j =1,2,...,k
= 1—H§_1(1—p;fff)) if C' contains A;,j =1,2,...,k but C # ©
1 itC=06

(6.34)

6.6 Conclusion

In this chapter, we generalized some cases such as Bernaulli‘s rule of combination,
weights of evidences, heterogeneous evidences and conflicting evidences. This pro-
vides us a new tool for combining evidences depending upon situations either
pairwise disjoint, only intersection of all evidences is empty set and mixing of

these two cases.



Chapter 7

Basic Belief Assignment Induced

by Probability Density Function

7.1 Introduction

In this chapter, we propose five basic belief assignments (bba‘s) on continuous
frame of discernment Q. With these bba‘s, results from Dempster‘s articles [5, 7]
and interval arithmetic [26], we propose an approach to obtain lower and upper
bounds of statistical quantities viz. distribution function, mean, variance, raw
and central moments and coefficients of skewness and kurtosis. In [19], we studied
indexing of subsets and first, second and third basic belief assignments and an
approach to obtain lower and upper bounds of statistical quantities. In this chap-
ter, we consider continuous probability distribution (€2, f) and its focal elements
only. Since probability of empty set is zero with respect to continuous probability
density function hence empty set is not a focal element with respect to continuous
probability density function. Therefore condition for empty set is dropped from
conditions of basic belief assignment. Hence to prove basic belief assignment, it
is equivalent to prove second condition of basic belief assignment. Also, we re-

fer formulae to calculate belief, commonality and plausibility functions from [32].

189
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In this chapter, A consist of intervals [z;,v;] and x;‘s as well as y;‘s are ordered.

Finally, this approach is illustrated by an example.

7.2 First Basic Belief Assignment For Continu-

ous Space

In [32], Smets has proposed basic belief assignment based on only finite number

of focal elements. By using this, we propose our first new basic belief assignment.

Theorem 7.1. [19] Let A= {A; = [z;,y]|i = 1,2,...,n} be set of focal elements
of Q = [a,b] with respect to continuous probability density function f, which are

not necessarily disjoint. If m : A — [0, 1] is defined by

Fzow))
mlles ) = S 5 D

then m is a basic belief assignment.

Proof. As [x;,y;] is focal element of €, it implies that f([z;, v;]) > 0 hence m([z;, y;]) =

D emien S (@i vil) > 0. Also

- | ([, 3:])
;qu“yl ZZZ 1f [, yi])

_ Z[l’iyyi]E.A S (@i, yi])
Z[wi,yi]eA Sz wil)

=1.

Therefore, m is a basic belief assignment. O]

With this new basic belief assignment m and by using definitions of belief function

Bel, commonality function @) and plausibility function Pl from A to [0, 1], we have,



Chapter 7. Basic Belief Assignment Induced by Probability Density Function 191

for any [c,d] € A,

Bel([e,d]) = Z ([%i, vi])
[z3,y:]Ce.d]
_ f (i, i)
o i S (i) (7.2)

[xz yz C

1
S F(wn ) 2

[%:,y:]Cle,d] S

Qle,d]) = Z m([z;, yi])

[%4,y:]2[e,d]

B f([zi, vi))
= 2 o s F iy (7.3)

[‘Il yz]D

B i f([%, vil) Z f(Z)dz

[zii]2e,d] ~FTT

Pl(le,d) = > m([zi,ui)

[z4,y:]N[c,d]#0D

B f([w3i,9i])
= 2 S F( vi) (7.4)

[@1,y:]N[c,d]#0

1 Yi
= ST ) f(2)dz

[€s,y:)N[c,d]#£0 ¥ =%

7.2.1 Lower and Upper Limits of Distribution Function

We have distribution function F'(z) = f(X < z) = f([a,x]). Also we have result
(1.6): For any subset A of Q, Bel(A) < f(A) < PI(A). The subset [a,z] of Q
is general set for distribution function. If [a,x] can not be expressed as union of
subsets A then in this case, we can not find probability, belief and plausibility
function of subset [a, z]. Therefore, we assume that [a, z] is expressed as union of
subsets of Q. The lower and upper bounds of distribution function for subset [a, x]
is

Bel([a, z]) < [([a, z]) < Pl([a, 2]) (7.5)
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7.2.2 Lower and Upper Limits of Raw Moments

We have r*" raw moment based on probability of set F(z"), = //(T?p), belief of set
E(z")ga = ,u'(nBel) and plausibility of set E(z")p = ,u'(npl) with respect to this

basic belief assignment as :

Z > 1f([$z,yz]) | s

[wi,vil €A, [ui,v;i | Clzi,yi]

= i"PI(4A;)
= ZiTPl([xi,yz-])

ZZ S 1f<[xl,sz> 2 fz)dz

[ 03] €A, [ug vi]N[zs i ] #0 Y Z77

(7.8)

Note that /VL;T,, Bel) < ,u'(np) < /J,/(T’ PI)- Therefore we get lower and upper limits of raw

moments by using result :

’LLT e / /! /"L'r' /
CED i <y < =D (7.9)
Frp) Frp)

where ,u; is the ' raw moment of continuous probability distribution.
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7.2.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments, lower and upper limits of raw
moments and interval arithmetics (Section 2.4), we obtain lower and upper limits

of central moments.

- r ’ 1k
e =Y (k) fr_gh - (7.10)

k=0
Using lower and upper limits of central moments and interval arithmetics (Section

2.4), we obtain lower and upper limits of coefficients of skewness and kurtosis.

13 Ha
"= ﬂﬂ—§> and 7, = 2 (7.11)

2
2 2

7.3 Second Basic Belief Assignment For Con-

tinuous Space

In above section 7.2, we have proposed new basic belief assignment. Now, we

propose second new basic belief assignment.

Theorem 7.2. [19] Let A = {[a,z]|z € Q = [a,b]} be set of focal elements of QQ,
which are not necessarily disjoint. If m : A — [0,1] is defined by

_ f([a, z])
Jasjen f((a,2])dz

(7.12)

m(la, z])

with f[a e m([a, z])dx exists then m is a basic belief assignment.
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Proof. As [a, x] is focal element of €2, it implies that f([a, z]) > 0 hence m([a, z]) =
f(la, z])
Jisten (o a))da

> 0. Also

I #(la, )
[ s /[GL,ﬂeAf[a,gc]eAf([a,x])dx

_ f[a,x]eA f(la, x])dx
" Jomen (@ 2])dz

= 1.

Therefore, m is a basic belief assignment. O

With this new basic belief assignment m and by using definitions of belief function

Bel, commonality function @) and plausibility function Pl from A to [0, 1] we have
Bel(fa.d)= [ milaa)
[a,z]Cla,c]

_ f(la.))
- /[M]cac] Jiuaea f(la 2])dz (7.13)

i mewice 8 B RS
Q([a,c]):/[Mp[ac]m([a,x])

_ f(la, z])
/[a,:cp[a,c] Jawien f([a:2])d (7.14)

c / =
f[a,m] A ( ? T ) x [a,x}D[a,c] zZ=a

JR
[a,z]N[a,c]£0
/[ f(la,2]) s,

a0 Jozeq f ([0, 2])dz

1 x
= .
f[aw}EA f([a’ I'Ddx /[;lvx]ﬂ[a,c]¢® /Za f(2> i

Pl([a, c])
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7.3.1 Lower and Upper Limits of Distribution Function

As proceeding in above section 7.2, for :Lower and Upper Limits of Distribution

Function, we have Bel([a, z]) < f([a,z]) < Pl(]a,x]) where

Bel([a, k]) :/ m([a, x])

[a,z]C[a,k]

k
:/ m([a, z])dx

S e

(7.16)

Pi([a,k]) = /[ i)

_ / f(la, z])
[a,x]N[a,k]£0 j—‘[a,z]eA f([CL, ZL‘])
1

B a,x 7.17
f[a,m]e.A f(la, z]) /[a,x}m[a,k#@ f([a, z]) (7.17)
1

RN (7 [ A

=1.

