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Abstract

In daily life, uncertainty plays an important role. Many branches of Mathemat-
ics deal with uncertainty. The Belief Function Theory is one of the important
branches of Mathematics dealing with uncertainty. This theory is pioneered by
A.P. Dempster in 1966. He introduced concepts of lower and upper probabilities
induced by multi-variate mapping. Later on, lower and upper probabilities are
known as the belief and plausibility functions, respectively. Hence, for any set,
the belief function and plausibility function are the lower and upper bounds of
the probability function of this set. there are two main branches of belief function
theory viz. discrete belief theory and continuous belief theory. there are several
applications of continuous belief theory in daily life. But to understand continuous
belief function theory, we must study discrete belief function theory as a process
of learning from a finite set to a countably infinite set and then to an uncountably
infinite set. Most Mathematicians and Statisticians have contributed to the devel-
opment of belief function theory viz. Glenn Shafer, Philippe Smets, F. Cuzzolin,
C. E. Shannon, Dezart, Smarandache, T.Deneoux, S. Ferson, H. E. Kyburg, J.
Sudano, J. M. Vannobel, R. R. Yager, etc.

Glenn Shafer has proposed a basic belief assignment induced by the probability
mass function of a discrete probability distribution. In this case, the basic be-
lief assignment of the singleton set is equal to the probability of the singleton set
and the basic belief assignment of the non-singleton set is zero. In this basic be-
lief assignment, the belief function and plausibility function are equal. We have
proposed a new basic belief assignment induced by the probability mass function
of a discrete probability distribution. For this basic belief assignment, the belief
function and plausibility function are the lower and upper bounds of the probabil-
ity function. Using these functions, theorems in Shafer‘s book[43], are modified.
Some such modified theorems are studied. Especially, some theorems mentioning
the relationship between the belief function, probability function, and plausibility

function are discussed.



Since for any subset of the frame of discernment, the belief function and the plau-
sibility function are the lower bound and upper bounds of the probability function.
The properties of summation of cardinalities of all subsets of the frame of discern-
ment are studied using recurrence relation. Using the result of the summation of
cardinalities and results from combinatorics, the results about the summation of
belief functions, commonality functions, and plausibility functions for all subsets
of the frame of discernment, are obtained. While obtaining these results, recur-
rence relations are used for identifying the repetition of patterns of elements in a
subset of the frame of discernment. Some relations between these summations are

explained.

It is customary that instead of having a single value of the statistical quantity,
it is always better to have an interval containing this single value of statistical
quantity. The endpoints of such intervals represent the lower and upper bounds
of statistical quantity. Many researchers have obtained lower and upper bounds
for several parameters as well as statistical quantities viz. Dempster A. P. [9-11],
Thierry Deneoux and Aregue Astride [5], Ferson S., Kreinovitch V., Ginzburg L.,
Myers D. S., Sentz K. [15], Kyburg H. E. [30], Jean Dezart and Florentin Smaran-
dache [13]. We have Dempster‘s result: Belief function and plausibility function
are lower and upper bounds of the probability function respectively. We define an
indexing function for a power set of the frame of discernment. Using Dempster‘s
result, summations of statistical quantities, and interval arithmetic, we have ex-
plained two methods to obtain lower and upper bounds of statistical quantities
viz. raw and central moments, coefficients of skewness, and kurtosis. These two

approaches are explained by an illustrative example with binomial distribution.

Also, we have applied the same approach and explained two methods to obtain
lower and upper bounds of statistical quantities for consonant focal elements by

using the indexing function for consonant focal elements in an embedding. These



two approaches are explained by an illustrative example with binomial distribu-

tion.

Using Dempster‘s rule of combination, Bernaulli has proposed his own combination
rules for the combination of simple support functions. Using our first new basic
belief assignment, we have proposed some simple support functions [24]. By us-
ing Bernaulli‘s rule, we have obtained modified combination rules for our defined
simple support functions with heterogeneous pieces of evidence, and conflicting
pieces of evidence with cases in two dimensions, three dimensions, and k- dimen-
sions. Here hyper-power set and super-power set of the frame of discernment is
used for the focus of simple support functions and their combinations. Here the
future extension of this theory is suggested for computing hyper-power sets and
superpower set for higher dimensions. Her super-power set consists of all possible
cases for subsets, being closed for union, intersection, and complementation. This
approach is explained by an illustrative example with discrete uniform distribu-

tion, binomial distribution, and Poison distribution.

The other main task is indexing subsets in the power set of the frame of discern-
ment. The index number of a subset in the power set of the frame of discernment
should increase as the size and alphabetical letters are introduced. The indexing

for consonant focal elements is straightforward.

To write this book, there are combinations of different branches of mathemat-
ics viz. set function theory, discrete distribution theory, measure theory, interval
arithmetic, and discrete and continuous belief function theory. The discrete uni-
form distribution, binomial distribution, and Poison distribution are considered
particular cases. Depending on the situation, we can replace these probability

distributions with any other suitable discrete probability distribution. The main



challenging part is to choose appropriate discrete probability distribution in a par-

ticular situation.

It is a great pleasure to publish this book as it is most applicable and appealing
to daily life, problems of human behavior, and problems of society. I hope that
this book is helpful to young researchers to introduce and implement their ideas
regarding belief function, probability function, and plausibility function. Also,
it helps solve problems in society and problems of accepting a value instead of a
particular expected value depending on the upper and lower bounds of the interval

containing this particular expected value.

14" March 2023 Dnyandeo Namdeo Kandekar
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Chapter 1

Introduction

1.1 Introduction

The notion of fuzzy sets is pioneered by Lofti Zadeh (1965), which emphasizes the
gap existing between the mental representation of reality and the usual mathe-
matical representation which is based on binary logic, precise numbers, differential
equations, etc. Mental representation exists through natural language such as high
temperature, young man, big size, etc. The power of expressibility of real numbers

is far beyond the limited level of precision found in mental representation.

Fuzziness occurs due to vagueness, imprecision, and uncertainty. Any notion is said
to be vague when its meaning is not fixed by sharp boundaries. There is gradual
degradation between the situations to which a vague notion is fully applied and
situations to which it does not apply at all. Imprecision pertains to so-called
measurable concepts and particularly metric properties. The imprecision stems
from the fact that any measurement yields results of limited accuracy. e.g. pV q
does not imply that whether p is true or ¢ is true. Uncertainty refers to the agent‘s
ability to claim whether a proposition holds or not. Partial belief is basically due to
incomplete or conflicting information. In probability theory, partial belief ranges
over the unit interval. In propositional logic, uncertainty is three-valued. e.g. sure

about the proposition, sure about its negation, and not sure about both. The type

2



Chapter 1. Introduction 3

of uncertainty modeled by probability is different from the type of uncertainty
modeled by propositional logic. Probability theory usually models uncertainty
resulting from conflicting, precisely observed pieces of information. Probability
theory models objective uncertainty whereas fuzzy set theory models subjective
uncertainty. Probability theory is a special case of fuzzy set theory. It is not clear
that uncertainty should be represented in the same way for inference purposes and

decision-making purposes.

Possibility theory, coined by Lofti Zadeh (1978), is at crossroads between fuzzy
sets and probability theory. The possibility theory is an approach to model flexi-
ble restrictions constructed from vague pieces of information described using fuzzy
sets. Also, possibility theory is the quantitative analysis of uncertainty in artifi-
cial intelligence based on fuzzy logic and fuzzy integral. Possibility theory equips
fuzzy set theory for sound comparison with probability theory viz. set functions,

conditioning, and independence.

Given a universal set X and a non-empty family A of subsets of X, a fuzzy measure

on (X, A) is a function p : A — [0, 1] satisfying following conditions

1 (@) =0and p(X)=1.

2 Forall A,B € A, if AC B then pu(A) < u(B).

3 For any increasing sequence A; C Ay C A3 C --- C A, C --- in A if
<, A; € A, then
limsoet(As) = (U2, Ay).
4 For any decreasing sequence Ay O Ay D A3 D --- D A; O --- in A if

<1 A; € A, then

[e.9]

limn%oo,u(Ai) = M( i:lAi)'

A fuzzy measure is called necessity measure Nec if and only if Nec(N;e;A;) =

infierNec(A;), for any family {A;|i € I} in A such that N;e;A; € A, where [ is an
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arbitrary indexing set. A fuzzy measure is called possibility measure Pos if and
only if Pos(U;erA;) = supierPos(A4;), for any family {A;|i € I} in A such that

UserA; € A, where [ is an arbitrary indexing set.

If X is finite then A = {A; C X|i € I}, where [ is an indexing set of power

set of X. The condition for necessity measure Nec becomes Nec(NierA;) =
min.{Nec(A;)|i € I'}. The condition for possibility measure Pos becomes Pos(U;cr4;) =
max.{Pos(A;)|i € I}.

Note that Nec(A) + Nec(A) < 1, Pos(A) + Pos(A) > 1, Nec(A) + Pos(A) =

1, min{Nec(A), Nec(A)} = 0, mazx.{Pos(A),Pos(A)} = 1, Nec(A) > 0 =
Pos(A) =1 and Pos(A) < 1= Nec(A) =0.

The concept ”Chance” is mathematically expressed by Kolmogorov whereas the
concept 7 evidence” is mathematically expressed by Shafer (1976). A chance
function ¢ : X — [0, 1] is a set function satisfying 0 < ¢(x) <land ) . q(z) =1,
where X is set of all outcomes z. The chance ¢(x) is equal to the proportion of

times that x occurs.

We know that experience increases with age. Whenever somebody faces some dif-
ficulty then generally he/she seeks advice from old and experienced persons from
their respective field. It suffices everybody to believe that usually old ( hence expe-
rienced usually) people are more able to select better decisions in decision-making.
There are two types of decision making viz. individual decision-making and group
decision-making. In individual decision-making, if a person is an expert then the
decision taken by him/her is usually a good decision otherwise the decision is not
good enough because it may be taken unknowingly or by ditto methods. In group
decision-making, if the group consists of not-too-good experts then the decision
taken by such group is not a good decision in most of the cases. Usually, a group
of good experts takes better decisions. On the other hand, even if a group consists
of good experts, the decision taken by them is not of the required quality due to
lacuna(s) among them. The lacuna(s) are present due to the absence of proper
communication. Such type of improper communication gives rise to divergence

in decision making e.g. If two experts are 95 percent correct in decision making
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then the decision taken combined may be up to 90 percent correct due to the
combination of their lacunae i.e. improper communication. If there exists proper
communication the decision taken combined may be 100 percent correct i.e. ideal
communication. With this, we should take precautions of proper communication
between experts keeping in mind that a little single hole is sufficient to sink a big
ship. Therefore a single improper communication hence decision may lead us to

the wrong path, which may be diverging from our optimal goal.

If a group consists of more experts then the quality of decisions improves under
proper communication. This is true only if a group consists of a sufficient i.e. op-
timal number of experts. The quality of the decision takes U- turn i.e. decreases
or requires more time irrespective of the quality of the decision if the number of
experts increases beyond the optimal number of experts in the respective group.
Under improper communication, the quality of the decision is inversely propor-
tional to the number of experts. Throughout further we will assume about proper
communication.

Opinion as Distribution: By experience, opinions become more and more ac-
curate. At the start, opinions are vague and biased. Biasedness and vagueness
decrease as the experience goes on increasing. While making decisions, experienced
persons apply different approaches. In several matters of distribution of things,
we seek advice or help from old experienced persons, who utilize their skills in
distribution so that all the persons involved in the event, are almost optimally
justified. Various distribution patterns are studied under a branch of statistics

viz. distribution theory.

1.2 Probability Distribution Theory and Belief

Function Theory

The Probability Distribution Theory studies various laws of probability dis-
tribution depending upon probability describing the situations. The books are
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written by Kendall and Stuart [28], Johnson, Kotz, and Balakrishnan (two vol-
umes ) [21] give detailed information regarding discrete and continuous distri-
butions. Every incident occurring in nature follows some probability distribution.
Some of the distributions are known by names of researchers, while some by promi-
nent properties or characteristics of defining function. The choice of suitable and
appropriate distribution(s) is an important part of the application of distribution
theory. We have some indicators for the choice of probability distribution depend-
ing on the characteristics of the concerned probability distribution i.e. waiting

time distributions and normal distributions etc.

Regardless of these indicators, it is possible to find a measure that measures our
belief related to given probability distribution. In belief function theory, the ax-
ioms of basic belief assignment are too much similar to a probability function.
But by observing it, we see that there are some differences between probability
function and basic belief assignment i.e. firstly, the probability of whole sample
space is one whereas basic belief assignment of whole sample space is less than
or equal to one. The belief function of the whole frame of discernment ( whole
sample space ) © is one. The belief of a set is the sum of basic belief assignments
of all its subsets, whereas the probability of a set is the sum of probabilities of

its all exhaustive subsets. The relation between belief functions and probability

functions is Bel(A) < P(A), VA C O [43].

Other functions like possibility functions ( at least one membership grade equals
one), plausibility functions, and necessity functions also play the role of measures,

and the relation between these measures is given in the following figure.

The ideas of belief functions, commonality, and plausibility functions are initially
described in detail by A.P. Dempster in his papers [9, 11]. The properties of belief,
commonality, and plausibility functions are discussed in detail in the book “ The
Mathematical Theory of Evidence ” by Glenn Shafer [43]. Belief functions and
necessity functions are super-additive and plausibility and possibility functions

are sub-additive. A branch of evidence theory that deals with consonant (nested)
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Fuzzy Measures

Plausibility Measures
Belief Measures T

Possibility
Measures

Probability
Measures

* Mathematical Theory of Evidence

FIGURE 1.1: Relations Between measures

focal elements only is necessity and possibility theory. Hence for consonant fo-
cal elements, belief functions, and plausibility functions are reduced to necessity

functions and possibility functions respectively.

As our problem is related to belief functions and their related functions, we will
concentrate mainly on belief functions. Many researchers have proposed trans-
formations from belief functions to probability functions and hence applied the
results of probability theory. Only a few researchers proposed a transformation
from probability theory to belief function theory and applied the results of belief
function theory. About our problem, firstly we concentrated on transformations

that convert probability functions to belief functions and vice-versa.

Smets [45, 46] proposed classical pignistic probability which transfers the positive
mass of belief of each non-specific element into the singletons involved in that

element split by the cardinality of the proposition when working with normalized
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basic belief assignments. The classical pignistic probability is given by

Betp(®) =0, and VX € 2°,

XnYy| m(Y) (1.1)
Z Y| 1 —m(0)

Betp(X) =

Y €20,Y 40

where 2° is the power set of the finite discrete frame of discernment ©. The
classical pignistic probability is generalized in DSmT' framework for normalized

bba and is proposed by Jean Dezart and Florentin Smarandache [13] and is given

by

Betp(0) =0, andVX € G® by,

_ CM(X N Y) (1'2)
Betp(X) = Yg@ o)

where G® corresponds to the hyper-power set including all the integrity constraints

of the model and Cr(Y) denotes DSm cardinality of set Y.

In 2007, a transformation has been proposed by Fabio Cuzzolin [8] and is given
by,
Vo, € ©, CuzzP(0;) = m(6;) + ﬂTNSM (1.3)
(] bl (] (] Z;L:]-A(QJ) M

where A(6;) = PU(0;) — m(6;) and TNSM = 3" 400 4151 M(A).

There are some important transformations such as :

1 John Sudano [48] has developed some transformations for approximating any
quantitative belief mass m(-) by a subjective probability measure based on
functions proportional to plausibility, to the normalized plausibility and all

plausibilities.

2 A transformation known as probabilistic information content based on Shan-
non entropy of discrete probability measure, as a metric depicting the strength

of a critical decision by a specific probability distribution.
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In the world of uncertainty, instead of having a single result value, we should al-
ways prefer an interval containing this result value. The same approach is applied
in the medical field as several counts of medical parameters are given as intervals
and they check that the observed count of the concerned medical parameter lies in
the respective interval. If the value of a medical parameter or characteristic lies in
the respective interval then we accept that the medical parameter or characteristic
is present at a desired level otherwise we reject it. In statistics, we accept or reject
the hypothesis based on degrees of freedom or tolerance. As the degrees of free-
dom or tolerance are changed, the respective interval also changes proportionally.
The question is that whether we can obtain interval for corresponding
statistical quantity with highest degrees of freedom or tolerance. Many
researchers have obtained lower and upper bounds for several parameters as well
as statistical quantities viz. Dempster A. P. [9-11], Thierry Deneoux and Aregue
Astride [5], Ferson S., Kreinovitch V., Ginzburg L., Myers D. S., Sentz K. [15],
Kyburg H. E. [30], Jean Dezart and Florentin Smarandache [13]. This is one of
the approach in obtaining lower and upper bounds of statistical quantities based

on our proposed basic belief assignment.
We give a summary of the succeeding chapters, as follows:

In chapter 2, we summarize the preliminaries of discrete belief functions, simple
and separable support functions with combination rules, statistical quantities viz.
distribution function, mean, variance, raw and central moments and coefficients
of skewness and kurtosis and rules of interval arithmetics. Glenn Shafer [43],
proposed a transformation from probability functions to belief functions with basic

belief assignment m : 2° — [0, 1] defined by

m({0}) = p({0}), vVOe®.

and m(A) = 0, for all non-singleton subsets of ©.

(1.4)

This proposed transformation is claimed to be unique. Also, Bel(A) = p(A) =
Pl(A), A CO. In [25], a transformation in the discrete frame of discernment is

proposed which transforms probability function to belief function with basic belief
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assignment

VACe. (1.5)

From our proposed basic belief assignment, we obtain belief function Bel with

Bel(A) < p(A) < Pi(A), YACO, (1.6)

Calculations justifying new transformation, are done. Some theorems about be-
lief function, commonality function, and plausibility functions are given. With
the help of newly defined transformation (1.5), result (1.6) and interval arithmetic
[34], lower and upper bounds of statistical quantities are obtained viz. distribution
function, mean, variance, raw and central moments and coefficients of skewness
and kurtosis In [26], with the help of newly defined transformation (1.5), result
(1.6) and interval arithmetic [34], lower and upper bounds of statistical quantities
are obtained for consonant focal elements. In [24], three simple support functions
are proposed based on the cardinality of the set and the probability of the set. With
these simple support functions, Bernaulli‘s rule of combination, and combination
rules for heterogeneous and conflicting evidence are modified. Also, generaliza-
tions of these combination rules to three dimensions and hence k -dimensions are

explained.

In chapter 2, preliminaries about discrete belief function theory, support functions,
homogeneous and heterogeneous evidence, discrete distribution theory, interval
arithmetics, consonant focal elements and their related belief functions, common-

ality functions, and plausibility functions are discussed.

In chapter 3, some results about the summation of cardinalities, the sum of belief
functions, the sum of commonality functions, and the sum of plausibility functions

are obtained.

In chapter 4, two methods of obtaining lower and upper bounds of statistical quan-
tities viz. mean, variance, distribution function, raw moments, central moments,
coefficient of skewness, and coefficient of kurtosis are discussed. The comparison

between these two methods is discussed.
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In chapter 5, two methods of obtaining lower and upper bounds of statistical
quantities for consonant focal elements viz. mean, variance, distribution function,
raw moments, central moments, coefficient of skewness, and coefficient of kurtosis

are discussed. The comparison between these two methods is discussed.

In chapter 6, some results about combination rules (Bernaulli‘s combination rule)
and homogeneous and heterogeneous evidence in hyper-power set and super-power

set in three dimensions hence for k dimensions are obtained.

Finally we provide a list of references.



Chapter 2

Preliminaries

2.1 Introduction

The number of elements in the given set is called the Cardinality of the set and
is denoted by |- |. All subsets of a given set are listed by its powerset. In [1, 2],
recurrence relations are used to calculate the next term in a sequence with the help
of a few previous terms. Here, we provide the necessary preliminaries about the
discrete belief function theory [16], the discrete probability distribution theory [37],
and interval arithmetics [35]. We also give formulae about series and their partial
sums and statistical concepts. The terminology used is mostly from Shafer‘s book

[16].