7.3.2 Lower and Upper Limits of Raw Moments

We have r*" raw moment based on probability of set F(z"), = ul(r,p), belief of set
E(z")gag = ,u'(n Bel) and plausibility of set E(z")p = ,u'(n P with respect to this

basic belief assignment as :

b
by = / 2 f([a, o)) de

(7.18)
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b
H(r,Bel) = / xTBel([a,x])dx

e e

_/””:“ /y=a Jaseat (fa. ™" (7.19)
o 1

i /”x /ya(f[a,y]eA 7l gpay oD

- / g /y;(f[aw el BRAC

b
= / x dx (7.20)

$r+1 b
B [T + 1]a
1 7 T
— H—l[b +1 a +1]'

7.3.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits
of raw moments and interval arithmetics (Section 2.4), we obtain lower and upper
limits of central moments. Using lower and upper limits of central moments and
interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).
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7.4 Third Basic Belief Assignment For Contin-

uous Space

Now, we propose third new basic belief assignment.

Theorem 7.3. [19] Let A = {[z,y]|lz,y € Q = [a,b],z <y} C 29 be set of focal
elements of 1, which need not be disjoint. If m : A — [0, 1] is defined by

- f([z,y])
m([z,y]) = T (o o) dndy (7.21)

with f[z JCa m([z,y])dxdy ezists, then m is a basic belief assignment.

Proof.

Here A = {[z,yl|z,y € Q = [a, 0],z < y}

=A{lz,yll[z,y] € Q= [a,0]}

c2®

As [z,y] is focal element of €2, it implies that f([z,y]) > 0 hence m([z,y]) =

f([z,y])
f[x,y}gg f(['ray])dl‘dy > 0. Also’
m([x xdy = f([x,y)) i
/[17?4]29 ([ >y])d dy /[;7y]gQ f[%y]gg f([x,y])dxdyd dy

_ f[a},y]gﬂ f([l',y])dl‘dy _
f[w,y]QQ f([l’,y])dl’dy

Therefore, m is a basic belief assignment. O



Chapter 7. Basic Belief Assignment Induced by Probability Density Function 198

With this new basic belief assignment m and by using definitions of belief function

Bel, commonality function @) and plausibility function Pl from A to [0, 1], we have

Bel(le, d]) :/[ - m([z,y])

_ / f([z,y))
waicled Jipyea f (2 y])dady (7.22)
1

d d y
= f(z)dzdxdy
b_ b_ y_ f z)dzdxd /:E:c /y:x z=x ( )
fx_a y=z Jz=zx Y

Qle. d)) = /[ )

_ / f(lz,y])
[z,y]2[c,d] f[m,y]eA f([z, y])dzdy (7.23)

1

dzdzd
fz afy zfy dZdIdy/xa\/yd zxf ) Y

Pi([e,d]) = /[ i
-/ £ (i)
[zyn[cd#@f Jea f ([, y])dady

I xfy dzdxdy{/x a/y C/Z J(z)dzdudy

+ / ~ /y e F(2)dzdzdy}

7.4.1 Lower and Upper Limits of Distribution Function

(7.24)

As proceeding in section 7.3.1, for: Lower and Upper Limits of Distribution Func-

tion, we have

Bel([a, z]) < f([a, z]) < Pli([a, 2])

pet(ok) = [ / e al)dedy
Piok) = [ / eyl

where

and
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7.4.2

Lower and Upper Limits of Raw Moments

With indexing of subsets [z, y] of continuous frame of discernment €2 (see Appendix

B), we replace index (x,y) by x+(1/2)[(x—a)(y—a)]. We proceed as above section

7.3.2 for calculation of lower and upper limits of raw moments based on probability,

belief and plausibility of set. Consider

b b
o = [ [ @) e atsay

(r,Bel)

L

b b y (7.25)
[ [ wrapie-au-ay [ e

b b
/ x,y) Bel([z, y])dzdy
aty

x T

:/yi z+ (1/2)[(z — a)(y — a))) /p/q ) ([p, q])dqdpdzdy
/J’a/y: 2+ (1/2)[(z — a)(y — a)] /px/qpf[pqu g laddedy
f[z ]CQf T y dxdy/x a/y x (@ + (1/2)[(x — a)(y — a)))’

/p » /q . Z:pf (2)dzdgdpdzdy
1 2)dzdady /xba /ybm (z+ (1/2)[(x = a)(y — a)))

Yy xy q
/ / f(2)dzdqdpdzxdy.
p=z Jq=p Jz=p

(7.26)
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[Py = (z,y)" Pl([x,y])dvdy

r=a Jy=z

-/ / @+l —aw-a)i[ | ;mqp, J)dad
+ /pt/qbpm([p, q))dqdp}dxdy
/ma/yxx+1/2 x—a)(y —a)l {/pa/qxf[pchf dpdq qdp
/p x/q—p f[,, q]cgf dpdqdqdp}dxdy
S Xy / [ erapia-aw-ayt [ [ e

y b q
+ / / f(2)dzdgdp}dxdy.
p=z Jq=p J2=p

(7.27)

7.4.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits of
raw moments and interval arithmetics (Section 2.4), we can obtain lower and upper
limits of central moments. Using lower and upper limits of central moments and
interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).

7.5 Fourth Basic Belief Assignment For Contin-
uous Space
Now, we propose fourth new basic belief assignment. In this section, consider set

of 2, which is union of exactly n disjoint intervals of frame of discernment 2. Here

x;‘s as well as y;‘s are ordered.
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Theorem 7.4. Let A = {A = U [z, villzi,ys € Q= a,b] x; <y vi <xiv1}
be set of focal elements of ), which are not necessarily disjoint. If m : A — [0, 1]

defined by
__J)
- fAeA f(A)

with [, , f(A) exists then m is a basic belief assignment.

m(A) (7.28)

Proof. As A = U" | [x;,y;] is focal element of 2, it implies that f(A) > 0 hence

f(4)
A= ——— . Al
m(A) T f ) > 0. Also
f(4)
A) = _ S
o= ] T
 aead ()
Jaca I(4)
= 1.
Therefore, m is a basic belief assignment. m

With this new basic belief assignment m and definitions of belief function Bel,

commonality function @) and plausibility function Pl from A to [0, 1], we have

Be(4) = [ _ mip)

/ m (Ui, [pi, ¢il)
Ut [Pe,@i] CUT [4,yi]

Where A = U, [z, vi], B=U'4[pig] i=1,2,...,n
By indexing of subsets of A,

A = [z,y] C [V/na, v/nb] have index (z,vy),

B = [p,q] € [V/na, v/nb] have index (p, q),
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paa)= [ mip.a)

_ /  f(pa))
paClea] Jaca f(A)
1
fAeAf /[pq}Cwy}ﬂ[ >Q]) (7'29)

= | [ s dpasay
cA p=z Jq=x

= ﬁ/ / f(z)dzdzdy.
AeA p=c Jg=z J2=p

Remark: From fig 7.1, we have Bel(A) = Y"1 | Bel([z;, yi]).

-/ L miULal)

Where A = U, [x;,v], B=U'4|pi¢] i=1,2,...,n
By indexing of subsets of A,

A = [z,y] C [V/na, v/nb] have index (x,y),

B = [p,q] € [V/na, v/nb] have index (p, q),

Q(A) - /[PH]Q[J%Z/] m<[ ’Q])
_ / f(p, q)
pa2ley] Jaca f(A)

1
N fAeAf (4) /[pqp[wy /lp.a)

fAeAf /p Via /qﬁbf dl)ddy

fAeAf /pfa/ /Z f(2)dzdxdy

(7.30)
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Remark: From fig 7.1, we have Q(A) = Q([z1,yn))-

PI(A) :/ m(B)
ANB#£0
U piqi] MU [24,y:]#0 fBeA f(B>
Where B = UL [z, ], A=U[p;,ql
with for at least one i, 1 <i <mn, [p;jq;] N[z, v] # 0
By indexing of subsets of A,
A = [x,y] C [V/na, v/nb] have index (z,y),
B = [p,q] € [v/na, v/nb] have index (p, ),

n

and (z,y) = Z(mz, y;) hence v/na < x < y < \/nb.

=1

PI(A) = / FUL =i, i)

U [piqa]NUG [4,y:]#0 fBeA f(B)

_ / f([z,y])
[p,q]N[zy]#0 fBeA f(B)
1

fBeAf /pqn[xy#@f([x’y])

q V/nb
- 5 f {/f " f (s o])dady + / / £ [z, y))ddy}.
BeA na Jy= z=p Jy=x
(7.31)

Remark: From fig. 7.1, we have

Pl(A) = Uiz [, 9i])

/ud/vu uvd“dv_{/ua/vu (u,v))dudv
+/u:yn /U:um((“ v dudv+Z/u N l/v:um((u,v))dudv}

Above conclusion can be obtained by using result : For any subset A of () =
[a,b], PI(A) =1 — Bel(A). The belief, commonality and plausibility of subset
A = U [x;,y;] are shown by red colour in figure ( fig: Bel,q and Pl of subset

A = U [x;,y;] of Continuous Frame of Discernment §2).
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! Ko ¥l //l b

. (Xz .Vz) /xn
(x}, y1) ,/{ J

X
X1 (a) Belief & (b) Commonality X1 (c) Plausibility

FIGURE 7.1: Bel, q and PI of subset A = U?"_;[z;,y;] of Continuous Frame of
Discernment §2.

7.5.1 Lower and Upper Limits of Distribution Function

We have distribution function F(z) = f(X < z) = f([a,z]). Also we have
result: For any subset A of Q, Bel(A) < f(A) < PI(A). If [a,z] is not union
of exactly n disjoint intervals of {2 then in this case, we can not find probability,
belief and plausibility of subset [a,z]. Therefore we assume that subset [a,x]
is union of exactly n disjoint intervals of Q. Let [a,k] = Uj_[pj,q;] and A =
U™, [x;, y;]. Using above result for general set [a, x| for distribution function, we

have Bel([a,z]) < f([a,z]) < Pl([a,z]) where

Bel([a, k]) = / m(A)

ACla,k]

/ )
U?:1 [mivyi]guyzl [pj :Qj}

/ S [, i)
Uit [i,u: CUT_4 [pj,a5] fAeA f(A)

By indexing of elements of A,
A= U2, y:] = [z,y] C [Vna,v/nb], have index (z,y)

[CL,Z‘] = U;‘lzl[pﬁ qj] = [p7 Q] - [\/ﬁaa \/ﬁb]v have index (p, Q)
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_ Sz, y])
Bellla, k) = /[mqupq] fAe (4)

([z,y])
/w =p y x fA (A dxd?]

. (7.32)
- f / | #iw sy
AcA T=p JY==x
1 q q Yy
- —m / / J(2)dzdady
Ac A z=p Jy=z Jz=x
d PI(]
o /AE.A ANla, k]#@
/ (U i, 1)
[i,y:]NU_4 [pj,a;]#0
:/ f(Uz l[xlﬁyl])
[mi,y: N7 [pj,q;]#0 fAeAf )
By indexing of elements of A,
A=UL,[zi,yi] = [z,y] C [Vna,v/nb], have index (z,y)
la, k] = U}_, [p;, ¢;] = [p, 4] € [V/na,+/nb], have index (p, q) (7:33)
f([z,y])
Pl(la, k) = ALV
(la- 1) /[aay}m[a,k#@ Jaea F(A)

1
fAeAf /Wwf (b9

- Fo@ /f/ flkeuhdvr

_ m / kﬁa /y tb /  (e)dzdyda

Remark:- We have 7 = {A = (z,y)|z,y € [/na,/nb]}. A set A have index
(z,y) = Z(xiayi> as

Z?: xri‘Z?: Yi ZZL: 9Ei+2?: Yi ? n
! = = [(—== ) — AT )

NG vn
L= 2

Sy a:i\;l—ﬁZ?zl Yi o \/(_22;1 ﬂfi\;‘ﬁz?ﬁ ?Jz’) AT 2ay)
y =

2
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(For explanation see Appendix B (Section 2)). Also, index (z,y) have enumeration

x+ (1/2)(x — v/na)(y — v/nb) being a subset of [\/na,/nb].

This type of indexing suffices to solve the problem of number of disjoint focal
elements involved in forming element of A. It is a good practice to convert subsets
in A into subset in 7 and do further calculations. Note that the points (y/na, v/na)
and (1/nb,/nb) can not be considered as focal elements of our interest as focal
elements must be union of exactly n disjoint subsets of Q. Here points (y/na, v/na)
and (y/nb, v/nb) correspond to focal elements which are repeatations of (a,a) and

(b, b) subsets of 2, exactly n number of times.

7.5.2 Lower and Upper Limits of Raw Moments

We have 7" raw moments for continuous probability distribution as E(2") =
S ;:a 2" f(x)dx. Now we have r'" raw moment based on probability of set ,u/(np),

belief of set u/(r pery and plausibility of set ,u/(r, Py @S

(7.34)
—/ / (x y)T/ f(2)dzdxdy
/ Jab  p/mb
o= [~ [ Bty
r=+/na Jy
V/nb nb
:/ / (z,y) / / (Ip, q])dgdpdzdy (7.35)
s=y/na Jy=x p=z Jq=p

V/nb nb
/ / (z,y) / / (Ip, q])dgdpdzdy
z=y/na Jy=x p=z Jq=p
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) :/ / (z,y) Pl([z, y])dzdy
:/ / <1/2>[f:<xi—a><yi—a>]> ( f / me«u,

=1

! /ux /wfub m((u, w))dudw}dzdy
(7.36)

Remark :- In above formula, we substitute value of Pl([z,y]) = PI(U![z;, yi] as

ol m((uv Vdudv — {[7 ™ m((u, v))dudv

v=U

+ fu s Joe um((u v))dudv + ZZ 2 Juy f:iu m((u,v))dudv}.
Note that u(,,’ Bel) < 'u(r,p) < ,u(n PI)- Therefore we get lower and upper limits of raw

moments by using result ( 7.9)

7.5.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits
of raw moments and interval arithmetics (Section 2.4), we obtain lower and upper
limits of central moments. Using lower and upper limits of central moments and
interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).