2.2 Discrete Belief Function Theory

Dictionary meaning of Frame of Discernment is a frame of good judgment
insight. The word discern means to recognize or find out or hear with difficulty.
From Shafer‘s book [16] and Gawn & Bell book [20], the frame of discernment ©
is

O = {01,05,...,0,) (2.1)

12
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then every element of © is a proposition. The propositions of interest are in one-
to-one correspondence with the subsets of ©. The set of all propositions of our

interest corresponds to the set of all subsets of ©, denoted by 2°.

If © is frame of discernment, then a function m : 2° — [0,1] is called basic
belief assignment or basic probability assignment whenever m(()) = 0 and
> ace™(A) = 1. The quantity m(A) is called A’s basic probability number
and it is a measure of the belief committed exactly to A. The total belief
committed to A is the sum of m(B), for all proper and improper subsets B of
A. A function Bel : 22 — [0,1] is called belief function or belief measure

over © and is given by Bel(A) =} 5, m(B).

If © is a frame of discernment, then a function Bel : 2° — [0, 1] is a belief function

if and only if it satisfies the following conditions

1. Bel(0) = 0.

2. Bel(0) = 1.

3. For every positive integer n and every collection Ay, As, ..., A, of subsets of
S

Bel(AyUA,U...UA) > > (=) Bel((A4).  (22)
1C{1,2, n} iel

A subset A of a frame O is called a focal element of a belief function Bel over
© if m(A) > 0. The union of all the focal elements of a belief function is called its
core . The quantity Q(A) = > pcg 4cpm(B) is called commonality number
for A which measures the total probability mass that can move freely to every
point of A. A function Q : 2° — [0,1] is called commonality function for
Bel. Also Bel(A) = Y 54 (=1)"PIQ(B) and Q(A) = 3= 5, (—1)!P'Bel(B) for all
ACoO.
Suppose Bel : 2° — [0,1] is the belief function given by basic belief assignment
m : 29 —[0,1]. Then

m(A) = > (=1)""F Bel(B); forall AC ©
BCA
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. Suppose C is the core of the belief function Bel over ©. Then the subset B C ©
satisfies Bel(B) = 1 if and only if C C B. Suppose Bel is a belief function over ©

and (@ is a commonality function. Then

Bel(A) =Y (-1)PQ(B) (2:3)
BCA
and
Q(A) = 3" (—1)/"'Bel(B) (2.4)

for all A C ©. Suppose C is the core and () is the commonality function of a belief
function over ©. An element 6 € © is in C if and only if Q({0}) > 0 . If we know
Q(A) = kq(A), for all A C O, where ¢ : (2° — {0}) — [0, 00) is known function

but k is unknown, then we calculate k as

k= (3 (—)AHgay) (2.5)

AC©O
AFD

Degree of doubt :

Dou(A) = Bel(A) and PI(A) = 1 — Dou(A) = 1 — Bel(A) = > m(B) (2.6)
ANB#0D

which expresses the extent to which one finds A credible or plausible [43].

A function p : © — [0, 1] is called probability function [7] if

1VvoecoO, 0<p(@) <L

2 p(©) =1

Also p(A) = > pcap({0}). If p({0} = m({0}) then p is basic belief assignment. A

set function p : 22 — [0, 00| is a measure if it satisfies following three conditions:

1. u(A) €0,00], forall ACO.

2. (@) =0.



Chapter 2.  Preliminaries 15

3. Additive Property : For collection A, Ay,..., A,,...,

pURA) = > (D) (e, 4)). (2.7)
Ic{1,2,..., n,...}
I#£0

The measure is finite or infinite as u(0) < oo or u(O) = oco. It is probability
measure if 4(0) = 1 [7]. In the context of probability measure, the belief function
and plausibility function are initially named as lower probability function and
upper probability function respectively [9, 11]. Therefore, the relationship between

the belief function, probability function, and plausibility function is given by
Bel(A) < p(A) < PI(A), YACO (2.8)

In Shafer‘s book [43], we have Bayesian belief function as: If © is frame of dis-

cernment then a function Bel : 2° — [0, 1] is called Bayesian belief function
if

1 Bel(0) =0,

2 Bel(0) =1,

3 Bel(AU B) = Bel(A) + Bel(B) whenever A,BC © and AN B = (.
Suppose Bel : 2° — [0, 1] is belief function. The following statements are equiva-
lent:

1 Bel is Bayesian.

2 All of Bel's focal elements are singletons.

3 Bel awards a zero commonality number to any subset containing more than

one element.

4 Bel(A) =1— Bel(A) for all A C ©.
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Some other basic belief assignments are Classical Pignistic Probability [45, 46],
Sudano’s Probabilities [47-49], Cuzzolin’s Intersection Probability [8], Shannon
Entropy [44], the Probability Information Content [48].

2.2.1 Belief Function by Glenn Shafer
In Shafer‘s book [43], a belief function induced by probability density function is
given by the following theorem:

Theorem 2.1. A function Bel : 2° — [0,1] is a Bayesian belief function if

and only if there exists a probability density function p : © — [0,1] such that
S pcop(0) =1 and Bel(A) =3y, p(0) for all A C ©

Note:- If above such Bayesian belief function exists then it is unique and is
given by p(#) = m(0). If © = {60,605,...,0,} is a frame of discernment ( in dis-
crete probability distributions, © is population space) then

p(A) If A is singleton
m(A) = ) (2.9)

0 otherwise

Here >0 p(6;) = 1.

2.2.1.1 Belief of Subset of ©

Let A C O, then by definition of belief of set A and (2.9), we have

Bel(A) = Y m(B) = p(A). (2.10)

BCA

Therefore Bel(A) = p(A),VA C ©.

Note that:
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1 Bel(0) = p(0) = 0.

2 Bel(©) =p(©) =1.

3 Bel({6,})) = m({6;}), V6O .

4 For any subset A C ©,0 < p(4) < 1= 0 < Bel(A) < 1.

5 Bel is a probability measure.

6 ZAQ@ Bel(A) = ZAQ@ p(A) =2

2.2.1.2 Commonality of Subset of ©

Let A C ©. By definition of commonality of subset A and (2.9), we have

(

m(A) if A is singleton set.

Q(A) =11 if A=0. (2.11)

0 otherwise.
\

which is clear by definition of m, since basic belief assignment (bba) of non-singleton

set, including () is 0. For any non-empty subset A C O, consider

Z QA) = Z m(A),if A is singleton set

g Aceo
=Y " m({6:}) (212)
0,€0
=1

Also, Q(0) = 1.
Therefore, > 1o Q(A) = > )10 QA) + D 1co @A) =1+ 1=2.
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2.2.1.3 Plausibility of Subset of ©

Let A C ©. By definition of plausibility of subset A and (2.9), we have

= Z p(B), if B is singleton set (by definition of m) (2.13)
ANB#)

=p(A)
Note that

1 For any subset A C O, Bel(A) = PI(A).

2 Y uce PU(A) =3 4co Bel(A) =271

3 By (2.5), we have
Q(A) = rq(A)

where (Q(A) = commonality of A
K = constant
q(A) = function ¢ : © — [0, o0].
Here we can take k = 1 = constant and q(A) = m(A) where m : 2° —

[0,1] C [0, 00] with A maps m(A).

2.2.2 The Discrete Probability Distribution Theory

For discrete distribution, the probability mass function p : © — [0, 1] have prop-

erties:

1 0<p({a}) <1,V{a} €O.

2 0<p(A)<1,VACO.
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3 Z{a}é@p({a}) =1

If |©] = n then every element in the frame of discernment © is repeated exactly
2"~ number of times and the sum of probabilities of all subsets of © is 2"~!. Now,
let A= {{a1},{az},...,{a,}} C ©. Indiscrete space, since singletons are disjoint,
the intersection of any number of singleton subsets of © is always an empty set.

Therefore we have basic probability assignment [25] as:

Theorem 2.2. A function m : 2° — [0, 1] is defined by

s a basic probability assignment, where A is the subset of ©, n is the cardinality of

©, and p(A) is the probability of A by discrete probability distribution under study

[25].

If p(0) = 0 then Bel(d) = 0 and PI(0) = 0 hence Bel(0) = p(0) = PI(}) = 0.

2.2.3 Dempster‘s Combination Rule

Suppose Bel; and Belsy are belief functions over the same frame of discernment O,
with basic probability assignments m; and ms and focal elements A, A, ..., A;

and By, By, ..., B, respectively. If ZA‘ o mq(A;)mo(B;) < 1, then the function

Bj:

m : 29 — [0, 1] defined by m(0) = 0 and

o wi mi(Ay)ma(B;))

A;NBj=A

m(d) = 1 2. g ma(Ai)ma(B;)

(2.14)

A;NBj=

for all non-empty A C O, is a basic belief assignment. The core of the belief

function given by m is equal to the intersection of the cores of Bel; and Bels [43].
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2.2.4 Simple and Separable Support Functions

2.2.4.1 Simple and Separable Support Functions

We have embedding of belief functions as:

stmple separable
support belie f
support C support C - (2.15)
function function
function function

Evidence supports many propositions discerned by a frame of discernment © but
in different degrees. Suppose evidence points precisely and ambiguously to a single
non-empty subset A of ©. The effect of evidence is to provide a certain degree of

support s for A with 0 < s < 1.
Let s be a degree of support for A with 0 < s < 1. The simple support function
S : 29 —[0,1] is defined as

(

0 if B does not contain A
S(B)=14{s if B contains A but B # ©. (2.16)

1 ifB=06

\

Here S(B) is the degree of support for B C ©. The function S is a simple support
function focused on A. We convert S into a belief function by assigning basic

Probability numbers

y

S(A) ifC=A
m(C)=q1-5(4) ifC=6 (2.17)

0 otherwise.

\
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1.
ma(©) ANn@=A ONo=0
52
ma(A) AnA=A OnA=A
0 5 1
malA) m:(©)

FIGURE 2.1: Bernoulli rule of Combination.

2.2.4.2 Bernoulli‘s Rule of Combination [16, 20]

Suppose one body of evidence has a precisely supporting effect for set A C O
with degree s; and the other completely separate body of evidence has precisely
supporting effect A to degree s. Then degree of supporting A by these two bodies
of evidences together is 1 —(1—s1)(1—s5) with m(0) = (1—s;)(1—s3). Bernaulli‘s

combination rule is special case of Dempster‘s combination rule.

The degree of support for various propositions discerned by a frame © must be
determined by the weights of the items of evidence attesting to those various
propositions. If the evidence points precisely and ambiguously to a single subset
A C O then the degree of support for A must be completely determined by the y
weight of that evidence. The degree of support for A must be further action of the
weight of evidence pointing to A. The relation between the weight of evidence (w)
which supports A and the degree of support s for A in the corresponding simple
support function, is

s=1—e", (2.18)

wa here c¢ is negative constant (usually taken as ¢ = —1). Here 0 < s < 1 and

0<w< .
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1-s; Committed to A Uncommitted
Sy Committed to ANB] Committed to B
S1 1-5

FIGURE 2.2: Heterogeneous Evidences.

2.2.4.3 Heterogeneous Evidences [16, 20]

Suppose ANB # (). Let S; be a simple support function focused on A with S;(A) =
s1. Let Sy be another simple support function focused on B with S3(B) = s,. The

orthogonal sum S = S; & 55 focused on A U B, have basic probability numbers
m(AﬂB) = 8182,771(14) = 81(1-52),771(3) = 82(1-81) and m(@) = (1—81)(1—52).

Therefore

.
0 if C' does not contain AN B
5189 if C' contains A N B but neither A nor B
$1 if C' contains A but not B

S(C) =<

S9 if C' contains B but not A
1 —(1—s1)(1—sy) if C contains both A and B and C' # ©
1 ifC =0

\

(2.19)
for all C' C ©. Note that 1 — (1 — s1)(1 — s2) = $1 + 52 — 5152 [16, 20].

2.2.4.4 Conflicting Evidences [16, 20]

If ANB # () then the combination of pieces of evidence pointing to A and evidence

pointing to B is simple as compared to AN B = () i.e. the bodies of evidence are
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1-5; Committed to A Uncommitted

sy Committed to ¢ * Committed to B

S1 1-51

F1cUrE 2.3: Conflicting Evidences.

heterogeneous as well as conflicting and effect of one body of evidence decreases the
effect of other body of evidence. While applying Dempster‘s rule of combination,
we eliminate the lower-left rectangle ( see the figure of conflicting evidence) and
increase the measures of remaining rectangles by multiplying factor 1—;5132 Let
S1 be a simple support function focused on A with S;(A) = s;. Let Sy be a

simple support function focused on B with Sy(B) = s5. The orthogonal sum

S =5, @ S; focused on AU B have basic probability numbers:

;

0 ifC=40
M O =A
m(C) = 70152 (2.20)
52l = 51) ifC=n8
1— S159
Lms)l=s) o
\ 1— S1S52
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The orthogonal sum S of simple support functions S; and Sy focused on A U B,

is given by
(
0 if C' contains neither A nor B
% if C contains A but not B
S(C) = q 2= if C' contains B but not A (2.21)

1—s189

silzse)tsa(l=s1)  if (7 contains A and B but C' # ©

1—s152

1 itC =0

\

for all C € ©. Note: If AN B = () then the combination of evidence pointing
to A and evidence pointing to B is simple as compared to AN B ==# (). The effect
of one body of evidence decreases the effect of another body of evidence. While
applying Dempster‘s rule of combination, we eliminate the lower-left rectangle (
see the figure of conflicting evidence ) and increase the measures of the remaining
rectangles by multiplying factor 1—;8152 The above orthogonal sum does not
exist if and only if s; = sy = 1. By introducing the second body of evidence, the
degree of support for A is reduced to 31_—82. The weights of evidence pointing

— 5159
to A and B are w(A) and w(B) respectively. We have relations

s;=1—e"Wand sy =1— e P
. Solving above equations for w(A) and w(B), we get
1-5(B
w(A) = In( S(B) ) (2.22)

1-S(A) - S(B))

and
1—-S(A)
S(A) = 5(B)

w(B) = In(-— ). (2.23)
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2.2.4.5 Separable Support Functions

A belief function is called separable support function if it is a simple support

function or equal to the orthogonal sum of two or more simple support functions.

S:‘Sl@SQ@y“' a@s’n'

where n > 1 and each S; is a simple support function [16, 20]. This representation
is unique since Dempster‘s rule of combination is commutative and associative. In
[27], simple support functions S;, i = 1,2, are the based on probability of discrete
probability distributions for Bernaulli‘s rule of combination for two pieces of evi-
dence. In [23], generalization for Bernaulli‘s combination rule, weights of evidence,

and heterogeneous evidence with simple support functions based on probabilities
p(A)

of discrete probability distributions are studied: For any A C O, m(A) = i1

2.2.5 Super-Power Set

A set 29 is called the powerset of O if it is closed for the union of subsets of ©.
A set D® is called a hyper-power set of © if it is closed for union and intersection
of subsets of ©. A set S© is called a super-power set of © if it is closed for union,

intersection, and complementation of subsets of © [12, 20].

2.3 Consonant Basic Probability Number [26]

A belief function is said to be consonant if its focal elements are nested i.e. if its
focal elements can be arranged in order such that each is contained in the following

one.

Theorem 2.3. [/3] Suppose © is a finite set. Then a function S : 2% — [0,1] is

a consonant support function if and only if S obeys these three rules:

1 5) =0,
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2 5(0)=1.

3 S(ANB) =min(S(A),S(B)) for all A,B C ©.
Theorem 2.4. [43] Suppose © is a finite set. Then a function Bel : 29 — [0, 1]
is a consonant support function if and only if Bel(©) = 1 and the function Dou :
29 — [0,1] given by Dou(A) = 1 — Bel(A) obeys these two rules :

1 Dau(A) = ZZZDOU({G}), for all non-empty A C ©.

2 There ezists 0 € © with Dou({0}) = 0.

Here we have a transformation that transforms the probability mass function into
a basic probability number hence the belief function for consonant focal elements.
Let p(z) and P(X < z) be the probability density function and distribution func-
tion of probability distribution under study respectively. We know the hat dif-
ferentiation of distribution function P(X < z), is a probability density function
p(x). If some subset A = {a;,a;,ar} of © = {a1,as,...,a,} is of our interest.
WOLOG assumes that A is a subset of © and whose probability is a distribution
function for some z = s ie. p(A) = P(X < s). Here we have to concentrate
on the important condition that ¢, j, and &k are in some order i.e. starting values
of X are 7, all are in some order and all are less than n. If this condition is not
satisfied then we have to search for another probability distribution in which 7, 7,
and k are successive in some order. Therefore firstly the subset A should be chosen
and according to other order of occurrence of its elements, we have to search for

probability distribution in which I, j, and k£ are in some order.

For consonant basic probability assignment, its focal elements are nested. Without
loss of generality, we assume the following embedding of focal elements satisfies

our requirement :

{a1} C{ar, a2} C{ay,a9,a3} C--- C{ay,as,...,a.} C{ay,aqs,...,a,} = O

(2.24)
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We have a consonant basic probability number,

~ p(4)
m(d) =22 (2.25)
where K = nxp({a1}) +(n—1)xp({as}) + (n —2) xp({as}) + - +2*p({an—1}) +

p({an}).
Note that m(f) = 0 as p(@) = 0. Also }_,-gm(A) = 1. We have e following

functions related to this basic belief assignment as:

Consonant Belief Function [26]:

If |A] = r and |©] = n then number of subsets of A containing {a;} are r,
containing {a;,as} are r — 1, containing {a;,as, as} are r — 2, ..., containing
{ai,as,...,a;} arer — (k+1), ..., containing {ay, as,...,a,_1} are 2, containing
{a1,as,...,a.} is 1. The belief function of set A = {a;,aq,...,a,} is
= .
Bel(A) = E;qm(B) == {a;m (r — D)p({ai})- (2.26)

=0

Now, consider

S B = = 3 dpl{a))

ACO ACO {a;:i(E)A; (227)
I &r(r+1)
K ; 5 p{an-e-1})-

Consonant Plausibility Function [26]:

By the above embedding, we observe that for any subset A, subsets of © are either
a subset of A or supersets of A, therefore, they have non-empty intersections i.e.
for any two subsets of O, except (), have non-empty intersections hence every

subset of O, except (), have a non-empty intersection with A. Therefore formula
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for plausibility function becomes

PI(A) =m({a1})+m({a1,a})+m({ar, az,a3})+- - -+m({a1,a2,as,...,a,}) = 1.
(2.28)

Now,

> Pi(A)=n, > P(A)=mnp(ar)+(n—1)p(as)+---+2p(an_1) + 1p(an) = K.
ACO ACO
(2.29)

2.4 Some Statistical Quantities

In statistics, some concepts viz. distribution function, expectation, variance, stan-
dard deviation, skewness, and kurtosis play important roles in the determination
of the nature of probability distributions. We have a result about the belief func-
tion, probability function, and plausibility function (2.8) as Bel(A) < p(A) <
PI(A), VA C O [9,11]. Now we introduce variable V' whose values correspond
to subsets of ©. Applying these concepts for basic belief assignments induced by
probability mass function, values of the above statistical quantities are obtained
similarly to concepts in statistics. Finally, we conclude in terms of subsets of ©
instead of values of variable V. Here we find that the quantities obtained with the
help of basic belief assignment m(V') are proportional to quantities obtained with

the help of probability mass function p(V') for probability distributions.

In discrete probability distributions, to calculate distribution function F'(x), raw
moments /., central moments 1, and coefficients of skewness and kurtosis based
on central moments, we refer to Billingsley [7] and Bansi Lal and Sanjay Arora
book [31]. We have some statistical quantities with formulae as :

1 Distribution Function= P(z) = p[X <z] =>"%_,p(X).

2 Mean=Expectation of X = E(X) = "%_, Xp(X).

3 rth raw moment = p, = BE(X") = > %_, X"p(X).
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4 ' central moment = u, = E((X — E(X))") =Y %_, (X — E(X)) p(X).
5 Variance = Var(X) = E(X?) — (E(X))’.

6 Standard Deviation = ox = /Var(X).

12 12
7 Coefficient of Skewness = 3, = —g, v = —g
K Ha

2

8 Coefficient of Kurtosis = 5, = 'u—;l, Yo = 'u—;l - 3.
Ha Ha

Necessary series results are referred from Hall‘s book [19].