7.6 Fifth Basic Belief Assignment For Continu-

ous Space

Now, we propose fifth new basic belief assignment.

Theorem 7.5. Let A C €, which is union of at most ke < n, disjoint in-
tervals of frame of discernment Q. Let A = {A = k2<"[xl,y,]|xl,yl €N =

la,b] x; <y, yi <xiz1} be set of focal elements of 2, which are not necessarily

w))dudw
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disjoint. Now define m : A — [0,1] by

f(A)

A=y

(7.37)

with fAeAf<A) exists then m is a basic belief assignment.

Proof. As A = UPS"[x;, ;] is focal element of Q, it implies that f(A) > 0 hence
A
m(A) J(A) > 0. Also

- fAeA f<A)
f(A)
A) = _ S
o= ] T
fAeA f<A)
= 1.
Therefore, m is a basic belief assignment. O]

With this new basic belief assignment m, we have belief function Bel, commonality

function @ and plausibility function Pl from A to [0, 1] as :
Bel(A) = / m(B)
BCA

i=1 [Ii7yi]

- /U?l%nﬂpj,%]cuk?f" m<U§l:§1n[pj7 4))

Where A = U25"[z;,,], B = U?ﬁ"[pj, 4]

with for each j,1 < j <k, [pj,q;] C [z, 4] for some i, 1 <i <k
By indexing of elements of A,

A =UPS"i, u1] = [z, 9] € [V/na, v/nb], have index (z, )

B =U{5"[p;,q;] = [p,q] C [v/na, v/nb], have index (p, ¢)
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Bel(A)

- f—f / £(lp, a))dadp
AcA p=x Jq=p

[ wllp.a)
[pq]Clz,y]

_ / f(p.a)
pq]C[xy fAeAf A)

/ ) dqdp
p=x q pfAG

(7.38)

1
f(Ip, q])dqdp
fp faff (Ip, q dqdp/p:c a=p

zaqap
‘/;U \faf fZ qu dqudp p=x J q=p Z—P

Remark: From figure 7.1, we observe that Bel(Uy,<n[zi, i]) = >y, <, Bel([zi, yil)-

ks<n
25 g e 12U, 27

=Yi=1 [xz yz}

Where A = Ufi?n[xi, vi|, B= U;??’:Sln[]?ja 4]

with for each i,1 <@ < ks, [p;,q;] 2 [z, yi] for at least one j, 1< j <k

By indexing of elements of A,
A= U?Z%”[a:i, yi| = [x,y] C [V/na, v/nb], have index (x,y)
B = U3"[p;, q;] = [p,q] C [v/na, v/nb], have index (p,q)

f 3<"[pj,qg])

Q(A) = /
ka<np 01202 ] Jaea F(A

.

/pf

f([p, d])

q]2[z.y] fAeA f )

a/ . et

fAeAf /pfa/ f(lp; a))dadp

g L [ s
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Remark:- From figure 7.1, Q(A) = Q(UPS"[z:, vi]) = Q([z1, yn)).

PI(A) = /AHB;éQ) m(B)

:/ f(Uk4<n[$wyl])
"2 s NUEA S s, yi] 0 fBeAf

Where B = Ufﬁn[ﬂfi, vil, A= Uk2<n[pg, 9]
with for at least one ¢ and at least one j, 1 <i,5 <n, [pj,q] N[z, vyl #0

By indexing of elements of A,

A= U25"[pj, q5] = [p.q] € [V/na, v/nb], have index (p, q)

B = UM 2y, 9] = [, y] € [V/na, v/nb], have index (z,y)
: £ i)

Jca F(B) /’“2<”[pj 41U s ] 0
1

fBCQf /[pq}ﬂmyﬂ)f([m 2

chnf /\ra/q Jra (lz. 9] dydx*/x p/y f([z,y])dydx
_ m{ / o /q o Z:xf(z)dzdyda:Jr / . /y _ / B f(2)dzdydx

(7.39)

Remark: From figure 7.1, PI(A) = PI(UR2S"[2;,y4]) is

= [ oy ([ [ ey
+/u;n /Uium((u v dUdv+Z/ - 1/v ) (u,v))dudv}

The belief, commonality and plausibility of subset A = U¥$"[z;, 4] are shown
by red colour in figure 7.1 by replacing n by ko fig: Bel,q and Pl of subset

A = U, [x;,y;] of continuous frame of discernment €?).
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7.6.1 Lower and Upper Limits of Distribution Function

We have distribution function F(z) = f(X < x) = f([a,x]). Also we have result:
For any subset A of , Bel(A) < f(A) < PI(A). If [a,z] is not union of at
most ky < n disjoint intervals of €2 then in this case, we can not find probability,
belief and plausibility of subset [a,z]. Therefore we assume that subset [a,z] is

union of at most n disjoint intervals of 2. Let [a, k] = Uk1<”[pj,q]] and A =

UR2="(2;,9,]. Using this result for general set [a,z] for distribution function, we

have Bel([a,z]) < f([a,z]) < Pl([a,z]), where

Bel([a, k]) = /Aq . m(A)

ko<n

Z/k . m(U2T" 74, vi])
25" 2, yz]QUJ " [pias)

By indexing of elements of A,

la, K] = U35 [pj, 5] = [p. a] € [v/na, v/nb], have index (p,q)
A =UPS"z;, 4] = [z,y] C [V/na, v/nb], have index (z,y)

pello )= [, (U] -
1 (%Y U 1 j-qj 740

- / m(z, y])
[z,y]Cp,q]

B /:p /yqx m([x,y])dydz

1)) ddx

L) ). i
:—IBGA A / i wf([x,y])dydx

z)dzdydx
fBeAf /xp/yx
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and Pl([a, k]) = /Am[ " m(A)

m(Uk2<n[xm vi])

/ 25 o0y VUL [ 0510

By indexing of elements of A,

[a, k] = U'5"[pj, 45] = [p,q] € [v/na, /nb], have index (p, q)
A= Ufi?"[xi,yi] = [z,y] C [V/na, v/nb], have index (z,y)

Pi([a,k]) = / » (U5 o )
2 [z, yJﬂU]l 1 [P] %]#m

= / m(A)
[z,y]N[p,q]#0

_ / f([z,y])
[z.y]N[p,q]#0 fBeA f(B)
1

- 75 / Wﬂf([m )
— m{/x:fa/ f([z,y] dydx+/ / [z, y])dydx}

— m{ L pﬁa /y y / B f(z)dzdydzx + / ) / (2)dzdydz}

(7.41)

Remark:- We have 7 = {A = U™S"[z;, y;] = [,9])|vna < z,y < /nb}. Here

[z, y] have index (z,y) where

1 {Zk2<" l+Zf2fnyZ + (n —ko)a
~2(vm) Vn

\l<zi21nxi+zlzlnyz (n—k2)a) _4(\/5)(\/52_1'13/1)}

NG

L S e S ik (0=
D Vi

ka<n ka<n ko<n

+J<—Z“ Dt e ORI ymym Y )

vn

(For simplification, see Appendix B (Section 3: Subsection 2)).
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7.6.2 Lower and Upper Limits of Raw Moments

We have r'" raw moments for continuous probability distribution as E(x") =

S ;:a 2" f(x)dx. Now we have r'" raw moment based on probability of set ,u/(

7.p)’
belief of set ;/(r, Bel) and plausibility of set ,u/(n ppy @S
M) = / / ([, y])dxdy
(7.42)
/ / (x y)r/ f(2)dzdydzx.
Hir, el (. y)" Bel([z, y])dady
(7.43)

-
/ / (e.y) / /qypqu,yndqdpdydx

Hrpr) = / / (z,9)" Pl([z, y])dxdy

:/ / (x,y) {/ / ([x,y])dgdpdydx (7.44)
p=vna
/ / ([x, y])dqdpdydz}
p=z

Remark :- From figure 7.1, we can substitute value of Pl([x,y]) as
Juza I um u, v])dudo — {[}2, [ <[u,v]>dudv
+fu Yn Jv= um([u U])dUdU—l—Z,L 2 Ju=y;_1 vmzlum([u7v])dUdv}

By using result (7.9), we have ,u(r Bel) < u/( < ,u/(r, ppy- Therefore we get lower

,p)

and upper limits of raw moments.
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7.6.3 Lower and Upper Limits of Central Moments, Skew-

ness and Kurtosis

Using relations between raw and central moments (7.10), lower and upper limits
of raw moments and interval arithmetics (Section 2.4), we obtain lower and upper
limits of central moments. Using lower and upper limits of central moments and
interval arithmetics (Section 2.4), we obtain lower and upper limits of coefficients

of skewness and kurtosis (7.11).

7.7 Illustrative Example

In this section, we illustrate above approach by considering continuous uniform
distribution. Let © = [a, b] be a continuous frame of discernment.. The probability
density function of continuous uniform distribution is

flo) =5 1 - Voelal] (7.45)

The probability of subset [c, d] of € is

ey = [ soyir=1=¢ (7.45
The distribution function at x = k is
k—a
F(k) = f(la k]) = 3— (7.47)

7.7.1 First Basic Belief Assignment For Continuous Frame

of Discernment () = [a, b]

Let A = {A; = [z;,y]li = 1,2,...,n} where A; are not necessarily disjoint.
For calculation of probabiity, Bel, () and PIl, we consider only subsets A;, i =
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1,2,...,n. Therefore by (7.2), (7.3), (7.4) and (7.1) we have

Bel([c,d]) = Z m([xi, yil)

[4,yi]C[e,d]
[zi,9i]C[c,d] > it f([zis vil)

(yi — 2:)/(b—a)
[mi,ggg:[c,d] > i1 (Y — ) /(b —a) (7.48)

= (yi_xi)/(b—a)
[xi,zgcj[c,d] (Z?ﬂ Yi — Z?:l z;)/(b—a)

= (yi — ;)
- 2 Ly

[zivyi]g[c,d] i=1 "1

Qe.d) = > milaiyl)

[z:,y:]2e,d]
oy S ]

[zi,yi%[c,d] Zgi (;z' x—);()b/(_ba—) a) (7.49)
R s i
=

[zi,y:]2[c,d] i=1 xl)

Pille,d]) = ([ i)

2]

[zs,y:]N[e,d]#0
f([l'z, y,])

[wiayi%,dbé@ Z?:l VEZRT)
- (y; —x;)/(b—a)
- Z Yoy —xi)/(b—a) (7.50)

(yi — ;) /(b —a)

(Z?:1 Yi — Z?:l z;)/(b—a)
= (yi — ;)

[z3,yi]N[e,d]#0 (i v = 2o @)

[z:,y:]N[e,d]#0

(]

[z4,9:]2[c,d]

(]
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Lower and Upper Bounds of Distribution function:-

Here [a, k] is a general subset required for distribution function. If [a, k] is not
union of elements A then we can not find probability, belief and plausibility of
la, k]. Therefore, we assume that [a, k] is union of elements of A. By result (2.5),

(7.2), (7.3) and (7.4) we have ,

Bel([a, k]) < p([a, k]) < Pl([a, k])

ie.
k—a
> mllrend <ple k)=t < S miau)
[%:,9:]C[a,k] [zi,y:]N]a,k]£0
(yi — @) k—a (yi — 25)
[5,5i]Cla,k] (Zifl Yi — Zizl CUZ) b—a [x;,y:]N[a,k]#£D (Zizl Yi — Zizl l‘z)

(7.51)

Which gives lower and upper limits ( bounds) of distribution function.
Lower and Upper Bounds of Raw Moments:-

We have r* raw moment of continuous uniform distribution as

!/

b
po= [ o fads

b 1
r=a b—a
1
— br—i—l 1 )
(b—a)(r+1)[ a
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Now we calculate raw moments based on probability, belief and plausibility of

subsets of = [a,b] by (7.6), (7.7) and (7.8) as

n

/”L/(T‘,p) = Z er(Al)

=1

= Zz”"f([xi,y,-])
— er — ;)

=1

=1 [e,d]C[@;,y;]
[e,d]e A
n
_ ZZ'T Z f([e. d])
i=1 ry]zl 1yl Zz 11‘1
[c d]E.A b —a

= d—c)/(b—a
sy @-9/e-a)

=1 [edCloyi] (D i1 ¥i — 2im @) /(b —a)

[e,d]€eA

. d—c
_ZZ Z Do Vi = Dy T

[©5,9;]
[c d]E.A

(7.53)

(7.54)

(7.55)
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n

/’L/(T,Pl) = Z i" PI(A;)

i=1
=Y > m(ed)
i=1 [e,d]N[z;,y;]#0
[e,dleA
~ f (e, d])
= 7 o)
D D TED SlET (7.56)
[c d E.A b —a
~ (d—c)/(b—a))
= ? n n
izl [C,dmzzbyi#@ (D im ¥i — i @) /(b — a)
[e,d]eA

. d—c
—ZZ Z > D i1 T

=1 cd]f‘lz y 1#0 =1 yZ

Therefore the lower and upper bounds for raw moments are given by equation
(7.9). Using interval arithmetics (Section 2.4), relation between raw and central
moments (7.10) and lower and upper bounds of raw moments, we obtain lower and
upper bounds of central moments. By using lower and upper bounds of central
moments, interval arithmetics (Section 2.4) and formulae of coefficients of skewness
and kurtosis (7.11), we obtain lower and upper bounds for coeflicients of skewness

and kurtosis for continuous uniform distribution [19].

7.7.2 Second Basic Belief Assignment For Continuous frame

of Discernment () = [a, b]

Let A = {A = [a,k]|k € Q = [a,b]}. The second basic belief assignment for

continuous uniform distribution (7.12) is
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b—

Here f ,f(la, x])de = fx . b dw = Ta. Therefore second basic belief as-

signment for continuous uniform dlstribution becomes

mla,a]) = — @) 2e=a) (7.57)

I faa)de  (b—a)’

Calculation of belief, commonality and plausibility function :-

If ¢ > a then Bel([c,d]) = 0 as there is no focal element [a, z] contained in [c, d].

For a = ¢ and by (7.13), (7.14) and (7.15), we have

Bel([a,d]) = / m([a, z])dx

[a,7]Cla,d]
_[* 2(z—a)
= /xa b_aP dx (7.58)
_@-o?

(b—a)

Qla,d)) = /[ s

B b _Q(x —a) .
_ / s (7.59)
_ [b(b — 2a) — d(d — 2a)]

b-a®

and

([a, z])dx
[a,x ﬁ[c d]#@

/ Gl (7.60)
[ (b— 2a) - c(c - 2a)].

(b—a)’
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Lower and Upper Bounds of Distribution function:-

Here [a, k] is general element required for distribution function. By result (2.5)

and (7.16), we have

Bel([a, k]) < p(la, k]) < Pi([a, k])

1.e.