2.4.1 Indexing of subsets of © and Some Statistical Quan-

tities

To apply statistical concepts for our defined basic belief assignment, we apply
indexing of subsets of © as follows:
Let © = {0,,65,...,0,} hence |©| = n. The number of subsets of © is 2". We

define indicator function as :

0 ifo, &A
For any subset A of ©,14(6;) = (2.30)
1 ifg, e A.

If A={60;,0;,6,,0.,0,,0,} then indexing number of A in O is

v = Z T4(0;)27 1 = 2771 ok=1 4 ol=l | gm=1 4 op=1 | 9q-1 (2.31)
=1

10<v<2" -1,
2 v = 0 corresponds to 0.

3 v=2"—1 corresponds to ©.
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4 Any value in between 0 and 2" — 1 corresponds to proper subset of ©.

5 Indexing of subsets of © helps in obtaining statistical quantities as it does

not affect the results of statistics and mathematics.

With this indexing of set, we obtain some statistical quantities [6] as :

1 Distribution Function: P(z) = P[X < z].

(\]

Expectation of V =Mean: E(V)=Y7_' Vp(V).

3 7 raw moment : u, = E(V") =30 Vp(V).

4 7' central moment : pu, = E(V — E(V))") =32 (V - E(V))p(V).
5 Variance : Var(V) = E(V?) — (E(V))%.

6 Standard Deviation : oy = /Var(V).

13 13
7 Coefficient of Skewness = 3, = —g, Y= —g
2 2
8 Coefficient of Kurtosis = 5, = 'u—;l, Yo = ’u—;l - 3.
Ha Ha

The necessary information about probability mass function, distribution function,
raw moments, central moments, and coefficients of skewness and kurtosis, are

referred from Bansi Lal and Sanjay Arora’s book [32].

2.5 Interval Arithmetics

Interval arithmetic operations are useful to do calculations with intervals. We have
interval arithmetic [36] as:

Let X = [X,X] and Y = [Y,Y] be any intervals, in set of real numbers. Here
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X =inf{r:z € X} and X = sup{z : v € X}. Therefore X and X are lower and

upper bounds of X respectively. The computations with intervals are as:

X+Y=X+Y, X+Y]

X/Y =

X-Y=[X-Y,X-Y] (2.32)
X .Y = [Min.S,Maz.S], where S ={XY XY, XY, XY}
(XTI gy
[—00, 0] if 0 € [X,X]and 0 € [Y,Y]
(X /Y, o] if X <0and Y =0
[—00, X/Y|U[X /Y, 00] ifX<O0andY <0<Y
[—00, X /Y] if X <0and Y =0
B o (233)
[—00, 00] fX<0<XandY <0<Y
[—o00, X /Y] if X>0and Y =0
[—00, X/Y|U[X/Y,0] ifX>0andY <0<Y
(X /Y, o] if X>0and Y =0
U if0ZX <0< X]andY =0
f(X) ={f(z)]x € X}.
| X| = maz.{X, X}.
([X”,Yn], if X > 0ornisodd

X" — {{L‘n|ZL‘ c X} — [7”7Xn]

Y

[0, 1X17,

\

if X <0 and nis even -

if 0 € X and n is even

(2.34)



Chapter 3

A Note on Summation of
Cardinalities, Belief Functions,
Plausibility Functions, and
Commonality Functions Induced
by Probability Mass Function of
Discrete Probability Distribution

3.1 Introduction

For any subset of the discernment frame; the belief function and the plausibility
function are lower and upper bounds for the probability function respectively. By
replacing the probability function with its lower and upper bound, we get the
lower bound and upper bound of statistical quantities such as mean, variance, raw
and central moments, coefficient of skewness and coefficient of kurtosis, and so on.
Now, it becomes important to study some results about the probability function‘s

lower bound (belief function) and upper bound (plausibility function).

32



Chapter 3. A Note on Summation of Cardinalities and Belief, Plausibility, and Commonality
Functions Induced by Probability Mass Function of Discrete Probability Distribution 33

In section II, using the method of generalization, a result about the summation
of cardinalities of all subsets of the set having cardinality n. In section III, using
this recurrence relation, a result of the summation of cardinalities of set having
cardinality k+1 hence for cardinality n. In section IV, the question is raised
about the set having denumerable and countably infinite cardinality. In section
V, using the basic belief assignment of interest and results from the discrete belief
function theory and the discrete probability distribution; a discussion about the
summation of belief functions, commonality functions, and plausibility functions of
all subsets of the set having cardinality up to 5 is explained hence for cardinality
n, in section VI. In section VII, the result of the summation of commonality
functions of all subsets of the set having cardinality n is obtained. Also, the result
about the relation between the summation of belief functions and the summation
of commonality functions of all subsets of the set having cardinality n. In section
VIII, the result of the summation of plausibility functions of all subsets of the
set having cardinality n is obtained. In section IX, the conclusion is quoted, and
in section X, the relevance and applications of the existing theory are explained.
Finally, references are provided. The main aim is to identify patterns present in
the result for the subset having cardinality k£ and the subset of cardinality k& + 1

containing this subset having cardinality k.

3.2 Recurrence Relation in Summation of Car-

dinalities of Subsets

Theorem 3.1. If cardinalities of subsets Ay and Api1 of discernment frame ©
are k and k + 1 respectively, where Agyq is obtained from Ax by adding one more
element, then recurrence relation between the summation of cardinalities of all its
subsets of Ay and A1 is Dy = 2D, +2F, k=0,1,2,3,4,5, ..., where Dy, is the

sum of cardinalities of all the subsets of Aj having cardinality k.

Proof: Here by considering some initial values in the generalization principle, we

obtain a formula for the summation of cardinalities of all subsets of a given set.
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Case 1: |[A] =0

Here A is empty set ) and empty set has only one subset viz. empty set () itself.
Thus, the summation of cardinalities of all subsets of A is 0.

Case 2: |A| =1

Here A = {a} have two subsets viz. empty set () and A itself. Thus, the summation
of cardinalities of all subsets of A is 1.

Case 3: |A| =2

If A= {a,b}, then A has the following subsets with cardinalities as shown below:

Subset 0 {a} {b} {a,b} Z||

Cardinality 0 1 1 2 4.

Thus, the summation of cardinalities of all subsets of A is 4.
Case 4: |A| =3

If A= {a,b,c}, then A has the following subsets with cardinalities as shown below:

Subset 0 {a} {8} {} {ab} Ao} {be} Ao} |-

Cardinality :0 1 1 1 2 2 2 3 12

Thus, the summation of cardinalities of all subsets of A is 12.
Case 5 |A| =4
If A= {a,b,c,d}, then A has the following subsets with cardinalities as shown

below:

Subset 0 {a} {b} {c} {d} {a,b} {a,c}

Cardinality : 0 11 11 2 2
Subset o A{a,d} {b,c} {b,d} {¢,d} {a,b,c}  {a,b,d}
Cardinality : 2 2 2 2 3 3

Subset o A{a,e,d}y {bye,d} {a,b,c,d} Z||
Cardinality : 3 3 4 32
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Thus, the summation of cardinalities of all subsets of A is 32.

Case 6: |[A| =5

If A = {a,b,c,d} then A has the following subsets with cardinalities as shown

below:

Subset
Cardinality
Subset
Cardinality
Subset
Cardinality
Subset
Cardinality
Subset

Cardinality

Subset

Cardinality

{a,b}

{b, e}

{a,b, ¢}

{b,c,e}

{a,b,d, e}

4

{a} {0}

1 1
{a,c¢} {a,d}
2 2
{c,d} {c,e}

2 2
{a,c,d} {a,c,e}
3 3
{b,d,e} {c,d,e}
3 3

{a,c,d,e} {b,c,d e}

4 4

{c} {d}
1 1
{a,e} {b,c}
2 2
{d,e} {a,b,c}
2 3

{a,d,e} {b,c,d}
3 3
{a,b,¢,d} {a,b,c,e}
4 4

{e}

{b, d}

{a,b,d}

{a,b,c;d. e} D |-

5 80

Thus, the summation of cardinalities of all subsets of A is 80. In short, we have

A

oI

1 4

12 32 80.
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The pattern that occurred in the above process can be visualized as:

0
0 1
0 1 12

01 11 22 23
01 11 12 22 22 23 33 34

01 11 11 22 22 22 22 22 33 33 33 33 33 44 44 45

We observe that the pattern in the line above, is present in the line below and
the remaining pattern also contains the same number of elements. This remaining
pattern can be obtained from a pattern in the line above by adding 1 to every
element. Since such pattern in the line above consists of 2* elements and 1 is
added to every element pattern in the line above to get the remaining pattern and
finally, we have written both patterns combined in ascending order. Therefore we
have added 2% for obtaining the remaining pattern for the next cardinality. Here
pattern for the previous cardinality (i.e. pattern in the line above) is repeated
twice. In these repetitions, one pattern in the line above is kept as it is, and in
the remaining pattern, we have added 1 to every element of the pattern for the
previous cardinality ( i.e., the pattern in the line above). Thus, the pattern for

the next cardinality (pattern in the line below) is given by

Dii1=2D,+2F k=0,1,2,3,4,5,.... (3.1)

Where Dy, is the sum of cardinalities of all subsets of A having cardinality k.

By putting values k& we can verify the above relation with earlier discussion viz.

Dy=0,Dy=1,Dy=4,D3 =12,D, = 32, D5 = 80 and so on.
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3.3 Formula for Summation of Cardinalities of

Subsets

Now, we obtain explicit formula to get the summation of cardinalities of all subsets

of a given set.

Theorem 3.2. If cardinality of subset A1 of discernment frame © is k+ 1 then

summation of cardinalities of all its subsets is Dyy1 = (k + 1)2F.

Proof: Consider recurrence relation

Dy1 = 2Dy, +2F
=2(2Dj_, + 271 + 2F
= 22Dk — 1+ 2(2%)
= 22(2Dk — 2 + 2F72) 4 2(2%)
= 28Dy + 28 +2(2F)
= 22Dy + 3(29)
= 23(2Dy_3 + 2°7%) + 3(29)

=2'Dy_3 + 2" 4+ 3(2)

D1 = 2*Dy_3 + 4(25)

— Q(k_l)—HDkf(k—l) + k’(?k)
= 2"Dy + k(2%)
= 25(1) + k(2%)

= (k+1)2".

Therefore, Dy, = (k + 1)2F.
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Remark: Above formula satisfies Dy = 0,D; = 1,Dy = 4,D5 = 12,D, =
32, D5 = 80 and so on i.e. equation (3.1).

Thus, we have an explicit formula to get the summation of cardinalities of all

subsets of a given set of cardinality n as:
f(n)=n2""1 n=0,1,234,5,.... (3.2)

where; n is the cardinality of a given set and f(n) is the summation of cardinalities

of all subsets of a given set.

3.4 Generalization to Further Sets

Above formula is useful and gives an appropriate answer if n is finite. If we take
n as countably infinite i.e. denumerable then we have a cardinality of an infinite
set as Ny (aleph not). We have result showing relation between R, and continuum
C as: 2% = C [38, 41]. Keeping these results in mind and applying our formula

for n to the countably infinite set then we have
F(Rg) = V2% = R2% = RyC' = C.
It raises a question: whether this concept can be extended to higher cardinalities

. C
viz. 2¢,2%" and so on.

3.5 The Summation of Belief, Commonality, and

Plausibility Functions

Here, we use basic probability assignment m : 2° — [0, 1] defined by
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where A is the subset of O, n is the cardinality of ©, and p(A) is the probability of
A by discrete probability distribution under study [25]. We consider some simple

cases and apply the principle of generalization.

Case 1: [A| =1

Let A ={a}.
Sr. No. | Subset of A | |-] | m(-) | Bel(-) | q(-) | Pl(-)
1 0 0 0 0 1 0
2 | {a} 1|1 1 1| 1
Total 1 1 1 2 1

Case 2 : |A| =2

Let A = {a,b}.
Sr. No. | Subset of A | ||| m(-) | Bel(-) | q(-) | PI(-)
1 0 0 0 0 1 0
2 | {a 1| 14| 14 | 3/4 | 1
3 | b 1| 14| 14 | 3/4 | 1
4 |{a b} o |12 1 |24 2
Total 4 1 | 6/4 |12/4] 10/4

Case 3: |A| =3

Let A = {a,b,c}.
Sr. No. | Subset of A | |-] | m(:) | Bel(-) | q(-) | Pl(-)
1 0 0 0 0 1 0
2 | {a} 1| 1/12| 1/12 | 8/12 | 8/12
3 | {b} 1| 1/12] 1/12 | 8/12 | 8/12
4| {c 1| 1/12] 1/12 | 8/12 | 8/12
5 | {a b} 2 |2/12 | 4/12 | 5/12 | 11/12
6 | {a c} 2 | 2/12| 4/12 | 5/12 | 11/12
7 | {bc} 2 |2/12 | 4/12 | 5/12 | 11/12
8 |{ab,c} 3 03/12| 1 | 3/12 | 12/12
Total 12| 1 |27/12 | 54/12 | 69/12

Case 4: |[A| =4
Let A = {a,b,c,d}.
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Sr. No. | Subset of A | |-] | m(:) | Bel(-) q(+) PI(+)
1 0 0| 0 0 1 0
2 {a} 1 |1/32] 1/32 | 20/32 | 20/32
3 {b} 1 |1/32] 1/32 | 20/32 | 20/32
4 {c} 1 |1/32] 1/32 | 20/32 | 20/32
5 {d} 1 [ 1/32| 4/32 | 20/32 | 20/32
6 {a, b} 2 12/32| 4/32 | 20/32 | 28/32
7 {a, ¢} 2 12/32| 4/32 | 20/32 | 28/32
8 {a, d} 2 | 2/12| 4/32 | 12/32 | 28/32
9 {b, ¢} 2 | 2/12 | 4/32 | 12/32 | 28/32
10 {b, d} 2 | 2/12| 4/32 | 12/32 | 28/32
11 {c, d} 2 | 2/12| 4/32 | 12/32 | 28/32
12 {a, b, c} 3 13/32| 12/32 | 7/32 | 31/32
13 {a, b, d} 3 13/32| 12/32 | 7/32 | 31/32
14 {a, ¢, d} 3 13/32| 12/32 | 7/32 | 31/32
15 {b, ¢, d} 3 13/32| 12/32 | 7/32 | 31/32
16 {a,b,c,d} | 4 |4/32 1 4/32 | 32/32

Total 32 1 108/32 | 216/32 | 404/32
Now, we present the above information, in short, in the following table as:
Sr. No. | [-| | 20| 22Bel() | 2oq() | 22 PI()
1 1 1 1 2 1
2 2 4 6/4 12/4 10/4
3 3 12 27/12 54/12 | 69/12
4 4 32 108/32 | 216/32 | 404/32
5 5 80 405/80 | 810/80 | 2155/80

Now, we discuss the summation of belief functions, commonality functions, and
plausibility function with m(()) = 0 hence Bel()) = 0,¢(0) = 1 and pl(0) = 0, as

follows:
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3.6 The Summation of Belief Functions of all

subsets of ©

Theorem 3.3. If cardinality of discernment frame © is n then summation of belief

functions of all its subsets is ) o Bel(A) = (g)”_l, provided basic probability
A
assignment m : 29 — [0,1] is defined by m(A) = Zgl)’ where A is the subset of

© and p(A) is the probability of A by the discrete probability distribution under
study.

Proof: We apply principle of generalization on |O)].
Case 1:|0| =1
Let © = {a}.

> Bel(A) = Bel(0) + Bel({a}) = 0+ m({a}) = m({a} = 1 - m({a}.

ACO

Case 2:|0| =2
Let © = {a,b}.

> Bel(A) = Bel(§) + Bel({a}) + Bel({b}) + Bel({a,b})

= 0+ m({a}) +m({b}) + m({a}) + m({b}) + m({a,b}) (3.3)
= m({a}) + m({b}) + m({a}) + m({b}) + m({a}) + m({})
=3-{m({a}) +m({b})}.

Case 3:|0| =3

Let © = {a, b, c}.
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Z Bel(A) = Bel() + Bel({a}) + Bel({b}) + Bel({c})

+ Bel({a,b}) + Bel({a, c}) + Bel({b, c} + Bel({a,b,c})
= 0+ m({a}) +m({b}) + m({c}) + m({a}) + m({b}) + m({a, b})
+m({a}) + m({c}) + m({a, c}) + m({b}) +m({c}) + m({d, ¢})
+m({a}) +m({b}) + m({c}) +m({a, b})
(
(

m({a,c}) +m({b, c}) +m({a,b,c})
=m({a}) +m({b}) + m({c}) + m({a}) + m({b}) + m({a}) + m({b})
+m({a}) + m({c}) +m({a}) + m({c})
+m({b}) +m({c}) + m({b}) +m({c})
+m({a}) +m({b}) +m({c}) + m({a}) + m({b})
+m({a}) +m({c}) + m({b}) + m({c}) + m({a}) + m({b}) + m({c})

=9-m({a}) +9-m({b}) +9-m({c})
=9-{m({a}) + m({b}) + m({c})}.
(3.4)

Here {a}, {b}, {c} are repeated the same number of times therefore we concentrate
on the repetition of {a} only. We summarise all the observations in the following

table as:
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Sr. Cardinality | Cardinality | Repetition of | Number Total num-
No. of set © of subset of | {a} for calcu- | of subsets | ber of rep-

S} lating belief of | containing | etitions of

subset {a} {a}

1 n=1 1 1 1 1=23°
2 n =2 1 1 1

2 1+1 1 3=3!
3 n=3 1 1 1

2 1+1 2

3 14241 1 9 =3
4 n=4 1 1 1

2 1+1 3

3 1+2+1 3

4 14+34-3+1 1 27 =33
) n=>=5 1 1 1

2 1+1 4

3 1+2+1 6

4 1+3+3+1 4

5 1+4+6+44+1 |1 81 = 3¢

From the above table, we can generalize our formula as If |©] = n then the total

number of repetitions of {a} is 3"~'. Therefore ) , o Bel(A) = 3" > (ayeo m({a}).

Also, we have noticed that in any discrete probability distribution, the sum of
probabilities of singleton sets is 1 [37] and the sum of cardinalities of © is n2"!,
(3.2).

[25]. Hence,

where n Therefore basic probability number for singleton set is

= (0]
m({a}) = p({a})

2n—l

1 1
> p{ah) = 5oy 1= 5y

{a}€®

> mifa)) = 5

{a}€®
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Finally, > Bel(A) =3"" Y m({a})

Ace {o}co (3.5)
1 3
_ on—1 — (= n—1
n on—1 (2>

3.7 The Summation of Commonality Functions

of all subsets of O

Theorem 3.4. If the cardinality of discernment frame © is n then the summation

3 n—1
of commonality functions of all its subsets is ) ;g q(A) = 2(5) , provided basic
A
probability assignment m : 2° — [0, 1] is defined by m(A) = ];E‘—l)’ where A is the

subset of © and p(A) is the probability of A by the discrete probability distribution

under study.

Proof: We apply principle of generalization on |©].
Case 1:|0| =1
Let © = {a}.

> a(A) = a0 +q({a}) = L +m({a}) = 1+ 1-m({a}

ACO
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Case 2:|0| =2
Let © = {a,b}.

> a(A) = q®) + a({a}) + a({0}) + a({a, b})

= 1+m({a}) + m({a,b}) + m({b}) + m({a,b}) + m({a,b})
= 1+m({a}) +m({a}) + m({0})

+m({b}) + m({a}) +m({b}) +m({a}) + m({b})
=1+4-{m({a}) +m({b})}

=1+4+4-(1/2)

=3
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Case 3:|0| =3
Let © = {a,b,c}.

> a(A) = a0) +a({a}) +a({b}) + a({c})

ACO

+q({a,b}) +q({a, c}) + q({b, ¢} + ¢({a, b, c})

= 1+m({a}) + m({a,b}) + m({a, c}) + m({a, b, c})
+m({0}) +m({a,0}) + m({b, c}) + m({a,b,c})
+m({c}) +m{a, c}) +m({b, c}) + m({a,b,c})
+m({a,b}) + m({a, b, c}) + m({a, c}) + m({a, b, c})
+m({b,c}) +m({a, b, c}) +m({a, b, c})

= 1+ m({a}) + m({a}) + m({b})
+m({a}) +m({e}) + m({a}) + m({b}) +m({c})

m({6) + m({a}) + m({b}) 57)

m({6}) + ml{c}) +m({a}) + m({b}) + m({c})

m({eh) + m({a}) + m({c})

m({B}) + m({e}) + m({a}) + m({b}) + m({c}

m({a}) +m({8}) + m({a}) +m({B}) + m({c})

m({a}) +m({e}) + m({a}) + m({B}) + m({c})

m({B}) + m({e}) + m({a}) + m({b}) + m({c}
+m({a}) + m({b}) +m({e})

=1+ 14- {m({a}) + m({b}) + m({c})}
=1+ 14-(1/4)

— 18/4.