(d—a)® [b(b — 2a) — ¢(c — 2a)]
Sp([aa k]) S (b—a)2 :

(7.61)
Which gives lower and upper limits ( bounds) of distribution function.

Calculation of Lower and Upper Bounds of Raw Moments :-

Now we calculate raw moments based on probability, belief and plausibility of

subsets of 0 = [a, b] by using (7.18), (7.19) and (7.20) as

/

b
How = | o Hlla,a)da

b
_ / T (7.62)
T=a b—a

1 br+2 abr+1 ar+2 ar+2

.

:b—a[r+2_r+1_r+2_r+1

!

b
M(T,Bel) = / ZETBel([CL,CL’])d[E

b xr—a?
/m:ax(b—a) o

1 pr+3 2ab" 12 a2+ (763>
- (b—a)2 r+3 142 * r+1
ar+3 2a7"+3 ar+3
— — + ]
r+3 r+2 r+1
b
ey = [ a"Pl(a.s])ds
b
:/ z"ldz  Since Pl([a,z]) =1 Vz (7.64)
Ta
- _ - br—i—l 1 )
T+ 1[ @]

Therefore the lower and upper bounds for raw moments are given by equation

(7.9). Using interval arithmetics (Section 2.4), relation between raw and central
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moments (7.10) and interval arithmetics, we obtain lower and upper bounds of
central moments. Using lower and upper bounds of central moments, interval
arithmetics (Section 2.4) and formulae for coefficients of skewness and kurtosis
(7.11), we obtain lower and upper bounds for coefficients of skewness and kurtosis

for continuous uniform distribution [19].

7.7.3 Third Basic Belief Assignment For Continuous frame

of Discernment () = [a, b]

Let A = {A = [z,y]|z,y € [a,b]} subsets of Q = [a,b]. The third basic belief

assignment for continuous uniform distribution (7.21) is

f(z,y])

m([z,y]) = P I5 fllwy)duds

Now consider

b b
:/ fxydydx

b b

_ / y— (7.65)

r=a J y=x b—

b al’

6
Therefore third basic belief assignment becomes

f(lz,9]) 6(y — x)
m([z,y]) = = : (7.66)

Jo [ ([ y))dyde [b—a]’
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Now we calculate belief, commonality and plausibility functions based on this third

basic belief assignment by using (7.22), (7.23) and (7.24). Therefore

Bel(le.d) = [ / :qu,yndyd:p

- /xi yiz G[z()y__a]? dydz (7.67)
_ [d—c]®
b—a]

o)~ [ | (e, ))dyda

-5 _1 5130c(b = ) = 3deld — ) = dab(b — ) + dad(d — )
(7.68)
We have Pl([e,d]) = [T_, y_ Cm([x y|)dydx + fx o Jye xm([m,y])dydx =15+ L.
Therefore
b
= / m([z, y])dydz
_ / / b 6[ da (7.69)
= b a]3 [3bc(b — ¢) — 3ab(b — a) + 3ac(c — a)].
/ / m([z,y])dydz
d b 6(
/ / . dydx (7.70)
= oo a]3 [d° — ¢ + 3bd(b —d) — 3bc(b — ¢)].
Hence

[d® — ¢ + 3ac(c — a) — 3ab(b — a) + 3bd(b — d)]

Pl(|c,d]) = I, 9 = 3
() =1+ 1 =

(7.71)
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Lower and Upper Bounds of Distribution Function :-

Lower and Upper Bounds of Distribution Function are obtained by using (2.5),
(7.67) -(7.71). We have Bel(la, k]) < p([a, k]) < Pl([a, k]).i.e

[k —a]® < pllak]) < [k* — a® — 3ab(b — a) + 3bk(b — k)]
. - b —a)’ '

(7.72)

Calculation of Lower and Upper Bounds of Raw Moments :-

Now we calculate raw moments based on probability, belief and plausibility of

subsets of Q0 = [a, b] by using (7.25), (7.26) and (7.27) as

rYy =T
_ / / () L= Zdyda (7.73)
r=a y T

b b
b oy = / / (2, y) Bel([,y])dyda
ra v (7.74)

b
Hr,pry = / / z,y) Pl([z, y])dydx

a (7.75)
_ / / (v + (1/2)(x — a)(y — a)) Pl([z, y])dydz

Therefore the lower and upper bounds for raw moments are given by equation
(7.9). Using lower and upper bounds of raw moments, interval arithmetics (Section
2.4), relation between raw and central moments (7.10), we obtain lower and upper
bounds of central moments. By using lower and upper bounds of central moments,
interval arithmetics (Section 2.4) and formulae for coefficients of skewness and
kurtosis (7.11), we can obtain lower and upper bounds for coefficients of skewness

and kurtosis for continuous uniform distribution [19].
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7.7.4 Fourth Basic Belief Assignment For Continuous frame

of Discernment () = [a, b]

Let A ={A=U",[x;,yillxi,ys € Q= a,b], vy; <1} The points [y/na, /nal
and [y/nb,/nb] do not lie in A. The fourth basic belief assignment (7.28) for

continuous uniform distribution is: For any A € A is ,

f(A)

A=y

By using indexing of subsets, A have index (z,y) where

Yo T+ e Yi B \/(_Z?:l Ti4 Y yi) — A )

Jn vn
= 2
Sy wijﬁZ?:l Yi n \/(_ D i1 fm\;%Z?:l yi) — A" i)
y =
2

with 2,y € [\/na,/nb]. The index (z,y) have enumeration x+(1/2)(x —+/na)(y —
v/nb). With this indexing (See Appendix B, Section 2), we have

I= f(A)

ACA

[ sty
vna y T

/fa y=x \/_<b—_wa)
n(b—a)?
—6 )

(7.76)
dxdy

Therefore fourth basic belief assignment becomes

f([=, y])
JacaF(A
6(y — x) _
(Vb — a))’

m([z,y]) =
(7.77)
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Putting values of z and y in this indexing and m([z, y]) as given above, we calculate
belief, commonality and plausibility functions by using (7.29), (7.30) and (7.31)

as:

Bel([e, d]) = / / ;qu,ywxdy

(7.78)

(b—a

/b
([e,d]) / / ([, y])dzdy
Vvna Jyd

[3v/nbe(y/n(b — ¢) — 3de(d — ¢) — 3ny/nab(b — a) + 3y/nad(d — sqrtna)] .
(Va(b - a))’

(7.79)

b

Pue.d)= [ [ e ey
_ [Bvnac(y/n(c — v/na) — 3nab(b — a) + 3/nbd(y/nb — d) + d3 — cg].