Here we have observed that every singleton set is repeated the same number of
times. Therefore WOLG, we concentrate on the repetition of a singleton set {a}.

We will classify according to cases:

1 subset of © contains {a} directly and
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2 subset of © contains {a} indirectly.
We summarise it in the following table as:
Sr. Cardinality | Cardinality Total mno. | No. of | Total Total | Directly
No. | of set © of subset | of repe- | subsets no. rep- | no. +
of © con- | titton  of | do not | etitions of Indi-
taining {a} for | con- of  {a} | rep- | rectly
{a} calculating | taining for  cal- | eti-
common- | {a} culating | tions
ality of common- | of
subset ality — of | {a}
subset
1 n=1 1 1 0 0 1 1+0
2 n=2 1 2 1 1 3
3 2 1 0 0 3+1
4 n=3 1 4 2 4 8
) 2 4 1 1 )
6 3 1 0 0 1 945

By analogy of above procedure for |O| =4 i.e © = {a,b,c,d}, we get

> a(4) = 1446 - {m({a}) + m({b}) + m({c}) +m({d})}.

ACO

and for |©] =5 1ie © = {a,b,c,d, e}, we get

and for |©] =6 i.e © = {a,b,c,d,e, f}, we get

> a(A) =1+ 146 - {m({a}) +m({b}) +m({c}) + m({d}) +m({e})}.

ACO

> a(A) = 1+454- {m({a}) +m({b}) + m({c}) + m({d}) +m({e}) +m({f})}.

ACO
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By observing the above results, we get the relation:

S aA) =1+ K-{ Y ml{ah)}

ACO {a}€®

Now we will see the nature of K. For this purpose, we summarize some values of

K as follows:

O] =n: 0 1 2 3 45 6 7

K 0 1 4 14 46 146 454 1394.

Values of K are written as:

0=0
1=1+40

4=2+1+1

4=4+2+2+1+2+1+1+1 (3.8)

46=8+4+4+2+4+2+2+1+4+4+4+2+2+2+1+1
146=16+8+8+4+8+4+4+2+8+4+4+2+4+2+2+1

+4+24+24+1+2+1+1+1+2+1+1+1.

Here, in values of K, values obtained by subsets of ©, containing {a} are written
in boldface numbers, and values obtained by subsets of O, not containing {a} are

written in usual numbers. These values of K are written for different values of n as,
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1=1
4=3+1

14=943+2(1)
46 =27+ 9423 +2+1)
146 = 81 +27+2(9+2-344-1)

454 =243+ 81 +2(27+2-9+4-3+8-1).

Therefore we have a formula, for |©| = n,

n—3
Pn — 3n71 +3n72 +2<Z 27;3%7371') — 3n 2 221371, 3— 7,
=0
3 n—1
Now, we have for |©| = n, > ace Bel(A) = (5) and
n—3
A) =14 (437219 gign—3—iyy , _"
Soald) =1+ (432 w2y 23—
ACO =0
n— n—3 ojqn—3—i
T T2 )
anl
3n—2 _ 2n—2
(9"~ 1 4.3" 2 9
2n 1(27‘L 1+4 371 2+2 377,2 2'271—2)
1 n—1 n—2 n—1
1 e
= o (37%(0))
2.3
= e
2 .
3n—1
- 21171
3 n—1
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Remark: If the cardinality of discernment frame © is n then the relation be-
tween the summation of belief functions and summation of commonality functions

of all its subsets is

S q(4) = 2(%)”1 — 23" Bei(4), (3.10)

ACO ACO

p(4)
2n—1’
p(A) is probability of A by discrete probability distribution under study.

provided basic probability number m : © — [0, 1] defined by m(A) = where

3.8 The Summation of Plausibility Functions of
all subsets of ©

Theorem 3.5. If the cardinality of discernment frame © is n then the summation
of plausibility functions of all its subsets is ) ,co PI(A) = 2n—1l 4 Z;:ll (”;1) (1-—

277, provided basic probability assignment m : 29 — [0,1] is defined by m(A) =
p(A)

anl’

where A is the subset of © and p(A) is the probability of A by the discrete

probability distribution under study.

Proof: We apply the principle of generalization on |©].
Case 1:|0| =1
Let © = {a}.

> Pi(A) = PI(0) + Pi({a}) = 0+ m({a}) = 1 - m({a}.

ACO

Case 2:|0| =2
Let © = {a,b}.
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> Pi(A) = PI(0) + Pi({a}) + PI({b}) + Pi({a, b})

0+m({a}) +m({a,b}) + m({b}) + m({a, b})

m({a}) +m({b}) + m({a,b})

{a}) + m({a}) + m({b})

+m({b}) + m({a}) + m({b})

+m({a}) +m({b}) + m({a}) +m({b}) (3.11)
=5-{m({a}) + m({0})}

s {p({za}) +p({2b})}
_s {p({a}) ;p({bb}

+

(
(
(
(

=5-(1/2)
—5/2 = 10/4.

Case 3:|0| =3
Let © = {a,b, c}.
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" Pi(4) = pl(0) + Pi({a}) + PI({b}) + PI({c})

~—

~—~

{a,b}) + Pl({a,c}) + Pl({b,c} + Pl({a,b,c})

~

+ Pl
m

~—

—~

{b}

~—

+m

o o

- -

S g

+ +

= =

=) )

- -

S g

+ +

-~ = = = =

T aa = £ & = £
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+m({a})
+m({a))
+m({a})
+m({a})
X PUA) =23+ {ml{a) + m({8)) + mi{e))

R @) o0 plic),

p({a}) + p({b}) +p({c})}
4

N
N
N
N

(3.12)

=23 {
=23 (1/4)

— 23/4.

Here, every singleton set is repeated the same number of times therefore WOLG,

we concentrate on the repetition of {a}. Now we have the formula:

Y PUA) =K () m{a})

ACO {a}e®

We summarise the values of K in the following table as:

Sr. | 0] > Pl > ayeom({a}) | Multiplier
No. K

1 1 1 1 1

2 |2 10/4 2/4 5

3 |3 69/12 3/12 23

4 4 404/32 4/32 101

Now we inspect pattern of K as repetition of {a} directly (i.e. presence of {a} in

subset of © while calculating sum of plausibilities all subset of © ) and indirectly

(i.e. absence of {a} in subset of © while calculating sum of plausibilities all subset

of © ) in the following table as:
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Sr. | |©] Cardinality Total no. | No. of | Total Total | Directly
No. of subset | of repe- | subsets no. rep- | no. +

of © con- | titions  of | do not | etitions of Indi-
taining {a} for | con- of  {a} | rep- | rectly
{a} calculating | taining for  cal-| eti-
plausibility | {a} culating | tions
of subset plausi- of
bility  of | {a}
subset
1 n=1 1 1 0 0 1 140
2 n=2 1 2 1 1 3
3 2 2 0 0 2 4+1
4 n=3 1 4 2 4 8
) 2 8 1 3 11
6 3 4 0 0 4 1647

Now, we will write the pattern of K differently:

[S) Pattern of K

1 1=1

2 0=2+2+1

3 22=44+4+4+4+2+2+3

4 101=8+8+8+8+8+8+8+8+4+4+44+6+6+6+7.

In above table, we have written repetitions of {a} by subsets of 6 containing {a}
(i.e. directly) by boldface numbers and repetitions of {a} by subsets of € not con-
taining {a} (i.e. indirectly) by usual face numbers. From above observations and
results from Hall‘s book [39] and Jolley‘book [33], we have generalized formula for

K as: for |©| = n,
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—1 —1
K = 2n—1<2n—1) + (n ) ) X 2n—2 + (n ) )(Qn—Z +2n—3)

—1 _
+ (n )(2n—2 + 2n—3 + 2n—4) + (n

1
5 A ) (271—2 + 2n—3 + 2n—4 + 2n—5)

—1
4+ (n 1) (2n72 + 2n73 4+ -+ Qn*(nfl) + 2nfn)
n E—

r41

=2ntnh + nzj (” ; 1) Z on—q

q=2

, Therefore, the formula for summation of plausibilities of all subsets of © is

S PIA)=EK- (> m(

AC®O {a}€®

—
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3.9 Conclusion

In this paper, We have very important results about the summation of cardinal-
ities of all subsets of a given set, the relation between the sum of beliefs, and
the sum of commonalities of all subsets of the discernment frame. Also, we have
obtained formulae for the sum of beliefs, commonalities, and plausibilities which

are dependent only on the cardinality of subsets of the discernment frame.

3.10 Applications

For any set, the belief function and plausibility function are the lower and up-
per bounds of the probability function respectively. Every statistical quantity
is dependent on probability function and statistical quantities represent medical
parameters. For the statistical quantities consisting of the summation of probabil-
ities of all subsets of a given set of interest, the summation of belief functions and
summation of plausibility functions help obtain the lower and upper bounds of
such statistical quantities hence medical parameters representing them. In almost
all phenomenons viz. pollution, growth, and decay; all subsets of the set of in-
terest are involved hence the summation of belief functions, probability functions,
and plausibility functions become important in further analysis of the statistical
quantities consisting of the summation of probabilities of all subsets of a given set

of interest.



Chapter 4

A Discussion on Methods
Obtaining Lower and Upper
Bounds of Statistical Quantities
Based on Probability Mass
Function of Discrete Probability

Distribution

4.1 Introduction

Uncertainty plays an important role in our daily life. The belief function, com-
monality function, and plausibility function deal with uncertainty. The Belief
function and the plausibility function give one of the important pairs of lower and
upper bounds of the probability function respectively. From [25], we have another
basic belief assignment based on probability mass function which is different from
Shafer‘s basic belief assignment [16]. From this basic belief assignment, the belief

function, commonality function, and plausibility function are obtained. par In

57



Chapter 4. A Discussion on Methods Obtaining Lower and Upper bounds of Statistical
Quantities Based on Probability Mass Function of Discrete Probability Distribution o8

the beginning, a special case of upper and lower probabilities has been introduced
by Dempster [3, 4]. The existence of a probability function is assumed to be a
mapping m from space X, where X is the frame of discernment ©. The lower
probability of A in X is equal to the probability of the largest subset of © such
that its image under m is included in A. The upper probability of A in space
X is that the image under m of all elements has a non-empty intersection with
A. In [17], belief functions on a system of sets of an infinite or finite universe are
represented by a probability measure or probability charge. In Kyburg’s article
[14], let set II of all those probability distributions compatible with the available

information
V. ACO,P(A) = suppenp(A) P.(A) = suppenp(A)

with IT is a convex set of probability distributions. For confidence bands, F'(x) <
F(z) < F(z), where F(z) is not precisely known and we can specify F(z) and
F(x) from R to [0,1]. Then the distribution band is I'(EF, F) = (F|V z €
R, F((—o0,7]) < F(z) < F(z)) [18]. If F(x) and F(z) are step functions then
distribution band s becomes probability box [22].

In [50], Imprecise belief structures are set of belief structures whose masses on
focal elements A, interval-valued constraints M = {m : a; < m(A4;) < b;}. The
intervals [a;b;] specifying an Imprecise belief structures are not unique if m(A4;) <
min.{b;,1—3_,_; a;}. The upper and lower bounds to m determine interval ranges
for belief and plausibility functions. In [42], Yager considers the same situations
in which the masses of focal elements lie in some known interval, allowing us to
model realistically situations in which the basic probability assignments can not

be precisely identified.

In this paper, firstly we give preliminaries about discrete belief function theory,
probability theory, and interval arithmetics. In the third section, we obtain the
lower and upper bounds of the distribution function. In the fourth section, we
explain the first method and derive a formula to obtain the lower and upper

bound of statistical quantities of probability distribution under study. In the fifth
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section, we explain the second method and derive a formula to obtain the lower
and upper bound of statistical quantities of probability distribution under study.
In the sixth section, we provide algorithms to calculate the lower and upper bounds
of statistical quantities of probability distribution under study. Finally, we explain

the first and second methods by an illustrative example.

In this chapter, belief functions, and plausibility functions are used to obtain lower
and upper bounds of statistical quantities viz. distribution function, mean, vari-
ance, standard deviation, raw moments, central moments, coefficient of skewness,
and coefficient of kurtosis of probability distribution under study with two meth-
ods. With the help of algorithms, computer programs are written or constructed.
Also, we obtain algorithms to obtain lower and upper bounds of statistical quanti-
ties of probability distribution under study. These bounds consist of probabilities
given by the probability mass function of a probability distribution.

4.2 The Lower and Upper Bounds of Distribu-

tion Function

By indexing of subsets of ©, we have

Xo ryp X2 xr3 T4

V o1 2 4 8 16

Now subsets of © required for the probability distribution, have a relation between

X and V as shown in Table 1.

Now by notation
p(v):p(AU) 02071727?)’"'72”_1

By indexing of sets, Fl(x) = P(X <z) =p({0,1,2,3,...,2}) = p(A,) and only in

this case, relation between xr and visv =21 —~1, 2 =0,1,2,3,...,n. By lower
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Sr. No. | Subset of © V
T | {20} = {0} 1
2 {xo, xl} = {O, 1} 1+2=3
3 {[Eo,l‘l,ﬂfz} = {071,2} 14+244=7
4 {1'0,1’1,1'2,1'3} = {0, 1,2,3} 14+244+8=15
) {$0,$1,$2,$3,$4} = {0, 1,2,3,4} 14+2+4+8+16=31
k {xg, 21, 70,.. ., 23} ={0,1,2,... k} | 1+2+4+ .. 428 =2k 1

TABLE 4.1:

Indexing of Subsets of ©

and upper bounds of the probability of sets (??), Bel(A,) < P(A,) < PIl(A,),

we get Bel(A,) < F(X) < z) < Pl(v),

r=0,1,2,3,...,nandv = 2**! — 1

Therefore we get lower and upper bounds of the distribution function of given

probability distribution including the case of a subset ().

4.3 First Method

If p(A) = 0 then Bel(A) = 0 and PI(A) = 0 hence Bel(A) = p(A) = PI(A) = 0.
We have, for any subset A C ©with p(A) # 0, by using series results [40], we have

Bel(A) < p(A) < PI(A), VAcC 6.
%X;) <1< %pmided p(A) 0.
DI O NES I
IR S
2 B:Zf(f;l) sPots 2 %

1 PI(A)
- E (Stat.Quant.)q.
2" —1 &2 p(4) ¢

(4.1)
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where (Stat.Quant.),, is statistical quantity based on probability distribution un-

Bel(A) PI(A)
and where p(A) = 0.
) A W
This is important in obtaining approximate lower and upper bounds of statistical

der study. Note that we discard quantities

quantities.

4.3.1 Proper Magnification or Reduction of Upper and

Lower bounds of Raw Moments

The above formula is applicable for the calculation of statistical quantities viz.
raw moments only and we obtain lower and upper bounds of 7" raw moments
of probability distribution under study as interval [H;,ﬁ;], where lower bound of
interval represents the lower bound of 7** raw moment and upper bound of interval

represent the upper bound of r* raw moment.

IN

1 Bel(A) 1 PI(A) |
3 (4) Z()

o Py <y < 5 r
21458 p(4) 2" =115 p(4) (4.2)

, S By S

=

where u; = corresponding r* raw moment of concerned probability distribution

1, 2],

4.3.2 Central Moments
In [6], we have central moments of probability distribution as:

=0

! ( /)2
M2 = Ko — (H

/2 T ’ 73 (43>
fi3 = p3 — 3hofty + 2(11y)

’ ro 712 4
fa = pug — dpugpiy + Opippry — 3(py)
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Lower and Upper Bounds of Central Moments :-

Using intervals for raw moments (4.2), formulae for central moments based on
raw moments (4.3), and rules of interval arithmetics (2.32), (2.33) and ( 2.34),
we obtain lower and upper bounds for central moments of probability distribution

under study. Here p(A) > 0 hence Bel(A) >0, PI(A) >0 and 1/p(A) > 0. The

Bel(A PIl(A
quantities ) ¢ 6(()) and Z Ace ((A)) > 0. Therefore, the quantities
Bel(A PIl(A
ZAC@ 6(()) >0a — ZAC@ (( )) > 0. The formulae for central

moments in terms of intervals become as: For the first central moment, we have

=0
_ Ml o Ml
L (1.4
= [El = My, My _Hl]-
For the second central moment, we have
/ ’2
H2 = Mo — My
ro_ ro_ 142
= [y Flo] = [, 4] (4.5)
’ 2 ’2
= [HQ _:ul 7#2 _El }
For the third central moment, we have
’ ’ ’ ’2
M3 = M3 — 3(#2)(#1) + 2#1
ro_ 1143

= [y, — 3@2)@1) + 2g1 Ty — 3%)@1) +21,].
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For the fourth central moment, we have

a =ty — A0L5) (45) + 6(uy) ()" — 3y

= (1, Ty — Al Tig) (11 i)

614 o) [ ) — 3 T (4.7)
= [, — 47, + Gy = 37,

_/ ro 12 14
fig — Apgp, + 6000 — 3p, |-
4.3.3 Coeftlicients of Skewness and Kurtosis

Using interval arithmetic (2.32), (2.33), and (2.34) and lower and upper bounds
of central moments (4.5), (4.6), and (4.7), we obtain the lower and upper bounds

of coefficient of skewness and coefficient of kurtosis as:

The Coefficient of Skewness = 5} = —

3 3
(1,3, 1°) (4.8)
The Coefficient of Kurtosis = 5, = —;
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By using series results [40], consider

Bel(A) . 1
2 ) = 2 B

ACO p(A ACO
A) 1
= M— where k is cardinality of A C ©
27k p(A)
ACO
1
= 2n—k
ACO

Il
I
HM:\
—
VR
> 3
~—
[\
Tl
Bl

I
[
N
> 3

sy

Sl

I
bl
= 7
Bl
(]
o
[N}
-
N
> 3
~

M

k=0
1,1
S oom on
3" 1
2 on

Therefore

Ace (4.9)
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Now, consider

PI(4) ~PAT
250~ 2 )
k

-1 - _
p(A), with k = |A| and A is complement of A C O .

2
where PI(A) =p(A)+ o

PI(A) 2’f—lp(A)
250 2 T

ACO
2k —1p(A)
a % b /;9 p(A)
- 2" —1p<A>
"Ll T
on 28 —1p(A)
- g +AXC;) p(A)

ok — 1
= —-1)+ Z — 1), provided p(A) # 0
ACO
i ok 1 1 ok _ 1
B P p(A)_Z—Qk -
ACO ACO

(4.10)

lies between 1 and oo. There-

1
Since 0 < p(A) < 1, VA C O, the quantity )
p
PI(A)
p(4)
statistical quantity of probability distribution under study but this upper bound

fore it becomes difficult to calculate }_,q hence the upper bound of the

is less than oo as p(A) # 0 for some A C ©.
Remark: Consider, for any A C O,

p(4)
Bel(A) 2A-tp(a) 2SS g

p(4) — pl4) p(A) an—t”
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Therefore, for any A C O,

Z Bel(A) . Z Q‘Al_l
- n—1
ACO p(A) ACO 2
1 Al—-19n—1
- 2n—1 Z 2| | 2
ACO
1 < (n) 1
= 2
n—1 Z
2 pt k

= Qin Zn: (Z) 2" (4.11)

1+2)" 1
- on om
31
S on on
o 3n—1
=

1
If for some A C O, p(A) = 0 then substract corresponding term —— from

on—|A|
Bel(A -1
Y ace e(lﬁl)) _ 3 T Repeat this step for all A C ©, with p(4) = 0.
= p n

Therefore from the equations, we have

il (Stat.Quant.)pq < (Stat.Quant.)py < ! {(2" 1)+Z:2k_1 ! Z2k_1}(
(2 = 1) at.Quant.)pq < at. uan.pd_zn_l > p(A) o
ACO ACO

4.4 Second Method

From [25], we have

S B = ()
ACO
AXC%MA) =2 (4.12)

and 3 Pl(A) =2 + ni (n - 1) (1-277).

ACO r=1
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Also, we have, for any A C ©,

Bel(A) < p(A) < PI(A)
= Y Bel(A) < > p(A) < > PI(A)

ACO ACO ACO
3.t Dn—1
= (= < 27’L—1 < 2n—1 1 _ 2_7'
o =rrsre (M e
3 n—1
5) 2 4y () (-2
2 r=1 r
= 2n71 S 1 S 2n71

3n71 1 n—1 -1
= <1<1+4 Z(n (1—-27")

22n—2 - 2n—1 r

r=1 r
3.1 1 Dm-1y E/m-1
— <1< — T
= () _1_1+2n_1(;( . ) 7:1( ) )2 )
3 -l 1 Sm-1 & /m—1\ 1"
- <1<1 — -
=@ sz () -2 (7))
3 n—1 1 . 1 n—1
:>(1) §1§1+2n,1((2 1)—((1+§) —-1))
L) crcir oo a+r Yy 4y
4 - - on—1 2
3 n—1 1 1 n—1
=z <1< n—1 -
:>(4) _1_1+2n_1(2 (1+2)
3 n—1 1 3 n—1
e <1< n-1_ (2
=) SI<lto@—() )
3 n—1 3 n—1 1
- <1<14+1-—(=
3 n—1 3 n—1
- <1<2— (=
= () <1<2-(})
3 n—1 3 n—1
= (1) - (Stat.Quant.) , < (Stat.Quant.) ; < (2 — (Z) ) - (Stat.Quant.) ;.

(4.13)

The procedure to obtain lower and upper bounds of statistical quantities of proba-
bility distribution under study is similar to the procedure in the first Method with
change in quantities BP and PIP. The quantities BP and P[P are replaced by

n—1 n—1

3 3
(Z) and 2 — <Z_l) respectively.
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4.5 Algorithms

Algorithms play an important role in the logical sequencing of tasks or opera-
tions in any procedure. It helps in framing or constructing or writing computer
programs hence mechanizing the whole procedure. In this section, we obtain al-
gorithms for indexing, probability and basic probability numbers, belief function,
commonality function, and plausibility function of subsets of ©® and summation
of belief function, commonality function, and plausibility function of subsets of
© with ratios of belief function to probability function and plausibility function
to probability function in the first method and the second method. Also, we
obtain algorithms for the lower and upper bounds of raw moments and central
moments. Here, the number of distinct elements of © is n, the number of subsets
of © is 2" — 1, P(-) represent the probability of singleton subset {6;} of ©, and
P;, Bel;, Pl;, and Comm,; represent belief, plausibility, and commonality of the
subset with index ¢ of © respectively.

A: Indexing, Probability, and Basic Probability Numbers of Subsets of
O:

Input n For i =0 to 2" — 1
Vi=0and P,=0

For j=1ton

For I;(0;) =0 to 1
Vi=Vi+ Li(0;) 2"

P, = P+ 1;(0;) x P(0;)
next 1;(0;)

next j

Pi
- 2n71

m;

next ¢
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B: Belief Function of Subsets of O:

Fori=0to 2" -1

Bel;, =0

For k=0to 2" —1

Forj=1ton

if I(0;) < 1;(0;) then next j else next k
Bel;, = Bel; +my,

next k

next ¢

C: Plausibility Function of Subsets of O:

Fort=0to 2" —1

Pl; =0

For k=0to 2" —1

For j=1ton

if I(0;) # 1;(0;) = 1 then next j else Pl; = Pl; + my, next k
next k

next ¢
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D: Commonality Function of Subsets of O:

Fort=0to2" -1

Comm; =0

For k=0to 2" —1

For j=1ton

if I;(6;) > 1;(0;) then next j else next k
Comm; = Comm,; + my,

next k

next ¢

E: Summation of Belief Function, Commonality Function, and Plausi-
bility Function of subsets of O:
Here Bel and Pl represent the summation of belief functions and plausibility func-

tions of all subsets of © respectively.

Bel =0,Comm =0,Pl =0
Fori=0to2" -1

Bel = Bel + Bel;

Comm = Comm + Commy
Pl; = Pl + PI;

next ¢

4.5.1 First Method

Calculation of BP and PIP:

Here, BP and PIP represent the summation of ratios of belief and plausibility
of a subset of © respectively with a probability of the same subset of ©. while
calculating BP and PIP, we consider those subsets A; of frame of discernment ©

with P(A;) = P, # 0 hence neglect those subsets A; of frame of discernment ©
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BP =0,PIP =0

Fori=1to2" -1

Bel;
it P, 0 then {BP = BP + ;
P,

PIP = PIP 4 —"

(2

}

else next ¢

next ¢

4.5.2 Second Method

A: Calculation of BP and PIP:
Here, BP and PIP represent ratios of summation of belief and plausibility of a

subset of © with probability same subset of © respectively.

Fori=1to2" -1
Bel = Bel + Bel;
P=P+ P

Pl; = Pl + PI;

next ¢

Bel

BP = —
P )

Pl
PP = —.
P

’
B: 7" raw moment = y,: ,

Here RML;, RMU;, and RM, represent lower bound of i raw moment, upper
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bound of i"* raw moment, and i** raw moment respectively.

For i = 1 To ARML; = BP % RM;,
RMU; = PIP % RMj, (4.14)

next 7,

C: Calculation of Central Moments:
Here CML; and CMU; represent the lower bound of i** central moment and the

upper bound of i central moment respectively.

CMLy = RML, — RMU,

CMU, = RMU, — RM L,

CMLy = RNLy; — RMU,?

CMU, = RMUy, — RM Ly*
(4.15)

CMLs = RMLs— 3(RMUy)(RMU,) + 2RM L*
CMU; = RMUs — 3(RM Ly)(RML,) + 2RMU,*
CMLy; = RMLy — 4(RMUs)(RMU,) + 6(RM Ly)(RM Ly)* — 3RMU,*
(

CMU, = RMU, — 4(RMLs)(RML,) + 6(RMU,)(RMU,)* — 3RML,*

These algorithms emphasize major steps of operations consisting of sequencing

and looping hence these algorithms help frame or construct computer programs.

4.6 Illustrative Example

Now we illustrate both methods by an example. Let X ~ Binomial(n,p). There-
fore p(z) = ( )pxq” * 16]. Now connsider n = 4,p =2/3 and ¢g=1—p = 1/3.
The distribution of X is

X 0 1 2 3 4 Total

p() . 1/81 8/81 24/81 32/81 16/81 1 (4.16)
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We have raw moments, central moments, coefficient of skewness, and coefficient
of kurtosis of Binomial distribution under study as:
= > xp(x) = 216/81 = 2.66666667, y = > x%p(x) = 648/81 = 8,

= S a3p(x) = 2088/81 = 25.77777778 py = S a'p(x) = 7080/81 =
87.4074074
p1 =0, M2 = Mlz - ,U/12 = 0.8889,
js = iy — 3y + 240" = —0.2963 g = py — dpppal + gyt — 341" = 2.0741

2

and coefficient of skewness = 3 = ,u_g = —0.124998, coefficient of kurtosis s =
2

B4~ 2.624967.

M2

4.6.1 First Method

From the Table 2, we have

1 Y 4cop(A) =271 =24 = 16 = 1296/81.

2 ZAQG) m(A) = 1.

3 forany subset A C O, Bel(A) =m(A)-247! where |A| = cardinality of set A.

2k 1
2k

4 for any subset A C ©, PI(A) = p(A)+( )p(A),  where k = |A] and A =

complement of A in ©.

We have
Bel(A 1 Pl(A
ZAC@ (f(l) ) (Stat.Quant.)pq < (Stat.Quant.),q < ST > Ace T PiA)
Bel(A) Pl

) S Race gy -

(Stat.Quant.),q

Here n = 5, and from Table 2, we have ) _ , ¢
102.458177.
Therefore the relationship becomes

(121/16)(Stat Quant.)pq < (Stat.Quant.)pq <

1
] (102.458177)(Stat.Quant.)pq

= (0.243951613)(Stat.Quant.),q < (Stat.Quant.),q(3.30510248)(Stat.Quant.)q.
(4.17)
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Bel(") PI()
Sr. No. | subset of © () m(-) Bel(+) Pl(") o) o0

1 [} 0 0 0 0 — —
2 {0} 1/81 1/1296 | 1/1296 41/81 81/1296=1/16 41
3 {1} 8/81 | 8/1296 | 8/1296 89//162 81/1296=1/16 89/16
4 {0, 1} 9/81 | 9/1296 | 18/1296 63//81 162/1296=2/16 7
5 {2} 24/81 | 24/1296 | 24/1296 105/162 81/1296=1/16 105/48
6 {0, 2} 25/81 | 25/1296 | 50/1296 67/81 162/1296=2/16 67/25
7 {1, 2} 32/81 | 32/1296 | 64/1296 275/324 162/1296=2/16 275/128
8 {0, 1, 2} 33/81 | 33/1296 | 132/1296 | 75/81 324/1296=4/16 75/33
9 {3} 32/81 | 32/1296 | 32/1296 113/162 81/1296=1/16 113/128
10 {0, 3} 33/81 | 33/1296 | 66/1296 69/81 162/1296=2/16 69/33
11 {1, 3} 40/81 | 40/1296 | 80/1296 283/324 162/1296=2/16 283/160
12 {0, 1, 3} 41/81 | 41/1296 | 164/1296 | 76/81 324/1296=4/16 76/41
13 {2, 3} 56/81 | 56/1296 | 112/1296 | 299/324 162/1296=2/16 299/224
14 {0, 2, 3} 57/81 | 57/1296 | 228/1296 | 78/81 324/1296=4/16 78/65
15 {1, 2, 3} 64/81 | 64/1296 | 256/1296 | 631/648 324/1296=4/16 631/512
16 {0, 1, 2, 3} 65/81 | 65/1296 | 520/1296 | 80/81 648/1296=8/16 80/65
17 {4} 16/81 | 16/1296 | 16/1296 97/162 81/1296=1/16 97/64
18 {0, 4} 17/81 | 17/1296 | 34/1296 65/81 162/1296=2/16 65/17
19 {1, 4} 24/81 | 24/1296 | 48/1296 267/324 162/1296=2/16 267/96
20 {0, 1, 4} 25/81 | 25/1296 | 100/1296 | 74/81 324/1296=4/16 74/25
21 {2, 4} 40/81 | 40/1296 | 80/1296 283/324 162/1296=2/16 283/160
22 {0, 2, 4} 41/81 | 41/1296 | 164/1296 | 76/81 324/1296=4/16 76/41
23 {1, 2, 4} 48/81 | 48/1296 | 192/1296 | 615/648 324/1296=4/16 615/384
24 {0, 1, 2, 4} 49/81 | 49/1296 | 392/1296 | 79/81 648/1296=8/16 79/49
25 {3, 4} 48/81 | 48/1296 | 96/1296 291/324 162/1296=2/16 291/192
26 {0, 3, 4} 49/81 | 49/1296 | 196/1296 | 77/81 324/1296=4/16 77/49
27 {1, 3, 4} 56/81 | 56/1296 | 224/1296 | 623/648 324/1296=4/16 623/448
28 {0, 1, 3, 4} 57/81 | 57/1296 | 456/1296 | 159/162 648/1296=8/16 159/114
29 {2, 3, 4} 72/81 | 72/1296 | 288/1296 | 639/648 324/1296=4/16 639/576
30 {0, 2, 3, 4} 73/81 | 73/1296 | 584/1296 | 161/162 648/1296=8/16 161/146
31 {1, 2, 3, 4} 80/81 | 80/1296 | 640/1296 | 1295/1296 | 648/1296=8/16 1295/1280
32 {0, 1,2, 3,4} | 81/81 | 81/1296 | 1296/1296 | 81/81=1 1296/1296=16/16 | 1296/1296=1
> 16 1 6561/1296 | 26.5455247 | 121/16 102.458177

TABLE 4.2: Calculation of Belief Functions Bel, Pl, and Bel/P, Pl/P

Using the above equation (4.17), rules of operations on intervals (interval arith-

metics) (2.32), (2.33), and (2.34), and raw moments of discrete binomial proba-

bility distribution under study, we have lower and upper bounds for raw moments

as:

1, = 0.650537635 < 41, < 8.81360662 = 71,

1, = 6.28853047 < y15 < 85.1981973 = [ig

1, = 1.9516129 < y1, < 26.4408198 = i,

1, = 21.323178 < y1; < 288.890439 = Ti,

(4.18)
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Using rules of interval arithmetics (2.32),(2.33), and (2.34) and intervals for raw

moments (4.18), we have

’

H1 = [Elaﬁl] - [Hl _Hllaﬁll — K

it

’ 2 ’ ’2

pr2 = [fty: Ho) = [pry — Hy sy — 1 1,
s = [y, Tis) = 1, — 3Ty, + 2muy” Ty — 3’ + 20 ), (4.19)
pa = [y gl = [, — 475, + 6 mu,” — 3w,

T, — A, + 67, — 3,

Using rules of interval arithmetics (2.32), (2.33), and (2.34) and equations (4.17)
and (4.18), and intervals for central moments (4.19), we have lower and upper

bounds for central moments of discrete binomial distribution as:

p, = —8.16306899 < y1; < 8.16306899 = 7i,

p, = —75.7280488 < pup < 26.0176206 = T,
= (4.20)

p, = —692.277809 < pz < 1450.66536 = Tig

M, = —21079.7244 < py <12595.4731 = 1,

Using rules of interval arithmetics (2.32), (2.33), and (2.34) and equations (4.8)
and (4.20), we have

T3 —_ 13
[—692.277809, 1450.66536]

The coefficient of skewness = f; =

[—75.7280488, 26.0176206]
[0, 1450.66536]°]
[—75.72804883, 26.0176206°]
[0, 2104429.99]
 [-434280.472,17611.7588]

= [—00,0/(—434280.472)] U [0/17611.7588, o0

= [—00,0] U [0, 0]
= [—00, 00].

(4.21)
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The coefficient of kurtosis = 3y = ,u_; = [H4’f4]2

o [HQ’ ,U/Z]

[—21079.7244, 12595.4731]

[—75.7280488, 26.0176206]

B [—21079.7244, 12595.4731]

- [0, —75.72804887] (4.22)
[—21079.7244, 12595.4731]

[0,5734.73738]
= [~0012595.4731/5734.73738)

= [~00,2.19634698].

4.6.2 Second Method

From Table 2, we have
Bel(A
2ace BellAd) _ (3/4)" " = (3/4)""" = (3/4)" = 0.31640625

ZAg@ p(A)

ZAQ@ PZ(A) P n-1 _ o 5-1 _ o 4 _
d S ) 2 (3/4)" ' =2—(3/4)°' =2 — (3/4)* = 1.68359375
(4.23)

Using equations (4.13) and (4.23), we have,

(3/4)"~" (Stat.Quant. ), < (Stat.Quant.) , < [2 — (3/4)""'](Stat.Quant.) ,

— (0 — 31640625)(Stat.Quant.) ,, < (Stat.Quant.) , < [1.68359375](Stat.Quant.)
(4.24)

Using the above equation (4.24), rules of operations on intervals (interval arith-
metics) (2.32), (2.33), and ( 2.34), and raw moments of discrete binomial proba-

bility distribution under study, we have lower and upper bounds for raw moments
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as,

p, = 0.84375 < 11y < 4.48958334 = i,
tt, = 0.53125 < 11y < 13.46875 = i,

/ / / (4.25)
1, = 8.15625 < 1 < 43.3993056 = iy

1, = 27.65625 < 1, < 147.158565 = 7i,.

Using rules of interval arithmetics (2.32), (2.33), and ( 2.34) and lower and upper
bounds for raw moments (4.25) and formulae for intervals for central moments
(4.19), we have lower and upper bounds of central moments of discrete binomial

distribution as

B, = —3.64583334 < iy < 3.64583334 =i,

, = —19.6251086 < p1» < 12.7568359 = 7,
= (4.26)

0
py = —172.049622 < ps < 223.041882 = i

= —1968.29009 < pg < 1746.99648 = 114.

Using rules of interval arithmetics (2.32), (2.33), and (2.34) and lower and upper

bounds for central moments (4.26), we have

My [H37l73]2
B3 [y, o)’
_[-0.172.049622, 223.041882]°
[—19.6251086, 12.75683{")9]3
[0,223.0418822]
[—19.625’)108637 12.75683593}
[0,49747.6811]
~ [=7558.51025, 2076.00745]

= [—00,0/(—7558.51025)] U [0/2076.00745, o]

The coeflicient of skewness = (31 =

= [—00,0] U [0, o]
= [—00, 00].

(4.27)
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The coefficient of kurtosis = 5 = ,u_; = [HL_M]Q
o [Hz’ IUQ]
[—1968.29009, 1746.99648]
 [~19.6251086, 12.7568359]*
~ [~1968.29009, 1746.99648]
[0, —19.62510867] (4.28)
[—1968.29009, 1746.99648]

- [0, 385.144888]
= [—00, 1746.99648 /385.144888]

= [—00,4.53594617].

4.7 Applications

The intervals are the most appropriate approach or tool to deal with uncertainty.
In the medical field, most of the medical parameters are represented in terms
of intervals containing a single value of parameters of interest viz. Body-Mass
Index, RBC count, WBC count, Sugar Level, Blood Pressure, Lymphocyte Counts,
count, and so on. Using such medical parameters, medical analysis is performed
consisting of statistical quantities viz. Range, Mean, Median, Mode, Variance,
Standard Deviation, Skewness, Kurtosis, Correlation, Regression, Small Sample
Tests, Large Sample Tests, and so on. Some processes of withdrawing conclusions
with uncertainty are based on interval arithmetics. The approaches, mentioned in
this paper, are useful to obtain lower and upper bounds of statistical quantities
in terms of intervals. Therefore these approaches are helpful in the process of
withdrawing conclusions with uncertainty. Also, using these approaches, we can
obtain lower and upper bounds of several statistical quantities such as k** ordered

raw and central moments, measures of dispersion for the function of one variable.
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4.8 Conclusion

Instead of having a single value representing statistical quantity, it is always better,
to have an interval in which this single value is included. In this way, we include
uncertainty regarding a single value representing statistical quantity. While ob-
taining lower and upper bounds of statistical quantities, we have taken care of
getting more suitable bounds. This gives two approaches to finding lower and
upper bounds of statistical quantities. The second method is more appealing than
the first method and it gives closer lower and upper bounds of statistical quantities
of discrete probability distribution under study. We hope that these approaches

may be very useful in further research.
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plausibility function, probability mass function.

5.1 Introduction

Here we have a transformation that transforms the probability mass function into
a basic probability number hence the belief function for consonant focal elements.

80
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In the uncertainty era, real numbers are replaced by intervals containing these real
numbers where bounds of interval represent bounds for such real numbers. In this
chapter, we have used a consonant basic belief assignment induced by probability

mass function hence consequently belief functions.

In this chapter, in sections 2 and 3, we explain two other methods to obtain lower
and upper bounds of statistical quantities for consonant belief function induced
by probability mass function of discrete probability distributions. In section 4, we
provide algorithms for the first and second methods which are useful in applying
steps and writing computer programs. Also, we provide formulae for lower and
upper bounds of statistical quantities by using classical formulae of statistical
quantities and interval arithmetic. In section 5, we illustrate these concepts with

an example. Finally, we conclude with a summary of the results.

5.2 First Method

We have
Bel(A) < P(A) < PI(A),VA C©.

by dividing p(A), we get

Bel(A) Pi(A)
p(A) =1=

. by taking summation over all subsets of O,

Bel(A) Pi(A)
2 ) S22 S 2

ACO ACO ACO p
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. By multiplying the statistical quantity ( whose lower and upper bounds are to
be obtained ) of the probability distribution of interest.

Bel(A Pl(A
Z ell >(Stat.Quantity) < n(Stat.Quantity) < Z Ut )(Stat Quantity)
ACO p(4) ACo p(4)
1 Bel(A
] AZC% ;(ljgl) ) (Stat.Quantity) < (Stat.Quantity) < ZC: Stat.Quantity).