(a(b— )’

E

(7.80)

Lower and Upper Bounds of Distribution Function :-

Lower and Upper Bounds of Distribution Function are obtained by using (7.32)
and (7.33). We have Bel([a, k]) < p([a,k]) < Pl([a,k]) e

k3 — a® — 3ab(b — a) + 3bk(b — k)]

oo (7.81)

< p(la, k]) <
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Calculation of Lower and Upper Bounds of Raw Moments :-

Now we calculate raw moments based on probability, belief and plausibility of

subsets of Q0 = [a, b] by using (7.34), (7.35) and (7.36) as

[ [ st
/x a/y ) :c,yT )dyd:c

b b
b oy = / / (2,)" Bel([z, y))dydz
r=a Jy=x

’ ’ r Yy— 3
- Ly e

b
er / x ?J Pl x y])dydx
r=a Jy=x

(7.82)

(7.83)

/” /" y Bynax(yn(e = v/na) = 3nab(b — a) + 3v/nby(v/n(b — y) + Yy’ — 2%
- (Vb —a))’
(7.84)

Therefore the lower and upper bounds for raw moments are given by (7.9). Using
lower and upper bounds of raw moments, interval arithmetics ( Section 2.4), rela-
tion between raw and central moments (7.10), we obtain lower and upper bounds
for central moments. The lower and upper bounds of coefficients of skewness and
kurtosis are obtained by using equation (7.11), lower and upper bounds of cen-
tral moments and interval arithmetics (Section 2.4). Thus we obtain lower and
upper bounds of statistical quantities based on fourth basic belief assignment, for

continuous uniform distribution.
7.7.5 Fifth Basic Belief Assignment For Continuous frame
of Discernment () = [a, b]

Let A= {A=UPS"[x;, y]|zi, vs € [a,b], i < #i41}, union of at most ky subsets

of Q = [a, b]. The fifth basic belief assignment for continuous uniform distribution
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(7.37) is: For any A € A,
I
N Tt @

By indexing of subsets (See Appendix B, Section 3), subset A have index (z,y)
with

ko<n ko<n

{sz—l—z% (n—ko)a

ka<n ko<n 2 ko<n
sz+zyz n_kQ ) szyz
ko<n ko<n

{ZxﬂrZyl (n —k)a

J ZSCH-ZZJZ (n — k2)a) _4(\/5)(\/5(2 TiYi))}

Where z,y € [y/na,/nb] and (z, y) have enumeration z+(1/2)(z—+/na)(y—+/nb).
With this indexing, we have

I= f(A4)

/m
=/ ™ e yl)dedy
[

Ve e (7.85)
y—x

vna Jy=x \/_<b_a)
n(b—a)?

————dzdy

Therefore fifth basic belief assignment becomes

f ([, y])
Jaco F(A
6(y — :c)
(Vn(b—a))®

m([z,y]) =
(7.86)

As proceeding in above subsection, with this indexing, just obtained m([z,y])
and putting values of x and y as given above, we calculate belief, commonality

and plausibility functions of elements in A. Hence lower and upper bounds of
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distribution function and raw moments are given by

_ 13 3 _ 43 _ _ _
h—a)® (la.k]) < k3 — a® — 3ab(b ag + 3bk(b— k)] (787)
[b— a [b— a]
:u(t,Bel) ; < ; < M(/T,Pz) ; (7.88)
Frp) Frp)

Lower and Upper Bounds of Central Moments and Coefficients of Skew-

ness and Kurtosis :-

Using interval arithmetics (Section 2.4), lower and upper bounds of raw moments,
relation between raw and central moments (7.10), we obtain lower and upper
bounds for central moments. The lower and upper bounds of coefficients of skew-
ness and kurtosis are obtained by using equation (7.11), lower and upper bounds
of central moments and interval arithmetics (Section 2.4) for continuous uniform

distribution.
Future Scope :

All belief functions based on these basic belief assignments, are dependent on
probability of subsets. Therefore approximately all calculations are based on con-
tinuous probability density functions. This approach of obtaining basic belief
assignments can be generalized for countably infinite focal elements of continuous

frame of discernment.

7.8 Applications

In real life, continuous probability distributions have lot of applications. This
approach is helpful to obtain lower and upper limits of statistical quantities based
on continuous probability distributions. While obtaining these bounds, one should

be careful about interval arithmetics as it gives too much wide bounds.
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7.9 Conclusion

In past, approximately all authors have assumed that subset [x,y] of continuous
frame of discernment [a, b], as (x,y) as bivariate continuous probability distribu-
tion. This is one of the approach to obtain beliefs induced by univariate continuous
probability distributions. All belief functions based on these basic belief assign-
ments are probability functions approximately as all calculations are based on

continuous probability density functions.



Appendix A

Indexing of Subsets of Frame of

Discernment ©

V| Subset of © | V | Subset of © | V | Subset of © | V' | Subset of ©
00 16 | {e} 32 | {f} 48 | {e.f}

1 | {a} 17 | {a,e} 33 | {a,f} 49 | {a,e,f}

2 | {b} 18 | {b,e} 34 | {b,f} 50 | {b,e,f}

3 | {a,b} 19 | {a,b,e} 35 | {a,b,f} 51 | {a,b,e,f}

4 | {c} 20 | {c,e} 36 | {c,f} 52 | {c,e,f}

5 | {a,c} 21 | {a,c.e} 37 | {a,c,f} 53 | {a,c.e,f}

6 | {b,c} 22 | {b,c,e} 38 | {b,c,f} 54 | {b,c,e,f}

7 | {ab,c} 23 | {a,b,c,e} 39 | {a,b,c,f} 55 | {a,b,c,e,f}
8 | {d} 24 | {d,e} 40 | {d,f} 56 | {d,e,f}

9 | {a,d} 25 | {a,d,e} 41 | {a,d,f} 57 | {a,d,e,f}

10 | {b,d} 26 | {b,d,e} 42 | {b,d,f} 58 | {b,d,e,f}

11 | {a,b,d} 27 | {a,b,d,e} 43 | {a,b,d,f} 59 | {a,b,d,e,f}
12 | {c,d} 28 | {c,d,e} 44 | {c,d,f} 60 | {c,d,e,f}

13 | {a,c,d} 29 | {a,c,d,e} 45 | {a,c,d,f} 61 | {a,c,d,e,f}
14 | {b,c,d} 30 | {b,c,d,e} 46 | {b,c,d,f} 62 | {b,c,d,e,f}
15 | {a,b,c,d} 31 | {a,b,c,de} | 47 | {a,b,e,d,f} | 63 | {a,b,c,d,e,f}
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Appendix B

Indexing of Subsets of Continuous

Frame of Discernment

In this Appendix B, we index mainly three types of subsets of continuous frame
of discernment Q = [a,b] viz. subset [z,y] i.e. only one interval of 2, subset as
union of exactly n disjoint subsets of €2 and subset as union of at most n disjoint

subsets of 2.

B.1 Indexing of Subsets [z, y| of (2

The subsets of € of our interest are of the type [z,y]. Let A = {[z,y]|[z,y] C
Q, z < y}. Now we define a mapping A to T = {(z,y)la < x < y < b} such
that for each element [x,y] of A, we associate a number v = (z,y) € T. The
enumeration of (z,y) is sum of x and area of triangle shaded in yellow colour in 7.
i.e the enumeration of (z,y) is equal to sum of x and half of the area of rectangle

with sides x —a and y—a. Thus enumeration of (z,y) is x+(1/2)[(x —a)(y—a)].

231
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b

- (% v) B (x v) /

Y Y

=p>

FIGURE B.1: Indexing of subsets [z, y] of Continuous Frame of Discernment (2.

B.2 Indexing of Subsets A = U [z;,y;] in A

The subsets of € of our interest are of the type A = Ul [z;, y;]. :Let A ={A =
U, (i, i | fori # jlzs, vi] O [z;,y5] = 0} i.e A have elements of the type which
are union of exactly n disjoint intervals of 2 = [a,b]. Now we define mapping A
to T = {(z,y)|v/na < z <y < /nb} such that for each subset A = U™ [x;, y;]
of A, we associate a number v = (z,y) = > ., (z;,4;) € T. The enumeration of
(x,y) is sum of % The enumeration of (x,y) is equal to sum of %
half of the areas of rectangles with sides x; — a and y; — a. Thus enumeration of
(x,y) is x + (1/2)(x — /na)(y — v/na) and enumeration of > (z;,y;) is % +
(1/2)[>°%, (z; — a)(y; — a)]. Which on simplification gives

and

S xi\;_ﬁzyzl i \/(_ > xi\;%Z?:l yi) A )

T = 2
T R N 1 1 Tt i Y ’ n
- \/ﬁz"ly +\/<—Zl_1 ﬁzuy) — 4, wiys)
y= 2
Justification:

Now we obtain a single pair (z,y) for A = >~  (z;,y;) where each (x;,y;) have

enumeration as x; + (1/2)(x; —a)(y; — a) by generalizing the approach as discussed
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; b Ja JHib
b (Xn; ¥n) Jﬁ b

(Xz, yz:l (y)

(e, y1) v’ ’

X1 Jﬁa

FIGURE B.2: Indexing of subsets A = U} ,[x;,y;] of Continuous Frame of
Discernment ).

in above section 1. The some part of second term viz. Y . (x; — a)(y; — a) is
equivalent to sum of areas of right angled triangles with sides z; —a and y; —a and
which is equated to area of right angled triangle with sides z — ¢’ and y — ¢’ with
z < y. Here we have distinct values @ and «” as constant terms, are not necessarily

equal on both sides, in following equality. Therefore we have

n

(1/2)> (zi—a)(yi —a) = (1/2)(x —a)(y — a)
=1 (B.1)

=3 ) — ) = (¢ — )y — )
i=1

Which on simplification gives

Zn:xiyi - a(zn: :ci—l—zn:yi) +na?=ay—d(z+7y) +a”. (B.2)

i=1 i=1 i=1
On comparing, we get

i Ty = vy, aé i+ Zn:yi) =d(z+y), na®=d". (B.3)

i=1 i=1 i=1

on solving, we get

2

na® =a" = a = /na. (B.4)

Putting value of a’, we get

(Z T + Zyz') = Vn(z +y). (B.5)
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Therefore we have
D i Tit Zr‘il Yi -
x+y=== == and zy = Tili (B.6)
Hence
- Do Tit D Yi
NZD
Zn—l i + 21‘1—1 Yi -
and == == —yly = Ty
7 2 (B.7)
0 i Tit DY -
= — y; = 0.
y | N ly + ; iy
Which is quadratic in y. Therefore by quadratic roots, we have
n n n n 2
D i1 Ti T D T + (- Doim1 Ti T i m,) — 403" wy)
Vn Vn -
y= 5 (B.8)
Above two values of y gives values of x and y. But x <y implies that
n n n n 2
Do Tit D T — /(= 2im1 Vi T 2 i JEZ) — 407" my;)
\/ﬁ \/ﬁ i=1"1J (Bg)
v 2
Do Tit D T D1 Ti T 2 T ’ n
\/ﬁ + (_ \/ﬁ ) - 4(21‘:1 xzyz) (BlO)
y =

2

Here we will consider smaller value as x and larger value as y.

Note:- For n = 1, we get enumeration of (x,y) as explained in third basic belief

assignment.

B.3 Indexing of Subsets A = Ufﬁ”[mi, y;] in A

ko<n

The subset of our interest is A = {U23"[x;,y:]} € Q which is union of at most

ks < n disjoint intervals of 2 = [a,b]. Now we obtain a single pair (x,y) for



Appendix B. Indezing of Subsets of Continuous Frame of Discernment 235

A =32, ;) which is union of at most ky < n disjoint intervals of Q = [a, 8],
by same approach discussed in above section 2. Here each (z;, y;) have enumeration
x; + (1/2)(x; — a)(y; — a). The second term is equivalent to sum of areas of right
angled triangles with sides x; — a and y; — a. The sum of enumerations of (x;, y;)
is (x,y). The sum of areas of right angled triangles with sides equal to z; — a and
y; — a, is equated to area of right angled triangle with sides z —a" and y — ¢’ with
x < y. Here we have distinct values ¢ and a’, as constant terms are not necessarily

equal on both sides, in following equality. Therefore we have
ko<n
(1/2) Y (@i —a)(y; — a) = (1/2)(z — d)(y — @)

=1

i.e.
<n

Y (ri—a)yi—a)=(z—d)(y—d)

i=1
/
Here values a, a , z;, y; are known to us. Therefore we have to find values of x and

y only.

B.3.1 For ky =1
Consider (z7 —a)(y1 — a) = (x — v/na)(y — v/na). which on simplification gives
1y — a(xy + 1) + a® = 2y — Vna(x +y) + na’ (B.11)
On comparison, we get
vy =y, alzy+y1) +a® = Vna(z +y) + na® (B.12)
iLe. = (xy1)/y and (21 + 1) + a = v/n(x + y) + na. Combining, we get

(r1+y1) +a=vn((x1y1)/y +y) + na (B.13)
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On simplification, we get

Viy? = (z1+y — (n = 1)a)y + Vnziy =0 (B.14)

Which is quadratic equation in y. Therefore we have

Cwtu = (- Dak @t = (- Do)’ - 4VR) (Viaa)

y = VD) (B.15)

These two values of y gives values of x and y where x < y and value of z as small

as possible. Therefore we have

T1 4y — (n—1)a— \/(931 3 = (n—Da)’ —4(Vn) (Vi) (g )
2(v/n)

Cmtyp—(-lat \/(131 + 91— (n = Da)” — 4(v/n) (Vi) (B.17)

’e 2(v/n)

xr =

Note:- For n = 1, we get enumeration of (z,y) as explained in third basic belief

assignment.

B.3.2 For ks, <n

Consider Y125 (z; — a)(y; — a) = (¢ — v/na)(y — v/na). which on simplification

gives

ka<n ka<n ka<n

Z TilYi — a(z T + Z ;) + kea® = vy — v/na(z + y) + na®. (B.18)
=1 =1 =1

On comparing, we get

ka<n ko<n ko<n

Z Ty = vy, CL(Z x; + Z i) + kea® = v/na(z + y) + na’. (B.19)
i=1 =1 =1

on solving, we get
ko<n Zk‘zgn

B.20
2 ; (B.20)
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Therefore we have
ko<n ka<n k2<n
2+ -
Z i+ yi = v/n( 2z ? y 2 “+y)+na (B.21)
On simplification, we get
k2<n k2<n k2<n
\/_y - sz+zyz ’)”L—kg y+\/_ Zajzyz - <B22>
Which is quadratic in y. Therefore by quadratic roots, we have
ko<n ko<n
AR IR DL A Gt
B.23
k2<n k2<n 2 kZS'f'L ( )
+ ZZ‘MLZZ/@ (n—ka)a) —4(n)(Vn() | wyi)}
i=1
Above two values of y gives values of x and y. But x <y implies that
k2<n ko<n
; + Z Yi — TL — ]Cg
B.24
ko<n ko<n 2 ko<n ( )
- met Zyz (n—ka)a) —A(/m)(Vn(Y ziwi))}
i=1
k2<TL ]CQ<TL
{ZMZ% (n = k)a
B.25
ko<n ko<n 2 ko<n ( )

+ Z T+ Z yi — (n—ko)a) — 4(\/5)(\/5(2 z;y:))}

Here we will consider smaller value as x and larger value as y.

Note:- For n = 1, we get enumeration of (x,y) as explained in third basic belief

assignment.
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