Since for any non-empty subset A of ©, PI(A) = 1, therefore we have,

1 Bel(A
3 (A)

n+1 p(A)

1 1
2 (Stat.Quantity) < (Stat.Quantity) < m—r Z (A)(Stat.Quantity).

= (5.1)

Thus we get lower and upper bounds of the statistical quantity of probability

distribution under study.

5.3 Second Method

We have
Bel(A) < P(A) < PI(A), VA C 6.

by taking summation over all subsets of O,

> Bel(A) < ) P(A) < > PI(A)

ACO ACe ACO
. by dividing ) o P(A),

ZAC@BQZ( )<1 ZAC@ I(A)
Yaco P(A) = 7 Y ,ce P(A)

. The probability distribution under study is multiplied by the statistical quantity

( whose lower and upper bounds are to be obtained ).

ZAQ@ Bel(A)
>_ace P(A4)

2 ace PUA)
2 ace P(A)

(Stat.Quantity) < (Stat.Quantity) < =—————(Stat.Quantity)
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By using equations (2.27), (2.28) and (2.29), we get

2 T(r+1
=1 Y o) —
I (Stat.Quantity) < (Stat.Quantity) < 7

(Stat.Quantity).
(5.2)

Thus we get lower and upper bounds of the statistical quantity of probability

distribution of interest.

5.4 Algorithms and Calculation of Lower and
Upper Bounds of Statistical Quantities us-

ing Interval Arithmetic

In this section, we provide algorithms for indexing all subsets of ©, calculating
probabilities of all subsets of O, calculating basic probability numbers of all subsets
of © and calculating belief functions and plausibility functions of all subsets of ©
as:

Indexing and Probability of Subsets of O :

Fori=0ton
Vi=0,P,=0

For j=1ton
Vi=Vi+ 1,(0;)

Py = P, + I;(0;) = p(0;)
next j

next 2
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Basic Probability Numbers of Subsets of O:

K=0Forzi=0ton
K =K+ (n—1)x* P(6;)

next ¢

Fori=0ton

Belief and Plausibility Functions of Subsets of O:

Fori=0ton
Bel; =0

For j=0ton
Bel; = Bel; + m,;

next j

5.4.1 First Method

Here we provide an algorithm to obtain the lower and upper bounds of discrete

probability distribution’s statistical quantities under study for the first method.
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Lower and Upper Bounds of Statistical Quantity :

BP=0,PIP =0

Fori=1to2" -1
B@li
P;

Pl;
PIP = PIP + —*
+ 5

(2

BP = BP +

next 1

‘ S

el

If BP = , PIP = %l then, we have

N

(BP) * (Stat.Quant.) < (Stat.Quant.) < (PIP) % (Stat.Quant.).

5.4.2 Second Method

Here we provide an algorithm to obtain the lower and upper bounds of discrete
probability distribution’s statistical quantities under study for the second method.

Lower and Upper Bounds of Statistical Quantity :

Fori=1to2" -1

Bel = Bel + Bel;

P=P+PF,
Pl; = Pl + PI;
next ¢
Bel Pl
If BP = ?e’ PIP = B then, we have

(BP) x (Stat.Quant.) < (Stat.Quant.) < (PIP) x (Stat.Quant.).
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5.4.3 Proper Magnification or Reduction of Upper and

Lower Limits of Raw Moments

We have obtained lower and upper bounds of raw moments based on the prob-
ability of a subset of ©. These moments are magnified or reduced by dividing
corresponding raw moments based on the probability of the set and multiplying

corresponding raw moments from the concerned probability distribution. i.e.

’ ,LL”’//L;“ / . - /
po==t <<ty (5.3)

where p, = corresponding r** raw moment of concerned probability distribution
327 ],

u, = corresponding 7" raw moment based on probability of subset of ©,

H:« = corresponding r* raw moment based on belief of subset of ©

and 71, = corresponding 7" raw moment based on plausibility of subset of ©.

Central Moments:

’ 7 2
pr =0, pg= iy — (pty)

\ (5.4)

’ ro 7.3 ’ ro ro12 ’
fis = piz — Spiopy +2(py)",  pa = piy — Apigpty + Opgpy” — 3(p) -

Using interval arithmetics [35], raw moments of discrete probability distribution
under study and corresponding lower and upper bounds of raw moments (5.3), we
obtain lower and upper bounds of central moments hence lower and upper bounds

of coefficients of skewness and kurtosis as:
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!

pr=0=py —p = [gl,ﬁl] - [Hlaﬁﬂ = [Hl — Hy ey —

it

' ’ .2 / 2 ’r2
I TR

’ ’2 ro_ .
frg = iy — g = [p, Tho] — (1, ] = [
’ ’ ’ ’r2 ro_ ro_ ro_ ro_ 143
f13 = 3 — 3(ia) (1) + 2011 = [y Fis] — 3[pays Fol[py Fin] + 2[pt s 1y

’ AN 13 ’ ’ _ 3
- [Hg - 3(“2)(“1) + 2E1 ?:u3 - 3(&2)(&1) + 2“1 ]

!/ /

/ ’ ’ ’ 12 14 ro_ ro_
pa = prg — 4(pg) () + 6(1p) (1) — 3py = [M_47H4] - 4[H3a fis) [Ela iy

ro_ o142
+ 6[ﬁ27 Mz][_1> ] — 3[E17 1]

(5.5)

’ o ror2 4 ro 12 14
= [, — A5y + 6pgp — 3y Fy — dpgp + 60 — 3 .
2 .12 — 2
) 0
The Coefficient of Skewness = 31 = ,u_33 = [HS 53]3 = [ ;Mi ]3
H2 [Hzaﬂz] [Hz  io°]
The Coefficient of Kurtosis = [, = HJ—A‘Q = [E‘“fdz = [H‘l’ — /;4]
M2 [EQ’ Hg] [07 Ko ]

Remark:- The values of statistical quantities viz. raw moments and central
moments always lie between the lower and upper bounds of concerned statistical
quantities. For the value of coefficient of kurtosis 75 = (2 — 3, we reduce the
quantity [, by quantity 3. But in this generalization i.e. replacing a real number
by a suitable interval, we do not have any idea about the quantity that should be
replaced by quantity 3. Therefore we are unable to conclude about the coefficient
of kurtosis with values 5, and 7. In general, it does not contradict any result
of statistical quantities. It may give a very big interval representing the value of

statistical quantity.

5.5 Illustrative Example

Let X ~ Binomial(n,p). therefore p(z) = (Z)pxq”_i. Now we connsider n =
4,p=2/3 and ¢ =1 — p =1/3. The distribution of X is
X 0 1 2 3 4 Total

p(x) :1/81 8/81 24/81 32/81 16/81 1
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For consonant bba, focal elements have embeddings as :

0 C {0} € {0,1} € {0,1,2} C {0,1,2,3} C {0,1,2,3,4} (5.6)

Here,we have basic probability assignment number as m(A) = I%, VAC O,
where K = n#p({0}) + (n—1)xp({1}) + (n = 2)*p({2}) +-- - +2xp({3}) + p({4}).
Now we will calculate probability, basic belief assignment, belief, commonality,

and plausibility of subsets of X and represent them in the following table.

Subset Prob(-) | m() Bel(-) a(-) | Pi(-) 1/p(-) | Bel(-)/p(")
Ag =10 0 0 0 | 1=189/189 0 — —
Ay = {0} 1/81 | 1/189 1/189 | 1=189/189 1 81 81/189
Ay ={0,1} 9/81 | 9/189 10/189 188189 1 81/9 810/1701
As ={0,1,2} 33/81 | 33/189 43/189 179/189 1 81/39 | 3483/6237
Ay ={0,1,2,3} 65/81 | 65/189 108/189 146189 1 81/65 | 8748/12285
As =1{0,1,2,3,4} | 81/81=1 | 81/189 | 189/189=1 81/189 1 81/81 | 15309/15309
3 189/81 1 351/189 |  783/189 5 | 94.7006993 | 3.17529138

From the above table, we get lower and upper limits of the distribution function of given prob-

ability distribution as belief and plausibility functions respectively, as Bel(A4,) < p(4,) <

Pl(v), v=0,1,2,3,4,5 including the case of subset 0.

Now we use notation p(v) = p(4,) = p({0,1,2,3,...,v —1})

We have raw moments and central moments as:

py = S xp(z) = 216/81 = 2.66666667,

s = S aPp(x) = 2088/81 = 25.77777778

’ ’2
p1 =0, p2 = pp — py = 0.8889,

[y = 3 22p(z) = 648/81 = 8,
g = S atp(x) = 7080/81 = 87.4074074

v=0,1,2,3,4,5.

7 !’ 2 ’ 3 7 !’ ’ ’ ’ 2 ! 4
p3 = pi3 = 3py + 2y = —0.2963 , = Ha Apzpry + 6popy —3py = 2.0741

and coefficient of skewness = 31 = M—i = —0.124998,
Ha
coefficient of kurtosis B3 = /L;l = 2.624967.

Ha
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5.5.1 First Method
Bel(A) 1
From table, we have, > ~o—7~> = 3.17529138 and ) o — = 94.7006993, Hence,
e e 200 )
1 e 1 1
—— Zag—) oA = 0.635058276 and ang@m = 18.9401399. Therefore the re-

lation becomes

0.635058276(Stat.Quantity) < (Stat.Quantity) < 18.9401399(Stat.Quantity). (5.7)

Using the above equation, rules of operations on intervals (interval arithmetics), and raw mo-
ments of discrete binomial probability distribution under study, we have lower and upper bounds

for raw moments as:

[, =1.69348874 < iy < 50.5070398 = 7iy, fu, = 5.08046621 < pu, < 151.521119 = Ji,

[, = 16.3703911 < pug < 488.234717 =Jig, o, = 55.5244779 < p1y < 165550852 = 7i,

p, = —48.8135511 < puy < 48.8135511 =iy, p, = —2545.8806 < pp < 148.653215 = iy

[, = —22932.5656 < 3 < 258145.408 = iy, p, = —19620701.3 < puy < 2320666.79 = 7i,,
— 12
Mg [HQﬁﬁZ]zﬁ

[—22932.5656, 258145.408] [0, 258145.4082]
[—2545.8806, 148.653215]>  [—2545.8806%, 148.6532157|
[0,6.66390517 * 10°]

= (165011436 » 1010, 3254905.70] — [—00,0/—1.65011456 * 10'°] U [0/3284905.79, oc]

2
The coefficient of skewness = 3 = Hs

= [—00,0] U [0, 00] = [—00, 7).
(5.8)
The coefficient of kurtosis = 32 = u—;l = [H“Mi%
H2 [H2? /’LQ}
_ [-19620701.3,2320666.79]  [-19620701.3, 2320666.79] (5.9)
[—2545.8806, 148.653215]° [0, —2545.88067]
~ [-19620701.3,2320666.79] (o0, 0]
N [0, 6481508.03] N T
5.5.2 Second Method
From the table, we have } 4 Bel(A) = 351/189, > ace P(A) =189/81, >ace PU(A) =

5.
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ZAQ@ Bel(A) ZAQ@ PI(A)
ZAQ@ p(4) ZAg@ p(A)

Therefore, = (0.795918367, = 2.14285714. Hence relation be-

comes

0.795918367 * ((Stat.Quantity) < ((Stat.Quantity) < 2.14285714 * ((Stat.Quantity). (5.10)

Using the above equation, rules of operations on intervals (interval arithmetics), and raw mo-
ments of discrete binomial probability distribution under study, we have lower and upper bounds

for raw moments as:

’

p, = 212244808 <y < 5.71428571 =Ty, p, = 6.36734694 < i < 17.1428571 = Ti,
ft, =20.5170068 < g < 55.2380952 = Jig, o, = 69.5888133 < yuy < 187.301587 = 7i,
2

Hy
B, = —3.59183673 < py < 3.59183673 =iy, p, = —26.2857142 < pp < 12.6380674 = iy
Hy

My = —254.238171 < pg < 388.015687 = ig, = —4219.56208 < pg4 < 3310.83757 =,

]2

5 _
The coefficient of skewness = ; = #—g = [EP’%
/’LQ Hg’ /1’2]
B [—254.238171, 388.015687] B [0, 388.0156877]
[—26.2857142,12.6380674]°  [—26.2857142%,12.6380674°]

[0,150556.17]
~ T IST61819T. 208.56157] — [—00,0/ — 18161.8191] U [0/2018.56157, 0]

= [—00,0] U [0, 00] = [—00, 0]

(5.11)

s —4219.56208, 3310.83757

The coefficient of kurtosis = 5 = M—g = [H‘l M4]2 = [ ! ]2

M3 uy7m)”  [~26.2857142,12.6380674]
| [-4219.56208,3310.83757]  [—4219.56208, 3310.83757] (5.12)
[0, —26.28571422] B [0,690.938771]
= [—00, 3310.83757/690.938771] = [—o0, 4.7917959).

Remark:-

We know that sign of the coefficient of skewness is dependent on the sign of pus. From the
interval for ps, we can not conclude about the sign of p3. Therefore we can not conclude
about the skewness of probability distribution. But we can have a conclusion about the given
probability distribution that the value of the coefficient of skewness lies in the interval for the

coefficient of skewness.

As we do not have any idea about the quantity which corresponds to quantity 3 (which is used

in statistics for a conclusion about skewness) and suitably replaces quantity 3. Similar to the
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coefficient of skewness, the value of the coefficient of kurtosis of probability distribution lie in

the interval for the coefficient of kurtosis.

From the above two conclusions, we say that endpoints of intervals obtained for coefficients
skewness and kurtosis represent lower and upper limits of coefficients of skewness and kurtosis.
Similarly, from intervals corresponding to raw moments and central moments, the endpoints of

respective intervals are lower and upper limits of respective raw and central moments.

5.6 Conclusion

In this paper, we have studied two methods to obtain lower and upper bounds of statistical
quantities depending upon the order of operations viz. division and summation. The method
consisting of the order of operations viz. firstly summation and then division is more suitable
than other methods consisting of the order of operations viz. division and then summation. It
overcomes situations of zero probability set at denominator and reduction and validates numerous
calculations in complicated calculations. Here lower and upper bounds of statistical quantities
viz. distribution function, raw moments, central moments, and coefficients of skewness and
kurtosis, are too much wider i.e. extreme but do not contradict statistical conclusions. The
main aim of such calculations is: instead of a single value, we should always prefer the interval

in which this value lies.



Chapter 6

Support Functions and
Combination Rules in
Hyper-Power Set and

Super-Power Set

6.1 Introduction

The probability theory and belief function theory are two important tools for dealing with
uncertainty. The concepts of probability theory and belief function theory are exchangeable
with proper modifications. Rarely, authors are using approaches from probability theory to
belief function theory. The branch of belief function theory viz. evidence theory is useful in
many fields such as behavioral sciences, investigation bureaus, data mining, etc. The simple
support functions are a particular type of belief function. The combination rules of simple
support functions are introduced by Dempster [16] in two dimensions for heterogeneous evidence
and conflicting evidence. A super-power set includes a hyper-power set and a hyper-power set

includes a power set.

In the world of uncertainty, every incidence occurring in our day-to-day life always follows some
known or unknown probability distribution. Therefore the choice of the appropriate probability
distribution plays an important role in decision-making. Hence, we should know the common

characteristics of all probability distributions. The introduction of simple support functions is

92
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FIGURE 6.1: Heterogeneous evidence for 3D

useful in categorizing cases of belief functions. It helps us in withdrawing the conclusion. A
super-power set consists of all combinations of subsets under study in the sense of set operations

viz. union, intersection, and complementation.

In this paper, firstly, we apply combination rules of simple support functions in three dimensions
for heterogeneous evidence and conflicting evidence with cases, in a hyper-power set. Secondly,
we apply the combination rules of simple support functions for two dimensions for heterogeneous
evidence and conflicting evidence in a super-power set with an illustrative example. Finally, we
discuss the combination rules of simple support functions for higher dimensions in hyper-power

and super-power sets.

6.2 Heterogeneous evidence for 3D in Hyper-

Power Set

Now, we generalize the result of heterogeneous evidence in two dimensions (2D) to three dimen-
sions (3D). We combine evidence that points to proposition A; with evidence that does not point
to proposition A; but to different propositions which are compatible with proposition A viz.
propositions A and Asz. Such combination provides a support for A, Ay, and Aj separately
and for the conjunction A; N Ay N As.

Theorem 6.1. Suppose Ay N As N Az # 0 and S;, j = 1,2,3 is a simple support function
focused on A; with Sj(A) = s;j(A). Then the orthogonal sum S = S; @ So @ S3 has basic
probability numbers as:

m(A1 NAzx N As) = s1(A1)s2(A2)s3(As),
m(A1 N Ag) = 51(A1)s2(A2)(1 — s3(A3)),
m(A1 N Az) = s1(A1)s3(A3)(1 — s2(A2)),
m(Az N Az) = s2(A2)s3(A3)(1 — s1(A1)),
m(Ay) = s1(A1)(1 — s2(A2))(1 — s3(A3)),
m(Az) = s2(A2)(1 — s1(A1))(1 — s3(A3)),

m(Az) = s3(A3)(1 — s1(A1))(1 — s2(Az2)),
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m(©) = (1 — 51(A1))(1 — s2(A2))(1 — s3(A3))

and m(B) = 0 if B is none of the above-mentioned subsets of ©.
Also, orthogonal sum S = S, ® Sy P S3 is

0 if C does not contain A; N Ay N Az
s1(A1)s2(A2)s3(Az) if C contains A1 N Ag N Ag but neither

A1 N Ag nor A1 N Az nor A N As

s1(A1)s2(A2) if C contains A1 N As but neither
A1 N A3z nor Ag N A3

s1(A1)s3(As) if C contains A1 N Az but neither
A1 N Ag nor Ao N Ag

s2(A2)s3(A3) if C contains Ag N Ag but neither

A1 N Ag nor Ay N As

s1(A1)s2(A2) + s1(A1)s3(A3) if C contains A; N Ag and

—s1(A1)s2(A2)s3(A3) A1 N Az but not Ay N Ag
51(A1)s2(A2) + s2(Az2)s3(A3) if C' contains A1 N Az and
—s1(A1)s2(A2)s3(A3) Az N Az but not A; N As

51(A1)s2(A3) + s2(A2)s3(A3)
—s1(A1)s2(A2)s3(A3)

if C contains A1 N Az and

Ag N Az but not A1 N Ag

S(C) = < s1(A1)s2(A2) + s1(A1)s3(As) if C contains A1 0 Az, A1 N A and (6.1)
+s2(Ag)s3(A3) — 2s1(A1)s2(Ag)s3(A3) Ao N A3z but not their proper super set in ©
s1(A1) if C contains A1 but neither Ag nor Agz
so(A2) if C contains Ag but neither Ay nor Ag
s3(A3) if C contains Az but neither Ao nor As
53(A3) + s1(A1)s2(A2)(1 — s3(A3)) if C contains (A1 N A2) U Ag

but not its proper super set in ©
s2(A2) + 51(A1)s3(A3)(1 — s2(A2)) if C contains (A1 N Az) U Ag

but not its proper super set in ©
s1(A1) + s2(A2)s3(A3)(1 — s1(A1)) if C' contains (Ag N Az) U Ay

but not its proper super set in ©
51(A1) + s2(A2) — s1(A1)s2(A2) if C contains Ay and As but not Ag
s1(A1) + s3(A3) — s1(A1)s3(A3) if C contains A1 and Ag but not Ay
s2(A2) + s3(Az) — s2(A2)s3(A3) if C contains Ag and Az but not Ay
1—(1—-51(A1))(1 —s2(A2))(1 —s3(A3)) if C contains Ay, Ay and Az but C # ©
1 if C = ©

for all C C O.

Proof: Here, for basic probability numbers, we consider sets that are intersections of any number
of sets among A, Ao, and As. For i = 1,2, 3; if set A; is present in the set under consideration
then multiply by s;, and if set A; is absent in the set under consideration then multiply by
(1 — ;). By Dempster‘s rule, A; N A2 N Ag is supported by the quantity s1(Aj)sa(As)s3(As).
By the figure of heterogeneous evidence in 3D, we obtain basic probability numbers for any
combination of sets A;, A, and A3 with set operations viz. the union and intersection. Also,
the sum of basic probability numbers of all subsets of © is one. For the value of S(C), we
consider immediate proper superset C of a subset of ©, which does not contain properly any
superset of a subset of © under consideration. For the calculation of S(C), we consider subsets

of © which are contained in C. For i = 1,2, 3; if set A; is present in the set under consideration
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FIGURE 6.2: Conflicting evidence for 3D

then multiply by s;(A;) and if set A; is absent in the set under consideration then multiply by

(1 —s;(A;)). The same rule is applied if C' contains more subsets of ©. Here

s1(A1)(1 = s2(A2)) (1 — s3(A3)) + 52(A2)(1 — 51(A1))(1 — s3(A3))

+ 53(As)(1 — s1(A1)) (1 — 52(A2)) + 51(A1)s2(A2) (1 — s3(A3))

+ 51(A1)s3(A3)(1 — s2(A2)) + 52(A2)53(A3)(1 — 51(A1)) + 51(A1)52(A2)53(As)

= s1(A1) + s2(A2) + s3(A3) — 51(A1)s2(A2) — 51(A1)s3(A3) — s2(A2)s3(A3) + 51(A1)52(A2)s3(A3)
=1—(1—s1(A1))(1 — 52(A2))(1 — s3(A3)).

6.2.1 Conflicting evidence in Hyper-Power Set

Now, we generalize the result of conflicting evidence in two dimensions (2D) to three dimensions

(3D). For three dimensions, conflicting evidence has the following cases:

I All pairs of two different bodies of evidence are pairwise disjoint.
II AiNnAynNAs = (.

IIT Mixing of the above two cases.

Case I: All pairs of two different bodies of evidence are pairwise disjoint

Theorem 6.2. Suppose that for i =1,2,3; simple support function S; is focused on Aii with a

degree of support s;(A;). Then the orthogonal sum S of S1,S2 and S3 have basic probability
numbers

m(A1) = s1(A1)(1 — s2(A2))(1 — s3(A3))/K,
m(Az) = s2(A2)(1 — s1(A1))(1 — s3(A3))/K,
m(Az) = s3(A3)(1 — s1(A1))(1 — s2(A2))/ K,
m(©) = (1 — s1(A1))(1 — s2(A2))(1 — s3(A3))/ K,

and m(B) = 0 if B is none of the above-mentioned subsets of ©,

where K =1 — 51(A1)s2(A2)s3(A3) — s1(A1)s2(A2)(1 — s3(A3)) — 51(A1)s3(A3)(1 — s2(A2)) — s2(A2)s3(A3)(1 — s1(A1)) -

Also, the sum of basic probability numbers corresponding to all parallelepipeds is one and the
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orthogonal sum S = S1 & So & S3 is a separable support function and is given by

0 If C contains neither A1 nor Ag nor As
s1(A1)(1 — s2(A2))(1 — s3(A3))

s2(A2)(1 — 51 (A1) (1 — s3(A3))

sa(A3)(1 — 51 (A1) (1 — 53(A2))

s1(A1)(1 — s2(A2))(1 = s3(43))

L 52(42)0 = 51141)(1 = sa(Aa))

$1(A1)(1 = 2(42))(1  55(43)) If C contains A; and As but not As.

S(C) =1 st = sifana - saa2) (6.2)
s2(A2)(1 = s1(AD))(1 - s3(43))

L 5a(A)( = 51141)(1 = sa(A2))

51(A1)(1 — s2(AD))(1 — s3(Ag))

| 52(A2)( = 51141)(1 ~ sa(A3))

L a(A2)0 = 51 (A1) = sa(a2))
K
1 Ifc=e.

If C contains Ay but neither Ag nor Ags .

If C contains Ag but neither Ay nor Az .

If C contains Az but neither Ay nor Ag .

If C contains A1 and Ag but not As.

If C contains Ag, and Az but not Aj.

If C contains A1, Ag, and Az but C # ©.

for all C C O.

Proof: Here we consider all subsets of ® which are considered in the above theorem. By
the figure of conflicting evidence for three dimensions, the parallelopipeds corresponding to
Ay N Ay, Ay N Az, Ay N Az and A1 N Ay N Az are related to the set (). For the application
of Dempster‘s rule, we must eliminate parallelopipeds that are related to () viz. parallelop-
ipeds s1(A1) Ns2(Az), s1(A1) Ns3(As), s2(A2) Ns3(As) and s1(A1) Nsa(A2) Ns3(As). Therefore
decrease the measures of the remaining parallelopipeds by the quantity which is reciprocal of
1—s1(A1)s2(Az)s3(A3) —51(A1)s2(A2)(1—53(As3)) —s51(A1)s3(As3)(1—52(Az2)) —52(A2)s3(A3)(1—
s1(A7)).

Here, for basic probability numbers, we consider sets A1, Ao, and As. For i =1,2,3; if set A; is

present in the set under consideration then multiply by

si(Aq) H?:1;i¢j(1 —s;(A;))
1 —51(A1)s2(A2)s3(A3) — s1(A1)s2(A2)(1 — 53(A3)) — s1(A1)s3(A3)(1 — s2(A2)) — s2(A2)s3(A3)(1 — s1(A1))’
The sum of basic probability numbers of all subsets of © under consideration is one.

For the value of S(C), we consider immediate proper superset C of a subset of ©, which does
not contain properly any superset of a subset of © under consideration. For the calculation of
S(C), we consider subsets of © which are contained in C. For ¢ = 1,2, 3; if set A; present in set

under consideration then add quantity

5 (A) TT5 1,05 (1 = 55(4;))
1— 51(A1)s2(A2)s3(As) — s1(A1)s2(A2)(1 — 53(A3)) — s1(A1)s3(A3)(1 — 52(A2)) — s2(A2)s3(Az)(1 — s1(A1))
The same rule is applied if C' contains more subsets of O.

Case II: A1 N Ay N As = 0:

Theorem 6.3. Suppose that for i = 1,2,3; simple support function S; is focused on Aii with
the degree of support s;(A;). Then the orthogonal sum S = Sy @ Sy @ S3 has basic probability
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numbers

and m(B) =0 if B is none of the above-mentioned subsets of O,

where K =1 — s1(A1)s2(A2)s3(As).

Also, the sum of basic probability numbers corresponding to all parallelepipeds is one and the
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orthogonal sum S = S1 & So & S3 is a separable support function and is given by

51(A1)s2(A2)(1 — s3(Az))
K

51(A1)s3(A3)(1 — s2(A2))
K

52(A2)s3(A3)(1 — s1(Aq1))
K

s1(A1)s2(A2)(1 — s3(A3)) . 51(A1)s3(A3)(1 — s2(A2))
K K

51(A1)s2(A2)(1 — s3(Az)) n s2(A2)s3(A3)(1 — s1(A1))
K K

51(A1)s2(A3)(1 — s3(A3)) + s2(A2)s3(A3)(1 — s — 1(Aq))

K K

51(A1)s2(A2)(1 — s3(A3)) . 51(A1)s3(A3)(1 — s2(A2))
K

K
S(C) +82(A2)33(A31)<(1 — s1(A1))

s1(A1) — s1(A1)s2(A2)s3(A3)
s2(Az2) — 81(14}1()52(142)83(143)
s3(Asz) — Sl(All()52(A2)s3(A3)
s3(Asz) + 51<A}1()52(A2) — 251(A1)s2(A2)s3(A3)

K
s2(A2) +51(A1)s3(A3) — 251(A1)s2(A2)s3(A3))

K
s1(A1) +52(A2)s3(A3) — 251(A1)s2(A2)s3(A3)

K
51(A1) +s2(A2) — s1(A1)s2(A2) — s1(A1)s2(A2)s3(A3)
s1(A1) +s3(A3) — S1(A1)S:’{((A3) — s1(A1)s2(A2)s3(As)
s2(A2) + s3(Ag) — 52(A2)5§((A3) — 51(A1)s2(A2)s3(As)
1—(1-s1(41))(1 - 52(,425(1 —s3(A3)) — s1(A1)s2(A2)s3(A3)

K
1
for allC C O.

If C contains neither A1 N A nor Ap N Ag
nor Ag N Ag

if C contains A1 N Ag but neither

A1 N A3z nor Ap N A3

if C' contains A1 N Az but neither

A1 N Ay nor Ag N A3

if C contains Ag N Az but neither

A1 N Ag nor Ap N As

if C contains A1 N Ag and

A1 N Az but not Ao N Ag

if C contains A1 N Ag and

Ag N Az but not Ay N Ag

if C' contains A1 N Az and

Ag N A3 but not Ap N Ag

if C' contains A1 N A, A1 N Az and
Ag N A3 but not their proper super set in ©
if C contains Ay but neither As nor As
if C' contains Ag but neither Ay nor As
if C contains As but neither As nor Ag
if C contains (A1 N Ag) U Ag

but not its proper super set in ©

if C contains (A1 N Az) U Ay

but not its proper super set in ©

if C contains (Ag N Az) U Ay

but not its proper super set in ©

if C' contains Ay and Ag but not Ag

if C contains A1 and Az but not Ay

if C' contains Ag and Az but not Aj

if C contains Ay, Az, and Az but C # ©
if C =0

(6.3)

Proof: Here we consider all subsets of © which are considered in heterogeneous evidence in

3D. By the figure of conflicting evidence for three dimensions, the parallelopiped A; N A3 N Ag

is related to the set (). For the application of Dempster‘s rule, we eliminate corresponding

parallelopipeds. Therefore decrease the measures of the remaining parallelopiped by quantity

1 —s1(A71)s2(A2)s3(A3)

et K =1—s1(A1)s2(A2)s3(As). The basic probability numbers are

obtained from basic probability numbers of all subsets of © except A1 N A3 N A3 by multiplying

K. Here the sum of basic probability numbers of all subsets of ©® under consideration is one.

We apply the remaining procedure of calculation of S(C) similar to Case 1.

Case III:- Mixing of Above Two Cases:
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, In this case, any two pieces of evidence may be heterogeneous or conflicting. If given two pieces
of evidence are heterogeneous then their intersection is not related to the set (. If given two pieces
of evidence are conflicting then their intersection is related to the set (). Such combinations of
evidence should be done for all possible pairs of given evidence. The effect of conflicting evidence
is taken into account while calculating the value of K as in the above cases. Also, eliminate cases
in S(C) whose intersection is related to the set . As Dempster*s rule of combination is associative
and commutative hence Bernaulli‘s rule of combination, the order of the combination of support

functions is not important.

Theorem 6.4. Suppose that for i = 1,2,3; simple support function S; is focused on Aii with
the degree of support s;(A;) and the parallelopiped Ay N As is related to the set ). Then the
orthogonal sum S = S1 ® So @ S3 have basic probability numbers

m Al n AQ) = 81(A1)82<A2)<1 — Sg(Ag))/K

m(A1 N Ag) = 81(A1)83(A3)(1 — SQ(AQ))/K,

b
—
~—
/\
h
—
—_
|
¥
[\v]
—~
b
N
~
—_
I
V)
w
—
h
w
~
=

(
(
m(
(
(
m(©) = (1 —s1(A1))(1 - s2

and  m(B) =0 if B is none of the above-mentioned subsets of ©.
where K =1 — s5(As)s3(A3) — s1(Ay)s2(As)s3(A3).

Also, the sum of basic probability numbers corresponding to all parallelopipeds is one and the

orthogonal sum S = Sy @ So @ S3 is a separable support function and is given by



Chapter 6. Support Functions and Combination Rules in Hyper-Power Set and

Super-Power Set 100
0 If C contains neither A1 N A nor Ap N Ag
51(A1)s2(A2)(1 — s3(A3))

% if C contains A1 N Ag but not

Ay N Ag
51(A1)s3(A3)(1 — s2(A2))
K

if C' contains A; N Az but not

A1 N Ao
s1(A1)s2(A2)(1 — s3(A3)) n s1(A1)s3(A3)(1 — s2(A2))
K K

if C contains A1 N Ag and

A1 N Az
s1(A1) — s1(A1)s2(A2)s3(A3)

52(A) — s2(An)s3(Asz)

if C contains A1 but neither Ag nor Ag

if C contains Ag but neither Ay nor As

K
Asg) — A A
S(C) = s3(43) = #2(A2)s3(43) if C contains Ag but neither Ay nor Az

s3(Az) + Sf((A1)S2(A2) — s2(A2)s3(Ag) — s1(A1)s2(A2)s3(A3)
K

if C contains (A1 N Ag) U Az

but not its proper super set in ©
s2(A2) + s1(A1)s3(Az) — s2(A2)s3(A3) — s1(A1)s2(A2)s3(As)
K

if C contains (A1 N Az) U Ay

but not its proper super set in ©
51(A1) + s2(A2) — s1(A1)s2(A2) — s2(Az)s3(A3)

% if C' contains Ay and Ag but not Ag
51(A1) + s3(A3) — s1(A1)s3(As) — s2(A2)s3(Az)

I if C contains A1 and Az but not Ag
52(Az) + s3(A3) — 252(A2)s3(As)

if C' contains Ag, and A3 but not Ay

(r—- 31(A1)€<(1 — s2(A2))(1 — s3(A3))) — —s2(A2)s3(As)
K

1 if C =0

if C contains A1, Aa and Az but C # ©

(6.4)
for all C C O.

Proof: Here we consider all subsets of © which are considered in conflicting evidence in 3D in
Case II. By the figure of conflicting evidence for three dimensions, WOLOG, assume that the
parallelopiped related to the set A, N Az is related to the set () hence A7 N Ay N Az is related
to the set (). Here A; N Ay # () and A; N Az # (. For the application of Dempster‘s rule, we

eliminate corresponding parallelepipeds viz. AsN A3z and A; NA;NA3. Therefore we decrease the
1

1-— 82(A2)83(A3) — 81(A1)SQ(A2)83(A3) '
Let K =1 — s2(A2)s3(As) — s1(A1)s2(Az)s3(As). The basic probability numbers are obtained

measures of the remaining parallelopipeds by quantity

from basic probability numbers of all subsets of © except AoN Az and A;NA3N Az by multiplying
K. Here the sum of basic probability numbers of all subsets of © under consideration is one.

We apply the remaining procedure of calculation of S(C) similar to Case II.

Similarly, we can apply other cases only one pair of two different bodies of evidence is conflicting,

and two pairs of two different bodies of evidence are conflicting.
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6.3 Combination of evidence in 2D in Super-

Power Set

Now we replace the hyper-power set with the super-power set. The complements of subsets in

the hyper-power set are included.

6.3.1 Heterogeneous evidence in 2D in Super-Power Set

We have the super-power set for subsets A and B of O as
{0,ANB,A,B,AUB,c(AN B),c(A),c¢(B),c(AU B),c(0) = 6},
where ¢(X) = complement of subset X of © in ©.

Theorem 6.5. Suppose AN B # 0. Let S; be a simple support function focused on A with
S1(A) = s1. Let Sy be another simple support function focused on B with So(B) = so. Then
the orthogonal sum S = S1 ® Sy focused on AU B, has basic probability numbers m(AN B) =
s152, m(A) = s1(1 — s2),m(B) = s2(1 — s1) and m(0) = (1 — s1)(1 — s2). Also,

0 if C does not contain A N B
Ss182 if C contains A N B but neither A nor B
S1 if C contains A but not B
s2 if C contains B but not A
S C) 1—(1—s51)(1 —s2) if C contains both A and B and C # © (6 5)
( o (1 —s1)(1—s2) if C contains c(A U B) but not its proper super set in © ’
1—s1 if C' contains c(A) but not its proper super set in ©
1—so if C contains c¢(B) but not its proper super set in ©
1 — s1s9 if C contains c(A N B) but not its proper super set in ©
1 if C =0

forall C C ©.

Proof: Here we apply the method of heterogeneous evidence in 2D with subsets from the super-
power set of ©. Also, 1—(1—s1)(1—s2) = s1+S2—s5152. While obtaining support functions for the
complement of subsets of ©, we use the result: For any subset A C ©, Bel(c(A)) =1— PIl(A),

since support function is a belief function.

6.3.1.1 Conflicting evidence in 2D in Super-Power Set

Theorem 6.6. If S is a simple support function focused on A with S1(A) = s1 and Ss is a
simple support function focused on B with So(B) = sy and AN B = 0. Then the orthogonal
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sum S =51 ® 5 focused on AU B has basic probability numbers:

0 if C =10
M JO=aA
— 518
m(C) = 52(17_15?) if C = B (66)
1—s1s ) -
(1= sl = s9) Jo—o
1—s1s2 -

Also, the orthogonal sum S of simple support functions S1 and Sy focused on AU B, is given by

0 if C contains neither A nor B
s1(1 — s2 ) )
(7 if C contains A but not B
1— s1s2

s2(1 —s1 ) )
¥ if C contains B but not A

1— s1s92
$1(1 —s9) +s2(1 — s
1( 2) 2( %) if C contains both A and B and C # ©

S(C) = 1 81(11:;21)83» so(1 — s1) (67)

if C' contains ¢(A U B) but not its proper super set in ©

1 — s1s2
s1(1 — s2) ) ) ) )
— 17 if C' contains c(A) but not its proper super set in ©
— 8152
s2(1 = s1) ) ) ) .
- if C contains c¢(B) but not its proper super set in ©
1—s1s2
1 if C =0©

forallC C ©.

Proof: Here, we consider sets from the super-power set of ©. While applying Dempster‘s rule
of combination in 2D, we eliminate the lower-left rectangle ( see the figure of conflicting evidence
in 2D) and increase the measures of the remaining rectangles by multiplying factor 1—713132
For calculating basic probability numbers by multiplying basic probability numbers except for

1
set AN B by quantity T sise” We apply a procedure similar to conflicting evidence in 2D for
— 5182
calculating S(C).

6.3.2 Generalizations of Above Results to £ Dimensions

In the hyper-power set, the number of cases for heterogeneous evidence follows the sequence
of Dedekind numbers with the addition of 1 viz. 2,6,20,168,7581,7828354,.... For k > 4,
it becomes difficult to enumerate all cases. In the super-power set, the number of cases for
heterogeneous evidence; follows the sequence 22"~ +n viz. 1,3,10,131,32772,.... For k > 3, it

becomes difficult to enumerate all cases.

In each case, a subset of © whose support function to being calculated is the union and inter-
section of subsets of © in some prescribed order. Whenever operation union is performed, we
use the rule: For any subsets A, B C 0, S(AUB)=5(A)+ S(B)— S(AnN B), since support

function S is a belief function. Whenever operation intersection is performed, we use the rule:
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For any subsets A, B C ©, S(ANDB)=S5(A)S(B). Using these two rules in a prescribed order

in a required subset of ©, we obtain the support function of every subset of ©.

A
6.4 Simple Support Function Based on s = %

p(4)
2n—1
advantage as: For any subset A of ©, m(A) < m(©) and a disadvantage as Values involved in

By using the basic belief assignment from [25], m =

as the degree of support, we have an

calculations are very small as compared to the degree of support s which is based on probability

from probability distributions. The advantage is more appealing than the disadvantage.

6.5 Illustrative Example

From [29, 32], suppose that one body of evidence focused on subset 4; of ©® = {0, 1,2,3,4,5,6,7,8,9,10}

with the degrees of support, s; follows the binomial distribution

pla) = (Z)pwa‘w, ©=0,1,2,3,4,5,6,7,8,9,10

withp=0.7,1=1—-p=0.3and n =10

Therefore,

p(0) = 0.0000059049,p(1) = 0.000137781,

p(2) = 0.0014467005,p(3) = 0.009001692,

(6.8)

)

)

p(4) = 0.036756909,p(5) = 0.1029193452,

p(6) = 0.200120949,p(7) = 0.266827932,
)

p(8) = 0.2334744405,p(9) = 0.121060821,

p(10) = 0.0282475249

Here Ziozop(m) =1

Suppose that one body of evidence focused on subset As of © = {0,1,2,3,4,5,6,7,8,9,10} with

degrees of support sy folllows Poison distribution

eMN®
p(z) =

S =0,1,2,3,4,5,6,7,8,9,10

with A =2, and n =10
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Therefore,

p(0) = 0.135335283236612,p(1) = 0.270670566473225,
p(2) = 0.270670566473225,p(3) = 0.180447044315483,
p(4) = 0.090223522157741,p(5) = 0.036089408863096,
p(6) = 0.12029802954365,p(7) = 0.003437086558390, ¢
p(8) = 0.000859271639597,p(9) = 0.000190949253243,

p(10) = 0.000038189850648779
Here "2 p(z) = 0.999991691775625 ~ 1.

From [29, 32], suppose that one body of evidence focused on subset A3 of ©® = {0, 1,2,3,4,5,6,7,8,9,10}

with degrees of support s3 folllows discrete uniform distribution

1
= =0,1,2,3,4,5,6,7,8,9,10. =10
p(l') TL+17 z ) Ly &y 9y Ey Iy Uy 1,0y n

1
p(z) = 1= 0.09090909090909

Here 327 p(z) = 0.99999999999999 ~ 1.

6.5.1 Heterogeneous evidence for 3D in Hyper-Power Set

Suppose A1 N Ay N A3z # 0. Let S;, j = 1,2,3 be a simple support function focused on
A; with S;(A) = s;(A). We combine Si, 52, and S3. By Dempster's rule, 4; N Ay N Az is
supported by the quantity s;(A1)s2(A42)s3(A3). From [327 |, suppose that the first body of
evidence focused on A; with a degree of support s; is probability obtained from the binomial
distribution Binomial(10,0.7), the second body of evidence focused on A, with a degree of
support sg is probability obtained from Poison distribution Poison(2) and the third body of
evidence focused on As with a degree of support s3 is probability obtained from a discrete
uniform distribution. Here 4; = {1,2,3,5,6,8,9}, A =1{0,1,3,6,8,10}, A3 = {0,2,3,5,7,8}.
Therefore A; N Ay ={1,3,6,8}, A;NAs=1{2,3,5_8} A:nAs;={0,3,8},

and A; N A2 N Az = {3,8}. Here 51 = p(A;) = 0.6681617292, s = p(A2) = 0.59938015846993
and s3 = p(Asz) = 0.54545454545454 By figure of heterogeneous evidence, the orthogonal sum
S =51 &S, ® S3 has basic probability numbers as:

m(A1; N Ay N Ag) = s1(A1)s2(Az)ss(Az) = 0.218445208980782,

(
m(Ay N Ag) = s1(A1)s2(A2)(1 — s3(Az)) = 0.182037674150655,
m(Ay N Az) = s1(A1)s3(A3)(1 — s2(Az)) = 0.146006664331012,
(

m(A1) = s1(A1)(1 — s2(A2))(1 — s3(As)) = 0.1214271770566773,

(
(
(
m(As N Az) = s2(A2)s3(A3)(1 — s1(A1)) = 0.108489422911903,
(
m(As) = s2(A2)(1 — s1(A1))(1 — s3(A3)) = 0.90407852426588,
(

m(As) = s3(A3)(1 — s1(A1))(1 — s2(Ag)) = 0.072513270251731,
m(0) = (1 — s1(A1))(1 — s2(A2))(1 — s3(As)) = 0.06042772520977

and m(B) = 0 if B is none of the above-mentioned subsets of ©.

We consider sets that are intersections of any sets among Aj, A, and Az. For the value of
S(C), we consider the proper super set C' of a subset of ©, which does not contain its proper

superset of the subset of © under consideration.
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Therefore, by equation (6.1), orthogonal sum S = S; & Sy ® Ss is

0

0.218445208980782
0.400482883131438
0.364451852290905
0.326934631892685
0.546489526441561
0.508972306043341
0.472941275202808
S(C) = 0.654978949353464

0.6681617292

0.59938015846993

if C does not contain A; N Ay N A3

if C contains A; N Ay N Az but neither
A1 N Ag nor Ay N A3z nor Ag N Ag

if C' contains A; N Ag but neither

A1 N Az nor Ao N Ag

if C contains A] N Az but neither

A1 N A nor Ay N Ag

if C contains Ag N Az but neither

A1 N Az nor A N Ag

if C' contains A1 N Ag and

A1 N A3z but not Ay N Az

if C contains A; N Ay and

Ao N A3z but not A3 N Ag

if C' contains A; N Az and

Ag N A3z but not A3 N Ag

if C contains A1 N Ao, A1 N A3 and

Ao N Az but not their proper super set in ©
if C contains A; but neither A nor Ag

if C contains Ag but neither Aj nor Ag

(6.10)

0.54545454545454 if C' contains A3 but neither Ag nor Ag
0.727492219605195  if C contains (A1 N Ag) U A3

but not its proper super set in ©
0.745386801780052  if C contains (A1 N A3) U Ag

but not its proper super set in ©
0.776651152111903  if C contains (Az N A3z) U Ag

but not its proper super set in ©
0.867059004538492  if C contains A; and As but not Ag
0.849164422363635 if C contains A; and Az but not Ay
0.817900070734543  if C contains Ag and Az but not A;

0.939572274790222  if C contains Aj, Ag, and Az but C # ©

1 ifC =0

for all C' C O.

6.5.2 Conflicting evidence for 3D in hyper-power Set

6.5.2.1 All Pairs of Two different bodies of evidence are disjoint

Suppose A; NA; =0 4,7 =1,2,3andi # j. From [29, 32], suppose that the first body of
evidence focused on A; with a degree of support s; is probability obtained from the binomial
distribution Binomial(10,0.7), the second body of evidence focused on Ay with a degree of
support se is probability obtained from Poison distribution Poison(2) and the third body of
evidence focused on A3 with a degree of support s3 is probability obtained from a discrete uniform
distribution. By the figure of conflicting evidence for three dimensions, the parallelopipeds
corresponding to Ay N As, Ay N Az, Ay N Az, and A; N Ay N A3 are related to the set (). For
the application of Dempster‘s rule, we must eliminate corresponding parallelopipeds. Therefore
decrease the measures of the remaining parallelopipeds by a quantity which is reciprocal of
1—51(A1)s2(A2)s3(A3) —s1(A1)s2(A2)(1—53(A3)) —51(A1)s3(A3)(1—52(Az)) —52(A2)53(A3)(1—
s1(471)). Here A; = {1,2,3,8,9}, Ay = {0,6,10} and A3 = {4,5,7}. Therefore A; N Ay =

0, AiNA3=0, Ay;nNAs;=0,



Chapter 6. Support Functions and Combination Rules in Hyper-Power Set and
Super-Power Set 106

and A; N A; N A3 = (). The orthogonal sum S of S1,S2, and S3, has the basic probability
numbers

m(A1) = s1(A1)(1 — s2(A2))(1 — s3(A3))/K = 0.2708921543877144,
m(As) = s2(A2)(1 — s1(A1))(1 — s3(A3))/K = 0.081495400822394,
m(Asz) = s3(A3)(1 — s1(A1))(1 — s2(A2))/K = 0.176629059350823,
m(©) = (1 — s1(A1))(1 — s2(A2))(1 — s3(A3))/K = 0.471031294689857,

and m(B) = 0 if B is none of the above mentioned subsets of ©.

where K = 1 — 51(A1)s2(A2)s3(A3) — 51(A1)s2(A2)(1 — 53(A3)) — 51(A1)s3(Az)(1 — 52(A2)) — s2(A2)s3(Az)(1 — 51(A1)) =
0.835760543043101.

Also, the sum of basic probability numbers corresponding to all parallelopipeds is one.

By using equation (6.2), the orthogonal sum S = S; ® Sy ® S3 is a separable support function

and is given by

0 If C contains neither A; nor A nor Ag

0.2708921543877144  If C contains A; but neither Ay nor Agz.

0.081495400822394 If C contains A but neither A; nor Ag.

0.176629059350823 If C contains A3z but neither A; nor As.

S(C) = { 0.352327555200538 It C contains A; and Ay but not Ag. (6.11)
0.447521213737967 If C contains A; and Az but not As.

0.258064460173217 If C contains Ag and Az but not Aj.

0.528956614560361 If C contains Ay, Az, and Az but C # O.

1 If C =0.

for all C' C ©.

6.5.2.2 All Distinct Bodies of Evidence are disjoint A; N A; N A3 =10

Suppose A; NA; =0 4,7 =1,2,3and i # j. From [29, 32], suppose that the first body of
evidence focused on A; with a degree of support s; is probability obtained from the binomial
distribution Binomial(10,0.7), the second body of evidence focused on A, with a degree of
support s is probability obtained from Poison distribution Poison(2) and the third body of
evidence focused on Az with a degree of support sz is a probability obtained from a discrete
uniform distribution. Here 4; = {1,2,3,5,6,9}, As=1{0,1,6,8,10} and A5 ={0,2,3,5,7,8}.
Therefore A1 N Ay = {1,6}, A;NA;={2,3,5}, AxnN A3z ={0,8}, and A1 N Ay N Az = 0.
By the figure of conflicting evidence for three dimensions, the parallelopiped A; N As N Ag is
related to the set . For the application of Dempster's rule, we eliminate the corresponding

parallelopiped. Therefore decrease the measures of the remaining parallelopipeds by quantity
1

1 — s1(A1)s2(A2)s3(As)

The orthogonal sum S = S; @ Sy & S3 has the basic probability
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numbers

L

))/K = 0.127471959668042,

A3))
1 —s5(A43))/K = 0.119521225212776,

where K =1 — s1(A;)s2(As)s3(As) = 0.90067005479721.

Also, the sum of basic probability numbers corresponding to all parallelopipeds is one.

By using equation (6.3), the orthogonal sum S = S; ® S, @ S3 is a separable support function

and is given by

0.091903748653322

0.152966351591380

0.143425470255328

0.244870100244702

0.235329218908650

0.296391821846708

038829557050003

0.372342059904191

0.35485044412428

0.495325228007276

0.5872228976660599

0.507816795712808

0.515767530159519

0.635288755372295

0.714700936320086

0.706750201873376

0.834222161532863

1

If C contains neither A N Ag nor A; N As
nor Ag N Az

if C contains A1 N Az but neither

A1 N A3z nor Ag N Aj

if C' contains A; N A3 but neither

A1 N A nor A N A3

if C contains As N A3z but neither

A1 N Ay nor Aj N As

if C contains A1 N Az and

A1 N A3 but not Ao N Ag

if C' contains A1 N Ag and

Ag N A3z but not A3 N Ag

if C contains A; N A3z and

Ao N A3z but not Ay N Ag

if C contains A; N Az, A1 N Az and

Ag N Az but not their proper super set in ©
if C contains A but neither As nor Ag
if C' contains As but neither A; nor Ag
if C contains Az but neither Ag nor Ag
if C contains (A; N Az) U A3

but not its proper super set in ©

if C contains (A1 N A3) U Ay
but not its proper super set in ©

if C contains (Az N A3z) U Ag
but not its proper super set in ©

if C contains A; and As but not Ag

if C contains A; and Az but not Ag

if C' contains A and A3 but not A;

if C contains A1, Ay, and Az but C # ©
itC=0

(6.12)
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for all C' C ©.

6.5.3 Mixing of Above Two Cases

, In this case, any two pieces of evidence may be heterogeneous or conflicting. If two pieces
of evidence are heterogeneous, their intersection is unrelated to the set (). If any two pieces
of evidence are conflicting then their intersection is related to the set (). Such combinations of
evidence should be done for all possible pairs of different bodies of given evidence. The effect of
conflicting evidence is taken into account while calculating the value of K as in the above cases.
Also, eliminate cases in S(C') whose intersection is related to the set . As Dempster‘s rule of
combination is associative and commutative hence Bernaulli‘s rule of combination, the order of

the combination of support functions is not important.

Suppose A1 N As N Az = (0 and Ay N A3 = 0. From [29, 32|, suppose that the first body of
evidence focused on A; with a degree of support s; is probability obtained from the binomial
distribution Binomial(10,0.7), the second body of evidence focused on A, with a degree of
support s is probability obtained from Poison distribution Poison(2) and the third body of
evidence focused on A3 with a degree of support s3 is probability obtained from a discrete uniform
distribution. By the figure of conflicting evidence for three dimensions, WOLOG, assume that
the parallelopiped As N As is related to the set ) hence the parallelopiped 4; N Ay N Az is
related to the set . For the application of Dempster's rule, we eliminate the corresponding

parallelopipeds. Therefore decrease the measures of the remaining parallelopipeds by quantity
1

1 — 52(A2)53(A3) — Sl(Al)SQ(AQ)Sg(Ag) ’
the subsets Ay, Ao, and Az of O, is disjoint.

Here Ay = {1,2,3,5,6,8,9}, Ay ={0,1,3,6,10} and A3 = {2,5,7,9}. Therefore Ay N Ay =
{1,3,6}, A1NA3=1{2,6}, AynNA3=0,
and A;NAsN A3 =0. The orthogonal sum S = S; @ Ss® S3 has the basic probability numbers

Here we need at least one pair of subsets of © among

m(Ay N Ag) = s1(A1)sa(A2)(1 — s3(A3))/K = 0.325283340366,
m(A; N Az) = s1(A1)s3(A3)(1 — s2(As))/K = 0.124683050302971,
(A1) = s1(A1)(1 — 52(A2))(1 — s3(As3))/K = 0.218195338030203,
m(As) = s5(A2)(1 — s1(A1))(1 — s3(A3))/K = 0.161549901223068,
(As) = s3(A3)(1 — 51(A1))(1 — s2(A2))/K = 0.061923043482520,
(©) = (1 — s1(A1))(1 — 52(A2))(1 — 55(A3))/ K = 0.108365326094412,

and m(B) =0 if B is none of the above mentioned subsets of ©,
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where K =1 — 82(142)53(143) — Sl(Al)SQ(AQ)Sg(Ag) = 0.782356041152609.

Also, the sum of basic probability numbers corresponding to all parallelopipeds is one.

By using equation (6.4), the orthogonal sum S = S; @ Sy @ S5 is a separable support function

and is given by

for all C' C 6.

6.5.4

6.5.4.1

0

0.325283340866825

0.124683050302971

0.449966391169796

0.668161729200001
0.486833242089893
0.186606093785492

0.511889434652318

0.611516292392866

0.829711630423069
0.730084772682521
0.673439335875385
0.861488477886919

1

If C contains neither A; N A3 nor A; N Az

if C' contains A1 N Ay but not

AN As

if C contains A; N A3z but not

AN As

if C' contains A1 N Ay and

A1 N A3 but not its proper subset in ©
if C' contains A7 but neither A nor Az
if C contains Ay but neither A; nor As
if C' contains A3 but neither A, nor Az
if C' contains (A; N A2) U A3

but not its proper super set in ©

if C contains (A3 N A3) U Ay

but not its proper super set in ©

if C contains A; and A but not Az

if C contains A; and Az but not A,

if C contains Ay and A3 but not A,

if C contains Aq, As, and Az but C # ©

itC=0

Heterogeneous evidence in 2D in Super-Power Set

(6.13)

Combination of evidence in 2D in Super-Power Set

Suppose AN B # (. From [29, 32], let S; be a simple support function focused on A; with

S1(A) = s following binomial distribution Binomial(10,0.7). Let S be another simple support

function focused on B with S3(B) = sy following Poison distribution Poison(2).

Here A =
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{1,2,3,5,6,8,9} and B = {0,1,3,6,8,10}. Therefore AN B = {1,3,6,8}. Here s; = p(4) =
0.668117292 and s2 — p(B) = 0.59938015846993. The orthogonal sum S = S; @ S focused
on AU B, has the basic probability numbers m(A N B) = s152 = 0.400482883131438, m(A4) =
s1(1 — 85) = 0.267878846068561, m(B) = s2(1 — s1) = 0.198897268701726 and m(©) = (1 —
51)(1 — s2) = 0.132940995461508. Therefore by using equation (6.5),

0 if C does not contain A N B

0.400482883131438  if C' contains A N B but neither A nor B

0.668117292 if C' contains A but not B

0.59938015846993 if C contains B but not A

S C o 0.86705900453849 if C contains both A and B and C # © 6 14
( ) o 0.132940995461508  if C contains ¢(A U B) but not its proper super set in © ( ' )
0.3318382708 if C contains c(A) but not its proper super set in ©

0.400619841530070  if C contains ¢(B) but not its proper super set in ©

0.59951711686856 if C contains ¢(A N B) but not its proper super set in ©

1 ifC =6

for all C' C ©.

6.5.4.2 Conflicting evidence in 2D in Super-Power Set

If AN B = () then the combination of evidence pointing to A and evidence pointing to B is
simple as compared to AN B =# ) i.e. the bodies of evidence are conflicting and the effect of
one body of evidence decreases the effect of other body of evidence. While applying Dempster‘s
rule of combination, we eliminate the lower-left rectangle ( see the figure of conflicting evidence )
and increase the measures of the remaining rectangles by multiplying the factor ﬁ From
[29, 32], let S; be a simple support function focused on A with a support degree S1(A) = s1
which follows binomial distribution Binomial(10,0.7). Let Sy be a simple support function
focused on B with a support degree So(B) = sy which follows poison distribution Poison(2).
Here A = {1,2,3,5,6,8,9} and B = {0,3,7,10} hence AN B =0 s; = p(A) = 0.6681617292
and sg = p(B) = 0..31925760391133. The orthogonal sum S = S; ¢ S; focused on AU B

has the basic probability numbers:

0 ifC =40
1—
M = 0.5781138015427 ifC=A
— 818
m(C) =< ssa2sh (6.15)

I = 0.134668879182659 ifC =B
— 51

S
(1= s)0l — s2)
1— s1s2

= 0.287149982801223 if C =©
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By using equation (6.6), the orthogonal sum S of simple support functions S; and Ss focused

on AU B, is given by

0

0.5781138015427
0.134668879182659
0.712850017198086
0.28714998280191
0.421818861984573

0.86533112081734

1

for all C' C ©.

6.6 Conclusion

if C' contains neither A nor B

if C' contains A but not B

if C contains B but not A

if C contains both A and B and C # © 6 ]_6
if C contains c¢(A U B) but not its proper super set in © ( ’ )
if C contains ¢(A) but not its proper super set in ©

if C contains c¢(B) but not its proper super set in ©

if C =0

Usually, it is beneficial to directly point out a subset A; of © that is concerned with our in-

terest. Such a set is always assigned the basic belief assignment m;(A;) greater than 0.5 and

m;(©) = 1 — m;(A;), by choosing the appropriate probability distribution. In this paper, we

obtained support functions for heterogeneous and conflicting evidence in hyper-power and super-

power sets. These cases are illustrated by an example, considering simple and commonly used

probability distributions viz. discrete uniform distribution, Binomial distribution, and Poison

Distribution.



Appendix A

Indexing of Subsets of Frame of

Discernment ©

V| Subset of © | V | Subset of © | V | Subset of © | V | Subset of ©
00 16 | {e} 32 | {f} 48 | {e,f}

1 | {a} 17 | {a,e} 33 | {at} 49 | {a,e.f}

2 | {b} 18 | {b,e} 34 | {b,f} 50 | {b,e,f}

3 | {a,b} 19 | {a,b,e} 35 | {a,b,f} 51 | {a,b,e,f}

4 | {c} 20 | {c,e} 36 | {c,f} 52 | {c,e,f}

5 | {a,c} 21 | {a,c,e} 37 | {a.c.f} 53 | {a,c,e,f}

6 | {b,c} 22 | {b,c,e} 38 | {b,c,f} 54 | {b,c,e,f}

7 | {a,b,c} 23 | {a,b,c,e} 39 | {a,b,c,f} 55 | {a,b,c.e,f}
8 | {d} 24 | {d,e} 40 | {d,f} 56 | {d.e,f}

9 | {a,d} 25 | {a,d,e} 41 | {a,d,f} 57 | {a,d,e,f}

10 | {b,d} 26 | {b,d,e} 42 | {b,d,f} 58 | {b,d,e,f}

11 | {a,b,d} 27 | {a,b,d,e} 43 | {a,b,d,f} 59 | {a,b,d,e,f}
12 | {c,d} 28 | {c,d,e} 44 | {c,d,f} 60 | {c,d,e,f}

13 | {a,c,d} 29 | {a,c,d,e} 45 | {a,c,d,f} 61 | {a,c,de,f}
14 | {b,c,d} 30 | {b,c,d,e} 46 | {b,c,d,f} 62 | {b,c,d,e,f}
15 | {a,b,c,d} 31 | {a,b,c,d,e} | 47 | {a,b,c,d,f} 63 | {a,b,c,d,e,f}
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